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CP Violation in Neutral Kaons

• CP violation first discovered in decays of kaons (1964)

• K 0 − K̄ 0 mixing can lead to (indirect) CP-violation→ parameterized by εK

• Sensitive probe of new physics, input for global CKM fit

• Recently, perturbative theory error greatly reduced→ electroweak effects now important!
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Reduction of Perturbative Error
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Overview

• CP violation in Neutral Kaon System

• Effective Field Theories and Matching

• Results and Discussion
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CP Violation in the Neutral Kaon System
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Diagonalizing the Hamiltonian

• Time evolution of K 0 − K̄ 0 system described by

i
d

dt

(
|K 0〉
|K̄ 0〉

)
=
(

M − i

2
Γ
)( |K 0〉
|K̄ 0〉

)

• Diagonalized by linear combinations

|KL〉 = p |K 0〉 − q |K̄ 0〉 , |KS〉 = p |K 0〉+ q |K̄ 0〉

• If |p/q| = 1, KL and KS CP eigenstates⇒ KL (CP odd)→ ππ (CP even) forbidden
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CP Violation in K 0 − K̄ 0 System

• Several ways to violate CP:

| 〈f |K 0〉 | 6= | 〈̄f |K̄ 0〉 | (Different decay amplitudes) → Direct / Decay

|p| 6= |q| (Mass eigenstates not CP eigenstates) → Indirect / Mixing

q

p

〈f |K̄ 0〉
〈f |K 0〉 6= ±1 (Relative phase between mixing/decays) → Interference
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Definition of εK

• Indirect CP violation suppressed by GIM→ sensitive probe of high energies

εK ≡
〈(ππ)I=0|KL〉
〈(ππ)I=0|KS〉

• Experimentally1:

|εK |ex = 2.228± 0.011× 10−3

1PDG 2020.
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Definition of εK

• After some work...

εK = eiφε sinφε
( Im M12

2∆MK
+ξ
)

φε ≡ arctan
∆MK

∆Γ/2
, ξ ≡ − Im Γ12

2 Re Γ12
, ∆MK = ML − MS, ∆Γ = ΓS − ΓL
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Definition of εK

• Combine ξ and “long-distance” part of M12 (along with prefactor) into κε

• “Short-distance” effects calculated from 3-quark |∆S| = 2 Hamiltonian

εK =
κεeiφε

√
2

Im M short-dist
12

∆MK
, M short-dist

12 =
1

2mK
〈K 0|H|∆S|=2

nf =3 |K̄ 0〉
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Effective Field Theories and Matching
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EFT Basics

• General EFT written as

L =
∑

i

C(0)
i O(0)

i

• C(0)
i →Wilson coefficients (WCs) (“coupling constants”)

• O(0)
i → local operators (typically products of fields)

• Renormalize in same way as dimension-4 theory: C(0)
i = ZijCj

• Renormalization Group Equations (RGE) determine scale-dependence of renormalized WCs

in terms of anomalous dimension matrix (ADM) and evolution matrix, U

dCi

d logµ
= Cj(µ)γji → Ci(µ) = Cj(µ0)Uji(µ0, µ)
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EFT Matching Calculations

• Need initial conditions for Ci(µ)

• Found by requiring

Afull(µmatch) = AEFT(µmatch)

• E.g. LO µ-decay:

Lµ = − 4√
2
GF (ν̄µµ)V−A(ēνe)V−A

• Calculate SM µ→ νµ e ν̄e amplitude

(p
µ
ext = 0) and match to EFT amplitude:

G
(0)
F =

πα√
2M2

W s2
w
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Evanescent Operators

• Higher orders→ Dirac structures like γµγνγρ ⊗ γµγνγρ, etc.

• Use dimensional regularization (d = 4− 2ε)⇒ can’t use γ5 relations!

• Introduce evanescent operators (unphysical) which vanish when d → 4, e.g.

E = γµγνγρ ⊗ γµγνγρ − (16− a11ε− a12ε
2 − . . . )γµ ⊗ γµ

• Subtlety: After renormalization, ZiE E , 1/εn terms in ZiE cancel εn term in E→ values of aij

define renormalization scheme (arbitrary)
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Weak Hamiltonian

• Recall...

M short-dist
12 =

1

2mK
〈K 0|H|∆S|=2

nf =3 |K̄ 0〉

• Effective Hamiltonian given by

H|∆S|=2
nf =3 =

G2
F M2

W

4π2

[
λ2

uC′′uu
S2 (µ) + λ2

t C′′ttS2 (µ) + λuλt C
′′ut
S2 (µ)

]
Q′′S2 + h.c.+ . . .

λi = V∗is Vid , Q′′S2 = (s̄αL γ
µdαL )(s̄

β
L γµd

β
L )
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Why Electroweak?

• Conventional parameterization:

H|∆S|=2
nf =3 =

G2
F M2

W

4π2

[
λ2

cC′′cc
S2 (µ)+λ2

t C′′ttS2 (µ) + λcλt C
′′ct
S2 (µ)

]
Q′′S2 + h.c.+ . . .

• Related via λc = −λu − λt (CKM unitarity)

• Drastic reduction of perturbative theory errors23

|εK |th = 1.81(16)pert(5)non-pert(23)param× 10−3 → |εK |th = 2.16(6)pert(7)non-pert(15)param× 10−3

• Perturbative errors . expected e/w effects→ relevant!

