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Bubbles of Nothing (BON)

A collapsing extra dimension can destroy spacetime 

This can happen even if  the extra dimension is stabilized by some potential 
• Given some potential , is there a BON instability?  
• What does the bubble look like? What is the tunneling probability? 

This talk: 
• Review: Coleman–De Luccia tunneling, Witten BON 
• Analytic bounce solutions for BON with  
• Numeric methods and results 

Focus on  with compact , non-SUSY  
Our methods can be applied to  dimensions, e.g. with compact 
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• Simplest example: one compact (periodic) extra dimension 

• Setting the size of   dynamically: , for some modulus . 
• Radius stabilization: Give  some scalar potential, , with a 

minimum at some .

L L ⟶ L(ϕ) ϕ

ϕ U(ϕ)
L(⟨ϕ⟩) = 2πR
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Extra Dimensions:

ds2 = �dt2 + dx2 + dy2 + dz2 + dx2
5

x5 ⇠ x5 + 2⇡R L = 2πR
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Speaking of  potentials…  
• The universe today appears to have a positive cosmological constant,

. A constraint on viable potentials:   

dS vacuum may be merely metastable: 

• Tunneling processes include normal (4d) Coleman-De Luccia (CDL); 
Hawking-Moss (HM); and (for  theories) the Witten BON

Λ ∼ (meV)4 Λ ∼ ⟨U⟩

(4 + n)d
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Extra Dimensions: Connection to de Sitter
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Tunneling proceeds by nucleating a bubble of  the true vacuum, with 
probability  Γ ≈ v4exp(−SE /ℏ)
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Coleman–De Luccia
S.R. Coleman and F. De Luccia, PRD 21 (1980) 3305
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After the bubble forms, it expands at an accelerating rate.
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• Previous discussion was for generic scalar  coupled to gravity, with 
some .  

Exotic possibility: if   is the modulus that sets the size of  an extra 
dimension, then  implies a change in , from  to 
something else: 
• : bubble of  nothing (BON)            
• : change in  
• : spontaneous decompactification

ϕ
U(ϕ)

ϕ
ϕfv → ϕtv L L = 2πR

L → 0 ⟵ (this talk)

L → L′� R

L → L′� → ∞
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Witten’s Bubble of  Nothing

L = 0

L = 2πR

E. Witten, Nucl. Phys. B 195 (1982) 481
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Witten BON solution is 5D Euclidean Schwarzschild:  
 

(Defined on ) 

Smooth as  if   is periodic, with . 
• Identify  with KK circle coordinate : 

• Euclidean action:

r ≥ R

r → R t t ∼ t + 2πR

t x5
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Witten BON:  as 5D gravitational instanton

2R

2R

ds25 = fdt2 + f�1dr2 + r2d⌦2
3 f = 1� (R/r)2

S = � 1

8⇡G5

Z
d4x

p
h(K �K0)

= ⇡2R2M2
p (from GHY boundary term)

E. Witten, Nucl. Phys. B 195 (1982) 481
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Dimensional reduction: 5D theory  4D theory with massless scalar  

• For Witten BON:  
 
 
 
 
Looks singular near , but actually caps off  smoothly.  
At the cap, . 

 

as .

⟶ ϕ

r → R
R4 × S1 → S3 × R2

L(ϕ) = 2πR exp ( 2
3

ϕ
Mp )

r → R : ϕ → − ∞, L → 0
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Witten BON:  as CDL problemTikz plots for CdL–BON
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M. Dine, P.J. Fox, E. Gorbatov,  JHEP 09 (2004) 037 [hep-th/0405190]
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• Spherically symmetric  matches CDL ansatz of   symmetry: 

 

for  or  
• CDL equations of  motion for  and : 

• Witten BON has the same EOM, just with .  
The EOM can be integrated, to find exact solutions for  and . 

• Main difference between BON and CDL:  initial conditions

ds2
4 O(4)

ds2
4 = f −1/2dr2 + f1/2r2dΩ2

3 = dξ2 + ρ(ξ)2dΩ2
3

r ≥ R ξ ≥ 0

ϕ ρ

U = 0
ϕ(ξ) ρ(ξ)
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Witten BON:  as CDL problem
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M. Dine, P.J. Fox, E. Gorbatov,  JHEP 09 (2004) 037 [hep-th/0405190]
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• CDL: near :  
• BON: near : 

ξ ∼ 0 ϕ = ϕ0, ϕ′� = 0

ξ ∼ 0 (r ≃ R) ϕ → − ∞, ϕ′� → + ∞
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Witten BON:  as CDL problem
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BON: spacetime  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    No interior
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CDL: bubble 
    interior is  
    false vacuum 

R

ξ̄

spacetime 
ends here

M. Dine, P.J. Fox, E. Gorbatov,  JHEP 09 (2004) 037 [hep-th/0405190]
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• Exactly solvable. Near the horizon, 

• Far away from the bubble,  is constant, and  is flatϕ ≈ ϕfv ρ ≈ ξ
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Witten BON:  as CDL problem

ϕfv ≡ 0

M. Dine, P.J. Fox, E. Gorbatov,  JHEP 09 (2004) 037 [hep-th/0405190]
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Tikz plots for CdL–BON
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• The CDL formalism provides a natural way to include the effects from 
modulus stabilization and the de Sitter vacuum:   

• Use CDL equations of  motion with BON boundary conditions:

U(ϕ)

12

BON for the stabilized modulus
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Figure 1: Theories featuring compactified extra dimensions, and moduli spaces that are
stabilized at a positive value of the vacuum energy, are typically susceptible to decay into
a higher-dimensional, decompactified theory, [25–27], as indicated by the � � 0 region in
this figure. On the other hand, the behavior of the scalar potential in the compactification
limit may vary widely depending on the details of the higher-dimensional construction.
Our work will be concerned with instabilities of four-dimensional de Sitter vacua into
the compactification regime, where �  0. The location of the de Sitter false vacuum is
arbitrary, and we choose �fv ⌘ 0 for convenience.
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where v is a typical energy scale, and �S is the action of the bounce minus the action of
the Euclidean false vacuum.

Coleman and De Luccia further developed the formalism of [45, 46] to include the
e↵ects of gravitation [28]. In four dimensions, the O(4) symmetry of the bounce restricts
the form of the relevant metrics to those compatible with the form:

ds4 = d⇠
2 + ⇢(⇠)2d⌦3, (2.2)

where ⇠ is a radial coordinate and ⇢ sets the curvature radius of the transverse 3-sphere.
For a real scalar field minimally coupled to gravity, the corresponding field equations read
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The relevant boundary conditions accompanying Eqs. (2.3) and (2.4) depend on the topol-
ogy of the solution. For a de Sitter false vacuum, and a scalar potential that is � 0, the
solution has the topology of an S

4. In this case, ⇢ vanishes at two values of ⇠, corresponding
to a minimum and a maximum of the radial coordinate [47]. Without loss of generality,
we can choose ⇠min ⌘ 0. Then, ⇠ 2 [0, ⇠max], and ⇠max is defined via ⇢(⇠max) ⌘ ⇢(0) = 0.
Any non-singular solution to the equations of motion must then also obey the boundary
conditions �

0(0) = �
0(⇠max) = 0.
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<latexit sha1_base64="0gBU7+1uHdSrG1NTHg+5AozdMbA=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EqyCp7IrBfVW8OKxiv2AdinZNNuGZpMlySp16S/x4kERr/4Ub/4b03YP2vpg4PHeDDPzwoQzbTzv21lZXVvf2CxsFbd3dvdK7v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSscXU/91gNVmklxb8YJDWI8ECxiBBsr9dzSHeoqNhgarJR8RF7PLXsVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ0Uu6mmCSYjPKAdSwWOqQ6y2eETdGqVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9E0BdRnihLDx5Zgopi9FZEhVpgYm1XRhuAvvrxMmucVv1q5uq2Wayd5HAU4gmM4Ax8uoAY3UIcGEEjhGV7hzXlyXpx352PeuuLkM4fwB87nD/7ikpY=</latexit>

R ! 1

<latexit sha1_base64="p9T2WiL5Q5ajX1l7DoZF4XzIOMM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GayCq5JIQd0V3LisYh/QlDKZTtqhk0mYuVFiKP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPX4suAbH+bYKS8srq2vF9dLG5tb2jr2719RRoihr0EhEqu0TzQSXrAEcBGvHipHQF6zlj64mfuueKc0jeQdpzLohGUgecErASD374BZ7ig+GQJSKHrDHZQBpzy47FWcKvEjcnJRRjnrP/vL6EU1CJoEKonXHdWLoZkQBp4KNS16iWUzoiAxYx1BJQqa72fT6MT4xSh8HkTIlAU/V3xMZCbVOQ990hgSGet6biP95nQSCi27GZZwAk3S2KEgEhghPosB9rhgFkRpCqOLmVkyHRBEKJrCSCcGdf3mRNM8qbrVyeVMt147zOIroEB2hU+Sic1RD16iOGoiiR/SMXtGb9WS9WO/Wx6y1YOUz++gPrM8fY0GVHg==</latexit>

compactification

<latexit sha1_base64="Jj/0tvfbcEOKGRacilObk91Vadw=">AAAB/XicbVDJSgNBEK2JW4xbXG5eGqPgKcxIQL0FvHiMYBZIhtDT6Uma9DJ09wgxBH/FiwdFvPof3vwbO8kcNPFBweO9KqrqRQlnxvr+t5dbWV1b38hvFra2d3b3ivsHDaNSTWidKK50K8KGciZp3TLLaSvRFIuI02Y0vJn6zQeqDVPy3o4SGgrclyxmBFsndYtHHS0QUSLBxP6SS37ZnwEtkyAjJchQ6xa/Oj1FUkGlJRwb0w78xIZjrC0jnE4KndRQt2GI+7TtqMSCmnA8u36CzpzSQ7HSrqRFM/X3xBgLY0Yicp0C24FZ9Kbif147tfFVOGYySS2VZL4oTjmyCk2jQD2mKbF85AgmmrlbERlg7ZJwgRVcCMHiy8ukcVEOKuXru0qpeprFkYdjOIFzCOASqnALNagDgUd4hld48568F+/d+5i35rxs5hD+wPv8Ab/4lVk=</latexit>

decompactification

<latexit sha1_base64="dAsNaDeceU4T49alRhe6C4P7pMo=">AAAB/3icbVA9SwNBEJ2LXzF+RQUbm8UoWIU7CahdwMYygvmA5Ah7e3vJkt3bY3dPCGcK/4qNhSK2/g07/42b5ApNfDDweG+GmXlBwpk2rvvtFFZW19Y3ipulre2d3b3y/kFLy1QR2iSSS9UJsKacxbRpmOG0kyiKRcBpOxjdTP32A1WayfjejBPqCzyIWcQINlbql496SqCQEikSTMwvo+JW3RnQMvFyUoEcjX75qxdKkgoaG8Kx1l3PTYyfYWUY4XRS6qWa2g0jPKBdS2MsqPaz2f0TdGaVEEVS2YoNmqm/JzIstB6LwHYKbIZ60ZuK/3nd1ERXfsbiJDU0JvNFUcqRkWgaBgqZosTwsSWYKGZvRWSIlU3CRlayIXiLLy+T1kXVq1Wv72qV+mkeRxGO4QTOwYNLqMMtNKAJBB7hGV7hzXlyXpx352PeWnDymUP4A+fzB0q4ljY=</latexit>

R(�) ! 0

<latexit sha1_base64="dOmPyolfVRRlw6FrbjBnVVHzUpg=">AAAB/nicbVBNS8NAEJ34WetXVDx5WVqEeimJFNRbwYvHKvYDmlA2222zdLMJuxulhIJ/xYsHRbz6O7z5b9y2OWjrg4HHezPMzAsSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkbXU7/9QKVisbjX44T6ER4KNmAEayP17OO7ipeE7Ax5kg1DjaWMH5HTs8tO1ZkBLRM3J2XI0ejZX14/JmlEhSYcK9V1nUT7GZaaEU4nRS9VNMFkhIe0a6jAEVV+Njt/gk6N0keDWJoSGs3U3xMZjpQaR4HpjLAO1aI3Ff/zuqkeXPoZE0mqqSDzRYOUIx2jaRaozyQlmo8NwUQycysiIZaYaJNY0YTgLr68TFrnVbdWvbqtleulPI4CnEAJKuDCBdThBhrQBAIZPMMrvFlP1ov1bn3MW1esfOYI/sD6/AHrxZS+</latexit>

�1

<latexit sha1_base64="efMVHVKX2GuMjuMyIjZnMQeNkZM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LC2CF0siBfVW8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LnsCxXidFCuujV3AbJOvJxUIUdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni3Bk5t8qQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzH8nQ6E5Qzm1hDIt7K2EjammDG1CJRuCt/ryOmlf1bx67fahXm1U8jiKcAYVuAAPrqEB99CEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QMmro9f</latexit>

V (�)

<latexit sha1_base64="zQU2+hp5/OPGVHt5J796JrT+x00=">AAAB7nicbVBNSwMxEJ31s9avqkcvoUWol7IrBfVW8OKxgv2AdinZNNuGJtmQZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5keLMWN//9jY2t7Z3dgt7xf2Dw6Pj0slp2ySpJrRFEp7oboQN5UzSlmWW067SFIuI0040uZv7nSeqDUvko50qGgo8kixmBFsnddrVvhqzy0Gp4tf8BdA6CXJSgRzNQemrP0xIKqi0hGNjeoGvbJhhbRnhdFbsp4YqTCZ4RHuOSiyoCbPFuTN04ZQhihPtSlq0UH9PZFgYMxWR6xTYjs2qNxf/83qpjW/CjEmVWirJclGccmQTNP8dDZmmxPKpI5ho5m5FZIw1JtYlVHQhBKsvr5P2VS2o124f6pVGOY+jAOdQhioEcA0NuIcmtIDABJ7hFd485b14797HsnXDy2fO4A+8zx9+II7w</latexit>

�

<latexit sha1_base64="U5ZaKpDzlDzw6tZcj9iU4G2qYcs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LC2Cp5JIoXorePFYwX5AG8pmu2mW7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxLOtHHdb6e0tb2zu1ferxwcHh2fVE/PejpOFaFdEvNYDQKsKWeSdg0znA4SRbEIOO0Hs7vc7z9RpVksH808ob7AU8lCRrDJpVESsXG17jbcJdAm8QpShwKdcfVrNIlJKqg0hGOth56bGD/DyjDC6aIySjVNMJnhKR1aKrGg2s+Wty7QpVUmKIyVLWnQUv09kWGh9VwEtlNgE+l1Lxf/84apCW/8jMkkNVSS1aIw5cjEKH8cTZiixPC5JZgoZm9FJMIKE2PjqdgQvPWXN0nvuuE1G7cPzXq7VsRRhguowRV40II23EMHukAggmd4hTdHOC/Ou/Oxai05xcw5/IHz+QMNyI4r</latexit>