2Brod, Gorbahn, Stamou, Phys.Rev.Lett. 125 (2020) 17, 171803, 1911.06822 [hep-ph].
3Brod, Gorbahn, Phys.Rev.Lett. 108 (2012) 121801, 1108.2036 [hep-th].
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EFT Normalization

• Including e/w effects⇒ EFT normalizations no longer equivalent

• Different normalizations have different dependence on matching scale

α(µ)2

8MW (µ)2sw (µ)4
6= α(µ)GF

4
√

2πsw (µ)2
6= G2

F MW (µ)

4π2

(A2) (GF) (GF2)

• Relate e/w parameters and GF through NLO muon decay

17 September 30, 2021 uc.edu



Factorization of Evolution Matrix

• With QCD, amplitude factorizes into two separately scheme- and scale-independent pieces

λiλj C
ij(µ)U(µ, µ0) 〈QS2〉 (µ0) = λiλj

[
C ij(µ)J(µ)U(0)(µ)

][(
U(0)(µ0)

)−1

J−1(µ0) 〈QS2〉 (µ0)
]

• Split up as:
• Perturbative piece with C ij(µ)→ ηij S(xi , xj)

• Non-perturbative piece with 〈QS2〉 (µ0)→ B̂K

• When including QED, equations for J(µ) singular→ can’t write analagous expression!
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EFT at NLO

• QCD contribution to initial conditions from

Buras, Jamin, Weisz4

• Two-loop QCD + QED ADM needed to

resum all logs

• Downside: can no longer formally define ηtt

to include QED

• Upside: EFT scheme-dependence

∼ O(α) and can be neglected

→ αn
s logn(µ)

→ ααn
s logn(µ)

→ ααn
s logn+1(µ)

4Nucl. Phys. B 347 (1990) 491-536.
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Calculation of Ctt
S2: Results and Discussion
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Calculation Above E/W Scale

• Calculate all O(30, 000) two-loop Feynman

diagrams including Goldstones, ghosts,

tadpoles and “Z -bridges”

• Diagrams generated by qgraf and

calculated using self-written FORM routines

• Separately calculated and verified

agreement
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Renormalization Above E/W Scale

• Full one-loop renormalization of all independent e/w
parameters

• E.g. {MW , mt , MZ , Mh, α} or {MW , mt , sin2 θW , Mh, α}
• Different sets of input parameters better suited for different

e/w renorm. schemes

• Two options for NLO:

1. Replace bare parameters→ renormalized in LO result,

expand in α
2. Calculate all diagrams with counterterm insertions up to

desired order in α

• Explicitly showed these are identical

• All UV divergences cancel, leftover IR divergences

match those in EFT
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A “Small” Correction
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A “Small” Correction
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EFT Scheme Dependence

• Any physical observable must be independent of renormalization scheme!!!

• EFT scheme dependence in C tt
S2 must cancel with similar dependence in either

1. Evolution matrix, U(µ, µ0) (QCD case)

2. Hadronic matrix element, 〈QS2〉

• QED ADM scheme-independent⇒ must be case (2)

• Neglect scheme-dependence
(
O(α)

)
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What We Want to See

• Matching scale dependence drops out (up to higher-order effects)→ NLO line should be flat

• Good perturbative convergence→ NLO corrections not large compared to LO
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E/W Renormalization Schemes

• Test several e/w renormalization schemes to ensure smallest matching scale dependence and

perturbative convergence:

1. Masses and sw on-shell, couplings MS ≡ On-shell

2. All e/w parameters MS ≡ MS

3. Masses on-shell, couplings and sw MS ≡ Hybrid
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E/W Contribution: On-Shell Scheme

100 200 300

µt [GeV]

4.50

4.75

5.00

5.25

5.50

5.75

6.00

1
0

8
Ĉ
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• Small matching-scale dependence

• Poor perturbative convergence→ don’t use this scheme
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E/W Contribution: MS and Hybrid Schemes
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• Matching-scale dependence∼ ±0.4%

• GF normalization shows better perturbative convergence than conventionally used GF2

• ∼ 1% shift in GF2 normalization
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NLO QCD + E/W Contribution
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• MS scheme gets large corrections: poor perturbative convergence

• Most attractive: single GF normalization
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Perturbative Theory Error

• Higher order effects “leak in” (e.g. solving RGEs)

• Residual scale variation give estimation of size of these effects→ Perturbative error
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NLO QCD + E/W Contributions (Hybrid)

NLL QCD NLL QCD & NLL QED

A2 (×108) 3.96(6) 3.98(6)

GF (×108) 4.00(4) 3.98(5)

GF2 (×108) 4.02(5) 3.98(5)

• A2 and GF normalizations get∼ ±0.5% corrections, while GF2 gets∼ −1.0%

• Central values of all three normalizations perfectly coincide
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Contribution to εK

• Excellent approximation: include shift of−1.0%±0.04% to ηtt (exact result must include

O(α) corrections from hadronic ME)

|εK |th = 2.15(6)pert(7)non-pert(15)param × 10−3, |εK |ex = 2.228± 0.011× 10−3

• Previous theory value5

|εK | = 2.16(6)pert(7)non-pert(15)param × 10−3

5Brod, Gorbahn, Stamou, Phys.Rev.Lett. 125 (2020) 17, 171803, 1911.06822 [hep-ph].
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Conclusions

• Presented NLO e/w corrections to top-quark contributions to εK

• Analogous to calculation for B0 − B̄0 system6 (First independent re-calculation, reproduced

numerics)

• Discussed scheme-dependence→ need non-perturbative ME including QED

• See∼ −1.0% shift in central value of Wilson coefficient (interesting direction)

• Upcoming three-loop QCD top contributions7, two-loop e/w charm contributions8, and possible

updated lattice calculations will give more accurate prediction of εK

6Gambino, Kwiatkowski, Pott, Nucl.Phys. B544 (1999) 532-556, 9810400 [hep-th].
7Brod, Gorbahn, Stamou, Yu, WIP.
8Brod, Kvedaraite, Polonsky, Youssef, WIP.
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