+1

<latexit sha1_base64="OdSG95uwJfVVtq4skO1zmSAOJMs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LC2CIJRECuqt4MVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCyd3c7zxxbUSsHnGacD+iIyVCwShaqXPZFyrE6aBcdWvuAmSdeDmpQo7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNybpUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddK+qnn12u1Dvdqo5HEU4QwqcAEeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcjmo9d</latexit>

R(�) ! 1

<latexit sha1_base64="6Pv3J14MvPVsRy85rPTy+FCafAg=">AAACA3icbVBNS8NAEN3Ur1q/qt70srQI9VISKai3ghePVewHNKFstpt26WYTdidKCQUv/hUvHhTx6p/w5r9x2+agrQ8GHu/NMDPPjwXXYNvfVm5ldW19I79Z2Nre2d0r7h+0dJQoypo0EpHq+EQzwSVrAgfBOrFiJPQFa/ujq6nfvmdK80jewThmXkgGkgecEjBSr3h0W3HjIT/FruKDIRClogfschnAuFcs21V7BrxMnIyUUYZGr/jl9iOahEwCFUTrrmPH4KVEAaeCTQpuollM6IgMWNdQSUKmvXT2wwSfGKWPg0iZkoBn6u+JlIRaj0PfdIYEhnrRm4r/ed0Eggsv5TJOgEk6XxQkAkOEp4HgPleMghgbQqji5lZMh0QRCia2ggnBWXx5mbTOqk6tenlTK9dLWRx5dIxKqIIcdI7q6Bo1UBNR9Iie0St6s56sF+vd+pi35qxs5hD9gfX5A1oGl0Y=</latexit>

�1

<latexit sha1_base64="efMVHVKX2GuMjuMyIjZnMQeNkZM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LC2CF0siBfVW8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LnsCxXidFCuujV3AbJOvJxUIUdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni3Bk5t8qQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzH8nQ6E5Qzm1hDIt7K2EjammDG1CJRuCt/ryOmlf1bx67fahXm1U8jiKcAYVuAAPrqEB99CEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QMmro9f</latexit>

�

<latexit sha1_base64="U5ZaKpDzlDzw6tZcj9iU4G2qYcs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LC2Cp5JIoXorePFYwX5AG8pmu2mW7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxLOtHHdb6e0tb2zu1ferxwcHh2fVE/PejpOFaFdEvNYDQKsKWeSdg0znA4SRbEIOO0Hs7vc7z9RpVksH808ob7AU8lCRrDJpVESsXG17jbcJdAm8QpShwKdcfVrNIlJKqg0hGOth56bGD/DyjDC6aIySjVNMJnhKR1aKrGg2s+Wty7QpVUmKIyVLWnQUv09kWGh9VwEtlNgE+l1Lxf/84apCW/8jMkkNVSS1aIw5cjEKH8cTZiixPC5JZgoZm9FJMIKE2PjqdgQvPWXN0nvuuE1G7cPzXq7VsRRhguowRV40II23EMHukAggmd4hTdHOC/Ou/Oxai05xcw5/IHz+QMNyI4r</latexit>

+1

<latexit sha1_base64="OdSG95uwJfVVtq4skO1zmSAOJMs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LC2CIJRECuqt4MVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCyd3c7zxxbUSsHnGacD+iIyVCwShaqXPZFyrE6aBcdWvuAmSdeDmpQo7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNybpUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddK+qnn12u1Dvdqo5HEU4QwqcAEeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcjmo9d</latexit>

�1

<latexit sha1_base64="efMVHVKX2GuMjuMyIjZnMQeNkZM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LC2CF0siBfVW8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LnsCxXidFCuujV3AbJOvJxUIUdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni3Bk5t8qQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzH8nQ6E5Qzm1hDIt7K2EjammDG1CJRuCt/ryOmlf1bx67fahXm1U8jiKcAYVuAAPrqEB99CEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QMmro9f</latexit>

�

<latexit sha1_base64="U5ZaKpDzlDzw6tZcj9iU4G2qYcs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LC2Cp5JIoXorePFYwX5AG8pmu2mW7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxLOtHHdb6e0tb2zu1ferxwcHh2fVE/PejpOFaFdEvNYDQKsKWeSdg0znA4SRbEIOO0Hs7vc7z9RpVksH808ob7AU8lCRrDJpVESsXG17jbcJdAm8QpShwKdcfVrNIlJKqg0hGOth56bGD/DyjDC6aIySjVNMJnhKR1aKrGg2s+Wty7QpVUmKIyVLWnQUv09kWGh9VwEtlNgE+l1Lxf/84apCW/8jMkkNVSS1aIw5cjEKH8cTZiixPC5JZgoZm9FJMIKE2PjqdgQvPWXN0nvuuE1G7cPzXq7VsRRhguowRV40II23EMHukAggmd4hTdHOC/Ou/Oxai05xcw5/IHz+QMNyI4r</latexit>

+1

<latexit sha1_base64="OdSG95uwJfVVtq4skO1zmSAOJMs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LC2CIJRECuqt4MVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCyd3c7zxxbUSsHnGacD+iIyVCwShaqXPZFyrE6aBcdWvuAmSdeDmpQo7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFuTNybpUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9OhkJzhnJqCWVa2FsJG1NNGdqESjYEb/XlddK+qnn12u1Dvdqo5HEU4QwqcAEeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcjmo9d</latexit>

U(�)

<latexit sha1_base64="fyhZ5zt6zBm6UfPD/sznE80WwZM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CS1CvZRdKVRvBS8eK7htoV1KNs22odlsSLJCWfojvHhQxKu/x5v/xrTdg7Y+GHi8N8PMvFBypo3rfjuFre2d3b3ifung8Oj4pHx61tFJqgj1ScIT1QuxppwJ6htmOO1JRXEcctoNp3cLv/tElWaJeDQzSYMYjwWLGMHGSl2/NpATdjUsV926uwTaJF5OqpCjPSx/DUYJSWMqDOFY677nShNkWBlGOJ2XBqmmEpMpHtO+pQLHVAfZ8tw5urTKCEWJsiUMWqq/JzIcaz2LQ9sZYzPR695C/M/rpya6CTImZGqoIKtFUcqRSdDidzRiihLDZ5Zgopi9FZEJVpgYm1DJhuCtv7xJOtd1r1G/fWhUW5U8jiJcQAVq4EETWnAPbfCBwBSe4RXeHOm8OO/Ox6q14OQz5/AHzucPfJaO7w==</latexit>

decompactification

<latexit sha1_base64="3XD+VsGOwJ2VM4HhiLQswKGx+U8=">AAACAnicbVBNS8NAEN3Ur1q/op7ES2gRPJVECuqt4MVjBfsBbSibzaRduvlgdyKWULz4V7x4UMSrv8Kb/8ZtG0RbHww83pthZp6XCK7Qtr+Mwsrq2vpGcbO0tb2zu2fuH7RUnEoGTRaLWHY8qkDwCJrIUUAnkUBDT0DbG11N/fYdSMXj6BbHCbghHUQ84IyilvrmUQ/hHjMfWBwmlOGPNembFbtqz2AtEycnFZKj0Tc/e37M0hAiZIIq1XXsBN2MSuRMwKTUSxXoFSM6gK6mEQ1BudnshYl1ohXfCmKpK0Jrpv6eyGio1Dj0dGdIcagWvan4n9dNMbhwMx4lKULE5ouCVFgYW9M8LJ9LYCjGmlAmub7VYkMqdRQ6tZIOwVl8eZm0zqpOrXp5U6vUy3kcRXJMyuSUOOSc1Mk1aZAmYeSBPJEX8mo8Gs/Gm/E+by0Y+cwh+QPj4xuCLpgQ</latexit>

compactification

<latexit sha1_base64="B6M2P3o9zZuUVJK5MFT+xxzWRAs=">AAACAHicbVA9SwNBEN3zM8avUwsLmyVBsAp3ElC7gI1lBPMByRH2NnvJkt29Y3dODEca/4qNhSK2/gw7/42b5BBNfDDweG+GmXlhIrgBz/tyVlbX1jc2C1vF7Z3dvX334LBp4lRT1qCxiHU7JIYJrlgDOAjWTjQjMhSsFY6up37rnmnDY3UH44QFkgwUjzglYKWee9wF9gAZjWVCKPwYk55b9ireDHiZ+Dkpoxz1nvvZ7cc0lUwBFcSYju8lEGREA6eCTYrd1DC7YkQGrGOpIpKZIJs9MMGnVunjKNa2FOCZ+nsiI9KYsQxtpyQwNIveVPzP66QQXQYZV0kKTNH5oigVGGI8TQP3uWYUxNgSQjW3t2I6JNpGYTMr2hD8xZeXSfO84lcrV7fVcq2Ux1FAJ6iEzpCPLlAN3aA6aiCKJugJvaBX59F5dt6c93nripPPHKE/cD6+AfQXlzM=</latexit>

Figure 1: Theories featuring compactified extra dimensions, and moduli spaces that are
stabilized at a positive value of the vacuum energy, are typically susceptible to decay into
a higher-dimensional, decompactified theory, [25–27], as indicated by the � � 0 region in
this figure. On the other hand, the behavior of the scalar potential in the compactification
limit may vary widely depending on the details of the higher-dimensional construction.
Our work will be concerned with instabilities of four-dimensional de Sitter vacua into
the compactification regime, where �  0. The location of the de Sitter false vacuum is
arbitrary, and we choose �fv ⌘ 0 for convenience.

given by
� ⇠ v

4
e
��S

, (2.1)

where v is a typical energy scale, and �S is the action of the bounce minus the action of
the Euclidean false vacuum.

Coleman and De Luccia further developed the formalism of [45, 46] to include the
e↵ects of gravitation [28]. In four dimensions, the O(4) symmetry of the bounce restricts
the form of the relevant metrics to those compatible with the form:

ds4 = d⇠
2 + ⇢(⇠)2d⌦3, (2.2)

where ⇠ is a radial coordinate and ⇢ sets the curvature radius of the transverse 3-sphere.
For a real scalar field minimally coupled to gravity, the corresponding field equations read

�
00 +

3⇢
0

⇢
�

0 =
@U(�)

@�
, (2.3)

⇢
02 = 1 +

⇢
2

6M2
p

�
�

02
� 2U(�)

�
. (2.4)

The relevant boundary conditions accompanying Eqs. (2.3) and (2.4) depend on the topol-
ogy of the solution. For a de Sitter false vacuum, and a scalar potential that is � 0, the
solution has the topology of an S

4. In this case, ⇢ vanishes at two values of ⇠, corresponding
to a minimum and a maximum of the radial coordinate [47]. Without loss of generality,
we can choose ⇠min ⌘ 0. Then, ⇠ 2 [0, ⇠max], and ⇠max is defined via ⇢(⇠max) ⌘ ⇢(0) = 0.
Any non-singular solution to the equations of motion must then also obey the boundary
conditions �

0(0) = �
0(⇠max) = 0.

– 4 –

• Unlike CDL, the BON does not require  at any point.  
 can be a global minimum, for example 

• In fact,  can grow exponentially large as , as long as it 
grows more slowly than .  

• For , the leading small  behavior is unchanged

U(ϕ) < Ufv
U(ϕfv)

U(ϕ) ϕ → − ∞
U ∝ exp (− 6ϕ/Mp)

Mp/ϕ ⋅ log U > − 6 ξ

13

BON for the stabilized modulus

may grow  
exponentially

P. Draper, I. Garcia Garcia, BL, 2105.08068 and 2105.10507
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Solving the CDL EOM is similar to a kinematic problem in classical 
mechanics: a particle rolling in the inverted potential, with some friction  

• Normal CDL: start at rest, with , 
at some  

• BON: start with infinite velocity  
at , with  
 

CDL and BON solutions end with ,  
and with  in the vicinity of  .

ρ3ϕ′� = 0
ϕ(0) = ϕ0

ϕ(0) → − ∞ ρ3ϕ′� ∝ R2

ϕ′� → 0
ϕ ϕ ∼ ϕfv

14

Bubbles and bounce solutions

−U(ϕ)

ϕ
BON

CDL
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Generic initial conditions either approach  with the wrong , 
or never approach  at all. 

Simple solution method: “point-and-shoot” 
• undershoot solutions turn around  

before reaching the FV 
• overshoot solutions pass the FV  

with too much “speed”,  
• bounce solutions lie on the boundary in  

parameter space between overshoot and  
undershoot solutions. They approach the FV 
with  

(This is how our numeric calculation works)

ϕ → ϕfv ϕ′� ≠ 0
ϕ → ϕfv

ϕ′� ≠ 0

ϕ′� → 0

15

Bubbles and bounce solutions

−U(ϕ)

ϕ

under
over
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• For the  Witten solution, the size of  the bubble (in 3D space) and 
the radius of  the KK extra dimension are equal: both radii are . 

• With , these two quantities are no longer necessarily equal: 

• BON initial conditions: 

• Treating  as a fixed property of  the UV theory, the bubble size 
 defines the initial conditions, and determines whether the 

eventual solution is of  overshoot, undershoot, or bounce type

U = 0
R

U ≠ 0

R5
R3 = ηR5

16

Bubbles and bounce solutions

R
R5 : proper radius of KK direction

R3 : size of bubble, R3 ≡ ηR5

�/R5

��(�)/Mp

�bon(�)

�bon(� ⌧ R5)

�bon(� � R5)

�

-U

-0.2 0.0 0.2 0.4 0.6 0.8

0.0

0.5

1.0

1.5

-0.8 -0.6 -0.4 -0.2 0.0 0.2

0.0

0.5

1.0

1.5

�U(�)

CDL

BON

Figure 5: Cartoon

�

-U

-0.2 0.0 0.2 0.4 0.6 0.8

0.0

0.5

1.0

1.5

-0.8 -0.6 -0.4 -0.2 0.0 0.2

0.0

0.5

1.0

1.5

�U(�)

CDL

BON

Figure 6: Cartoon

3

Figure 4: A diagram comparing the BON and CDL boundary conditions. The BON
initial conditions �(0) ! �1, �

0
! +1 ensure that �(⇠) quickly approaches the false

vacuum. Its approach to �(⇠) ! �fv is determined by the details of the potential, which
is approximately quadratic in the neighborhood of � ⇡ �fv. This direct approach to �fv

is indicated by the straight blue line in the figure. The CDL solution, on the other hand,
begins at finite �(0) = �CDL with �

0(0) = 0. It subsequently “rolls” in the inverted
potential, as indicated by the dashed red line, until it approaches �fv. In the dashed blue
line we show a second BON example, one in which the potential U(� ! �1) diverges
(with �U(�) shown in dark gray). The �

0(0) ! 1 BON initial conditions can compensate
for the divergence in U(�), so that there is a BON solution even if there is no corresponding
CDL solution for that potential.

cases where the internal manifold contains an n-sphere submanifold that shrinks to zero
size at the bubble wall. It is convenient to discuss the cases n = 1 and n � 2 separately.

n = 1

Provided a > �
p

6, it follows from inspecting Eqs. (2.3) and (2.4) that the ansatz Eq. (3.2)
provides a solution to the field equations near ⇠ = 0 so long as ↵ = ±

p
2/3 and � = 1/3.

Further demanding that the corresponding five-dimensional geometry is free of conical
singularities imposes the restriction ` = 2R5/3 and selects the positive sign for ↵. In total,
the small-⇠ behavior of the solutions reads

�(⇠) ' Mp

r
2

3
log

✓
3⇠

2R5

◆
, and ⇢(⇠) ' ⌘R5

✓
3⇠

2R5

◆1/3

. (3.3)

Eq. (3.3) is identical to the near-horizon geometry of the original Witten bubble, given in
Eq. (2.21), except we now have an additional parameter ⌘ > 0. The physical significance
of ⌘ will become apparent in Sections 3.2 and 3.4. Notice that a negative range of a is
compatible with BON boundary conditions, despite the fact that |U | ! 1 in the compact-
ification limit when a < 0. For example, this would be the case for a potential dominated

– 13 –

R3

L = 2πR5

L
→

0

P. Draper, I. Garcia Garcia, BL, 2105.08068 and 2105.10507
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1. as , the U-dependent terms are small compared to  and  

2. when U is constant, there is an exactly conserved quantity, . 

3. when , the EOM may solved exactly, even for nontrivial  

Split into three regions: 

1. inner “core”:  
 is unimportant,  

 

2. bubble “wall”:  
 causes  to  

decrease,  

3. bubble exterior:  
 asymptotes to  

de Sitter false vacuum

ξ → 0 ϕ′�′� ϕ′�ρ′�/ρ

(ρ3ϕ′�)

ρ′� ≃ 1 U

U(ϕ)
ρ3ϕ′ � ≃ const ∝ R2

U(ϕ) ρ3ϕ′�
ρ3ϕ′� → 0

ϕ ≃ ϕfv

17

Solving the EOM: Analytic method
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Figure 6: Diagram for �1 and �2, with L(�)

3

Figure 6: We compare the ⇢(⇠) profile for the U = 0 BON (black) to a de Sitter vacuum

with positive U(�fv) (blue). The de Sitter length is ⇤ = Mp

q
3M2

p /Ufv, and for this

example we have taken ⌘ ' 1. The analytic model described in Section 3.4 stitches these
solutions together by constructing a transition region in which ⇢

0
⇡ 1 for both of these

geometries, corresponding to the region between ⇢1 and ⇢2 on the plot. Such a region
exists if the de Sitter radius is large, ⇤ � R5. The precise value of ⇢1 is determined
by solving the equations of motion for a particular potential. As we show in the inset
diagram, as long as ⇢1 & R5 (⇠1 & 0.4 R5), the U = 0 BON solution is well approximated
by its ⇠ � R5 expansion with ⇢

0
' 1. The point ⇢2 indicates where �(⇢ & ⇢2) ⇡ �fv

approaches the false vacuum. Its definition is somewhat arbitrary, but it should satisfy
�(⇢2) � �fv ⌧ �1.

Core region

In the region �  �1, our choice of potential ensures that the quantity ⇢
3
�

0 remains
constant, and set by the boundary conditions of Eq. (3.3). In this region, the CDL equations
Eqs. (2.3) and (2.4) can be rewritten as

⇢
3
�

0 = Mp

r
3

2
R

2
5⌘

3
, and ⇢

0 =

s

1 +
R4

5

4⇢4
�

⇢2

⇤2
0

, (3.14)

with ⇤0 ⌘

q
3M2

p /U0. The last term inside the square root satisfies ⇢ ⌧ ⇤0. This is not

an additional assumption on the properties of our potential, but rather a consequence of
those already discussed in Section 3.3. Namely, the requirement that the overall scale of
the scalar potential away from the asymptotic compactification regime remains . M

2
p /R

2
5

allows us to neglect this last term, including into the regime where ⇠ & R5 and ⇢
0
' 1.

In this core region, not far from the bubble wall, ⇢(⇠) and �(⇠) are given by Eq. (3.3)
and Eq. (3.9) in the regimes where ⇠ ⌧ R5 and ⇠ � R5, respectively. Appendix A.2
provides the complete solutions for ⇢ and �, including the leading perturbations from the
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Tikz plots for CdL–BON
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For BON existence: 

1.  does not grow faster than  

For analytic solubility: 

2.  in the transition region (implying ) 

3.  is approximately quadratic (or linear) in the transition region 

Example (2105.10507):  piecewise quadratic 

U(ϕ → − ∞) U ∝ exp (− 6ϕ/Mp)

ρ′� ≃ 1 U0R2
5 ≲ M2

p

U(ϕ)

U(ϕ) = Ufv+ 1
2 m2ϕ2

18

Solving the EOM: Necessary assumptions
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4

Figure 5: Left: The piecewise potential Utoy(�) from Eq. (3.13), with �1 = �0.2 Mp

and Ufv = 0.2 U0. Right: The quantity �? = �
m2R2

5

2

q
3
2Mp indicates the point where

the potential U(�) begins to have a noticeable e↵ect on the equation of motion for �

(see the discussion around Eq. (3.41)). For � ⌧ �?, �(⇠) is well approximated by the
Witten BON solution, even if the potential U(�) is large. This feature greatly enhances the
utility of the piecewise quadratic toy model. All three of the “realistic” smooth potentials
will have similar solutions for �(⇠) and ⇢(⇠), despite the significant di↵erences in their
asymptotic � ! �1 limits, as long as mR5 ⌧ 1 is small enough that U(|�|  |�?|)
remains approximately quadratic.

satisfies m ⌧ 1/R5, and we will assume this hierarchy in the remainder of our analytic
treatment. Under these assumption, the shape of the potential in the intermediate region
between the false vacuum and the asymptotic (compactification) regime, is largely irrele-
vant for the description of the BON instability. On the other hand, high-scale potentials
satisfying U0 & M

2
p /R

2
5 will not share this property, and, in general, the detailed features

of U(�) will have an impact on the bounce solution.

3.3 A toy model

It is useful to introduce a toy scalar potential with a local de Sitter minimum which will
allow us to construct an approximate analytic BON bounce solution for a much wider class
of more realistic models. This toy potential is motivated by the discussion in Sections 3.1
and 3.2 and is given by

Utoy(�) ⌘

(
U0 for �  �1

Ufv + 1
2m

2
�

2 for �1  �,
(3.13)

with Ufv+ 1
2m

2
�

2
1 = U0. Utoy(�) is depicted on the left of Fig. 5. Near � = 0, the potential is

quadratic and admits a de Sitter vacuum. As we will see in Section 3.4, although Eq. (3.13)
does not admit an ordinary CDL decay — the vacuum at � = 0 appears näıvely stable —
it is unstable to nucleation of a BON.

– 16 –

•  becomes important 
around  

• If  a  is ~ quadratic 
for , then 
it is well approximated 
by the piecewise model

U(ϕ)
ϕ ∼ − m2R2

5 Mp
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ϕ ≳ − m2R2

5 Mp

Tikz plots for CdL–BON
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• Bubble “core”:  ϕ(ξ) ≈ ϕbon

19

Solving the EOM: Analytic results
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3

Figure 3: The five-dimensional Euclidean Schwarzschild gravitational instanton, or Wit-
ten’s BON, expressed in terms of the degrees of freedom �bon(⇠) (left) and ⇢bon(⇠) (right)
of the corresponding CDL problem. The behavior of the solutions in the near-horizon
(⇠ ⌧ R5) and asymptotic (⇠ � R5) regimes is indicated in the figure, following Eq. (2.21)
and Eq. (2.22), respectively.

The Euclidean Schwarzschild solution (2.15) can be written in this form, with

�bon(r) =
Mp

2

r
3

2
log

✓
1 �

R
2
5

r2

◆
, (2.18)

dsbon = dr
2

✓
1 �

R
2
5

r2

◆�1/2

+

✓
1 �

R
2
5

r2

◆1/2

r
2
d⌦3. (2.19)

The 4D metric in Eq. (2.19) can be further rewritten as in Eq. (2.2), with the CDL radial
coordinate related to the Schwarzschild radial coordinate as2

⇠(r) ⌘

ˆ r

R5

dr̂

(1 � R2
5/r̂2)1/4

. (2.20)

The corresponding CDL degrees of freedom satisfy Eq. (2.3) and (2.4) with U(�) ⌘ 0, and
the profile of �bon(⇠) and ⇢bon(⇠) is shown in Fig. 3. Near the bubble wall, at ⇠ = 0,

�bon(⇠ ⌧ R5) ' Mp

r
2

3
log

✓
3⇠

2R5

◆
, and ⇢bon(⇠ ⌧ R5) ' R5

✓
3⇠

2R5

◆1/3

, (2.21)

whereas asymptotically far from the bubble,

�bon(⇠ � R5) ' �
Mp

2

r
3

2

✓
R5

⇠

◆2

, and ⇢bon(⇠ � R5) ' ⇠ + �R5, (2.22)

2An exact expression for ⇠ can be obtained in terms of a hypergeometric function, given in Appendix A.
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Figure 3: The five-dimensional Euclidean Schwarzschild gravitational instanton, or Wit-
ten’s BON, expressed in terms of the degrees of freedom �bon(⇠) (left) and ⇢bon(⇠) (right)
of the corresponding CDL problem. The behavior of the solutions in the near-horizon
(⇠ ⌧ R5) and asymptotic (⇠ � R5) regimes is indicated in the figure, following Eq. (2.21)
and Eq. (2.22), respectively.

The Euclidean Schwarzschild solution (2.15) can be written in this form, with

�bon(r) =
Mp

2

r
3

2
log

✓
1 �

R
2
5

r2

◆
, (2.18)

dsbon = dr
2

✓
1 �

R
2
5

r2

◆�1/2

+

✓
1 �

R
2
5

r2

◆1/2

r
2
d⌦3. (2.19)

The 4D metric in Eq. (2.19) can be further rewritten as in Eq. (2.2), with the CDL radial
coordinate related to the Schwarzschild radial coordinate as2

⇠(r) ⌘

ˆ r

R5

dr̂

(1 � R2
5/r̂2)1/4

. (2.20)

The corresponding CDL degrees of freedom satisfy Eq. (2.3) and (2.4) with U(�) ⌘ 0, and
the profile of �bon(⇠) and ⇢bon(⇠) is shown in Fig. 3. Near the bubble wall, at ⇠ = 0,

�bon(⇠ ⌧ R5) ' Mp

r
2

3
log

✓
3⇠

2R5

◆
, and ⇢bon(⇠ ⌧ R5) ' R5

✓
3⇠

2R5

◆1/3

, (2.21)

whereas asymptotically far from the bubble,

�bon(⇠ � R5) ' �
Mp

2

r
3

2

✓
R5

⇠

◆2

, and ⇢bon(⇠ � R5) ' ⇠ + �R5, (2.22)

2An exact expression for ⇠ can be obtained in terms of a hypergeometric function, given in Appendix A.
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• Bubble “wall”:  

 

Interpolates between Witten solution 
 and an exponentially damped 

approach to the false vacuum 

• Outside the bubble:   
for 

ϕ(ξ) ≈ Bessel K1

Tikz plots for CdL–BON
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• Bounce solution: only , no  
• This selects the “correct” value of  

K1(z) I1(z)
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• Solution for  has the form:  

• Now that we know  and , we can calculate the action…

ρ(ξ) BON → (ρ′� ≃ 1) → ρdS

ϕ(ξ) ρ(ξ)

20

Solving the EOM: Analytic results
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Figure 6: We compare the ⇢(⇠) profile for the U = 0 BON (black) to a de Sitter vacuum

with positive U(�fv) (blue). The de Sitter length is ⇤ = Mp

q
3M2

p /Ufv, and for this

example we have taken ⌘ ' 1. The analytic model described in Section 3.4 stitches these
solutions together by constructing a transition region in which ⇢

0
⇡ 1 for both of these

geometries, corresponding to the region between ⇢1 and ⇢2 on the plot. Such a region
exists if the de Sitter radius is large, ⇤ � R5. The precise value of ⇢1 is determined
by solving the equations of motion for a particular potential. As we show in the inset
diagram, as long as ⇢1 & R5 (⇠1 & 0.4 R5), the U = 0 BON solution is well approximated
by its ⇠ � R5 expansion with ⇢

0
' 1. The point ⇢2 indicates where �(⇢ & ⇢2) ⇡ �fv

approaches the false vacuum. Its definition is somewhat arbitrary, but it should satisfy
�(⇢2) � �fv ⌧ �1.

Core region

In the region �  �1, our choice of potential ensures that the quantity ⇢
3
�

0 remains
constant, and set by the boundary conditions of Eq. (3.3). In this region, the CDL equations
Eqs. (2.3) and (2.4) can be rewritten as

⇢
3
�

0 = Mp

r
3

2
R

2
5⌘

3
, and ⇢

0 =

s

1 +
R4

5

4⇢4
�

⇢2

⇤2
0

, (3.14)

with ⇤0 ⌘

q
3M2

p /U0. The last term inside the square root satisfies ⇢ ⌧ ⇤0. This is not

an additional assumption on the properties of our potential, but rather a consequence of
those already discussed in Section 3.3. Namely, the requirement that the overall scale of
the scalar potential away from the asymptotic compactification regime remains . M

2
p /R

2
5

allows us to neglect this last term, including into the regime where ⇠ & R5 and ⇢
0
' 1.

In this core region, not far from the bubble wall, ⇢(⇠) and �(⇠) are given by Eq. (3.3)
and Eq. (3.9) in the regimes where ⇠ ⌧ R5 and ⇠ � R5, respectively. Appendix A.2
provides the complete solutions for ⇢ and �, including the leading perturbations from the
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Tikz plots for CdL–BON

ds25 = e
�
p

2
3

�
Mp ds24 + e

2
p

2
3

�
Mp dx2

5 (1)

� =
Mp

2

r
3

2
log f (2)

ds24 = f�1/2dr2 + f 1/2r2d⌦3 (3)

f = 1�
✓
R

r

◆2

(4)

�bon(⇠ ⌧ R) ' Mp

r
2

3
log

✓
3⇠

2R

◆
⇢bon(⇠ ⌧ R) ' R

✓
3⇠

2R

◆1/3

(5)

�bon(⇠ ⌧ R) ' Mp

r
2

3
log

✓
3⇠

2R

◆
, ⇢bon(⇠ ⌧ R) ' R

✓
3⇠

2R

◆1/3

, ⇢3�0 =

r
3

2
MpR

2 (6)

⇢3�0 = const (7)

�(⇠ ⇠ 0) ' Mp

r
2

3
log

3⇠

2R
(8)

⇢(⇠ ⇠ 0) ' R

✓
3⇠

2R

◆1/3

(9)

�00 +
3⇢0

⇢
�0 =

dU

d�
⇢02 = 1 +

3⇢2

M2
p

✓
1

2
�02 � U(�)

◆
(10)

1

⇢3
d

d⇠

⇣
⇢3�0

⌘
=

dU

d�
(11)

1

⇢3
d

d⇠

⇣
⇢3�0

⌘
=

dU

d�
⇢02 = 1 +

3⇢2

M2
p

✓
1

2
�02 � U(�)

◆
(12)

U(�) = Ufv +
1

2
m2�2 (13)

�(⇠ ⌧ m�1) ⇡ �Mp

r
3

2

R2
5

⇠2
(14)

�(⇠ � m�1) / � e�m⇠

(m⇠)3/2
(15)

⇢dS = ⇤ sin

✓
⇠

⇤

◆
(16)

1

Tikz plots for CdL–BON

ds25 = e
�
p

2
3

�
Mp ds24 + e

2
p

2
3

�
Mp dx2

5 (1)

� =
Mp

2

r
3

2
log f (2)

ds24 = f�1/2dr2 + f 1/2r2d⌦3 (3)

f = 1�
✓
R

r

◆2

(4)

�bon(⇠ ⌧ R) ' Mp

r
2

3
log

✓
3⇠

2R

◆
⇢bon(⇠ ⌧ R) ' R

✓
3⇠

2R

◆1/3

(5)

�bon(⇠ ⌧ R) ' Mp

r
2

3
log

✓
3⇠

2R

◆
, ⇢bon(⇠ ⌧ R) ' R

✓
3⇠

2R

◆1/3

, ⇢3�0 =

r
3

2
MpR

2 (6)

⇢3�0 = const (7)

�(⇠ ⇠ 0) ' Mp

r
2

3
log

3⇠

2R
(8)

⇢(⇠ ⇠ 0) ' R

✓
3⇠

2R

◆1/3

(9)

�00 +
3⇢0

⇢
�0 =

dU

d�
⇢02 = 1 +

3⇢2

M2
p

✓
1

2
�02 � U(�)

◆
(10)

1

⇢3
d

d⇠

⇣
⇢3�0

⌘
=

dU

d�
(11)

1

⇢3
d

d⇠

⇣
⇢3�0

⌘
=

dU

d�
⇢02 = 1 +

3⇢2

M2
p

✓
1

2
�02 � U(�)

◆
(12)

U(�) = Ufv +
1

2
m2�2 (13)

�(⇠ ⌧ m�1) ⇡ �Mp

r
3

2

R2
5

⇠2
(14)

�(⇠ � m�1) / � e�m⇠

(m⇠)3/2
(15)

⇢dS = ⇤ sin

✓
⇠

⇤

◆
⇤ ⌘

s
3M2

p

Ufv
(16)

1

Tikz plots for CdL–BON

ds25 = e
�
p

2
3

�
Mp ds24 + e

2
p

2
3

�
Mp dx2

5 (1)

� =
Mp

2

r
3

2
log f (2)

ds24 = f�1/2dr2 + f 1/2r2d⌦3 (3)

f = 1�
✓
R

r

◆2

(4)

�bon(⇠ ⌧ R) ' Mp

r
2

3
log

✓
3⇠

2R

◆
⇢bon(⇠ ⌧ R) ' R

✓
3⇠

2R

◆1/3

(5)

�bon(⇠ ⌧ R) ' Mp

r
2

3
log

✓
3⇠

2R

◆
, ⇢bon(⇠ ⌧ R) ' R

✓
3⇠

2R

◆1/3

, ⇢3�0 =

r
3

2
MpR

2 (6)

⇢3�0 = const (7)

�(⇠ ⇠ 0) ' Mp

r
2

3
log

3⇠

2R
(8)

⇢(⇠ ⇠ 0) ' R

✓
3⇠

2R

◆1/3

(9)

�00 +
3⇢0

⇢
�0 =

dU

d�
⇢02 = 1 +

3⇢2

M2
p

✓
1

2
�02 � U(�)

◆
(10)

1

⇢3
d

d⇠

⇣
⇢3�0

⌘
=

dU

d�
(11)

1

⇢3
d

d⇠

⇣
⇢3�0

⌘
=

dU

d�
⇢02 = 1 +

3⇢2

M2
p

✓
1

2
�02 � U(�)

◆
(12)

U(�) = Ufv +
1

2
m2�2 (13)

�(⇠ ⌧ m�1) ⇡ �Mp

r
3

2

R2
5

⇠2
(14)

�(⇠ � m�1) / � e�m⇠

(m⇠)3/2
(15)

⇢dS = ⇤ sin

✓
⇠

⇤

◆
⇤ ⌘

s
3M2

p

Ufv
⇤ o R5 (16)

1

P. Draper, I. Garcia Garcia, BL, 2105.08068 and 2105.10507



/32B E N J A M I N  L I L L A R D  –  U I U C                                 S E P T  2 0 2 1

• Euclidean action:  
 
dimensional reduction: 

• On-shell, reduces to the CDL action plus an additional contribution: 

Witten solution ( ): , and .U = 0 R3 = R5 ≡ R ΔS = π2M2
p R2

21

Solving the EOM: Action
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2

a simple explanation: near the smooth cap marking the bubble wall, wound strings simply
slip o↵, becoming ordinary unwound states. There is no localized tower of light states, and
string scale e↵ects are expected to be small.

3 Bounce of Nothing

In this section, we focus on the description of BON instabilities of four-dimensional de Sitter
vacua in the presence of a potential for the moduli. Our starting point is the Euclidean
action of Eq. (2.25), but now supplemented by a scalar potential U(�):

SE =

ˆ
d

4
x
p

g

(
�

M
2
p

2
R +

1

2
g

µ⌫
@µ�@⌫� �

Mp
p

6
⇤� + U(�)

)
. (3.1)

Since our choice of false vacuum is the four-dimensional de Sitter solution, no boundary
terms need to be included in Eq. (3.1), as the manifolds relevant to our discussion are
always compact. Provided that the four-dimensional metric is compatible with the ansatz
of Eq. (2.2), the corresponding equations of motion are Eq. (2.3) and (2.4).

Therefore our goal is to find solutions to the CDL field equations that asymptote to
the de Sitter false vacuum, but that feature BON boundary conditions at the center of
the bounce. In this section, we will focus on obtaining analytic approximations for both
the bounce solution and its Euclidean action that determines the decay rate of the false
vacuum. Rather than being comprehensive, we aim to establish the circumstances under
which BON solutions can exist in the presence of a moduli potential, and to study the
properties of the decay rate in the limit of small vacuum energy.

In Section 3.1, we establish the conditions that moduli potentials need to satisfy in
the compactification limit to be compatible with a bubble of nothing solution. We discuss
the structure of solutions describing the decay of a dS4 ⇥ S

1 false vacuum into a BON
in Section 3.2. In Section 3.3, we introduce a toy model for the potential of the radial
modulus that allows us to obtain an analytic description of the bounce in Section 3.4.
Finally, in Section 3.5 we compute the leading contributions to the tunneling exponent,
paying special attention to its behavior in the limit Ufv ! 0. In Section 3.6 we briefly
describe the application of our analytic methods to more general potentials.

3.1 Bubble existence conditions

In order for BON-like instantons to exist, certain conditions must be satisfied by the scalar
potential U(�) in the compactification limit. We can establish these conditions by exam-
ining the behavior of the CDL equations, Eqs. (2.3) and (2.4), near ⇠ = 0. We concentrate
on moduli potentials with the asymptotic behavior U(�) ⇠ U0e

a�/Mp in the compactifi-
cation direction, corresponding to � ! �1. We emphasize, however, that we make no
prior assumption regarding the sign of a: it will turn out that some potentials that grow
exponentially in the compactification limit also admit BON solutions.

Near ⇠ = 0, we consider a generalization of Witten’s bubble given by the following
ansatz:

�(⇠) ' Mp↵ log

✓
⇠

`

◆
, and ⇢(⇠) ' ⌘R5

✓
⇠

`

◆�

, (3.2)

with parameters ↵, �, `, and ⌘ to be determined self-consistently. The space of solutions
to the CDL equations depends on the dimensionality of the internal manifold. We focus on
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regular CDL action

new BON 
contribution
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• Results for  and : as series expansions in small : 
 
 
 
 
 
where we have assumed   

• Note:  not sensitive to  (unlike CDL) 

• In this limit , results from the piecewise model  
also apply to other , if  they are approximately  
quadratic for . 
 

• If  , need to use numerics:
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ΔS Ufv
(mR5 ≪ 1)
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5 ≲ ϕ ≤ 0

U0R2
5 ≳ M2

p

22

Bubble Size and Euclidean Action
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4

Figure 5: Left: The piecewise potential Utoy(�) from Eq. (3.13), with �1 = �0.2 Mp

and Ufv = 0.2 U0. Right: The quantity �? = �
m2R2

5

2

q
3
2Mp indicates the point where

the potential U(�) begins to have a noticeable e↵ect on the equation of motion for �

(see the discussion around Eq. (3.41)). For � ⌧ �?, �(⇠) is well approximated by the
Witten BON solution, even if the potential U(�) is large. This feature greatly enhances the
utility of the piecewise quadratic toy model. All three of the “realistic” smooth potentials
will have similar solutions for �(⇠) and ⇢(⇠), despite the significant di↵erences in their
asymptotic � ! �1 limits, as long as mR5 ⌧ 1 is small enough that U(|�|  |�?|)
remains approximately quadratic.

satisfies m ⌧ 1/R5, and we will assume this hierarchy in the remainder of our analytic
treatment. Under these assumption, the shape of the potential in the intermediate region
between the false vacuum and the asymptotic (compactification) regime, is largely irrele-
vant for the description of the BON instability. On the other hand, high-scale potentials
satisfying U0 & M

2
p /R

2
5 will not share this property, and, in general, the detailed features

of U(�) will have an impact on the bounce solution.

3.3 A toy model

It is useful to introduce a toy scalar potential with a local de Sitter minimum which will
allow us to construct an approximate analytic BON bounce solution for a much wider class
of more realistic models. This toy potential is motivated by the discussion in Sections 3.1
and 3.2 and is given by

Utoy(�) ⌘

(
U0 for �  �1

Ufv + 1
2m

2
�

2 for �1  �,
(3.13)

with Ufv+ 1
2m

2
�

2
1 = U0. Utoy(�) is depicted on the left of Fig. 5. Near � = 0, the potential is

quadratic and admits a de Sitter vacuum. As we will see in Section 3.4, although Eq. (3.13)
does not admit an ordinary CDL decay — the vacuum at � = 0 appears näıvely stable —
it is unstable to nucleation of a BON.
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the potential U(�) begins to have a noticeable e↵ect on the equation of motion for �

(see the discussion around Eq. (3.41)). For � ⌧ �?, �(⇠) is well approximated by the
Witten BON solution, even if the potential U(�) is large. This feature greatly enhances the
utility of the piecewise quadratic toy model. All three of the “realistic” smooth potentials
will have similar solutions for �(⇠) and ⇢(⇠), despite the significant di↵erences in their
asymptotic � ! �1 limits, as long as mR5 ⌧ 1 is small enough that U(|�|  |�?|)
remains approximately quadratic.

satisfies m ⌧ 1/R5, and we will assume this hierarchy in the remainder of our analytic
treatment. Under these assumption, the shape of the potential in the intermediate region
between the false vacuum and the asymptotic (compactification) regime, is largely irrele-
vant for the description of the BON instability. On the other hand, high-scale potentials
satisfying U0 & M

2
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2
5 will not share this property, and, in general, the detailed features

of U(�) will have an impact on the bounce solution.

3.3 A toy model

It is useful to introduce a toy scalar potential with a local de Sitter minimum which will
allow us to construct an approximate analytic BON bounce solution for a much wider class
of more realistic models. This toy potential is motivated by the discussion in Sections 3.1
and 3.2 and is given by
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U0 for �  �1

Ufv + 1
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2 for �1  �,
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with Ufv+ 1
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1 = U0. Utoy(�) is depicted on the left of Fig. 5. Near � = 0, the potential is

quadratic and admits a de Sitter vacuum. As we will see in Section 3.4, although Eq. (3.13)
does not admit an ordinary CDL decay — the vacuum at � = 0 appears näıvely stable —
it is unstable to nucleation of a BON.
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For concreteness, we study a two-parameter potential: 

•  controls  

•  controls  
and  scaling 

•  as  
( ) 

• As expected,  matches  
the Witten solution 

•  approaches FV  
exponentially fast 
(unlike Witten BON),  
as  

δ Ufv
a m2

L → 0

U(ϕ) → 0 L → 0
U → U0eaϕ/Mp

ϕ(ξ ≲ R5)

ϕ(ξ ≫ R5)

ϕ ∝ exp(−mξ)
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Figure 7: Left: The scalar potential Û(�), as given in Eq. (4.1), for several values of
� ⌘ Ufv/U0, as indicated in the figure. A potential of this kind, exhibiting a de Sitter
vacuum that is separated by a finite barrier from the compactification limit, admits hybrid
BON-CDL and BON-HM instanton solutions. Right: To illustrate the physical meaning
of a, we show Û with fixed � = 0.2 as a function of the proper length of the KK direction,

L = 2⇡R5 exp
⇣q

2
3�/Mp

⌘
. Larger values of a create a steeper potential near the false

vacuum at L = 2⇡R5, while also flattening U(L) at L ⌧ ⇡R5.

so that Û(�CDL) . Û(0). Following [28], the surface tension is given by

� =

ˆ 0

�CDL

d�

r
2 (U(�) � U(0))

���
�=0

. (4.5)

Because of the exponential fallo↵ of the potential at large and negative �, the lower limit
of integration may be replaced by �1, and the integral done exactly. One finds

� ' 2
p

6a
�1

MpU
1/2
0 + O(�) ⇠ a

�1
MpU

1/2
0 . (4.6)

The bounce radius and corresponding tunneling exponent are as given in Eqs. (2.6) and
(2.9). For instance, in the limit of small energy density, Ufv ⌧ �

2
/M

2
p , ⇢̄ ' 4M

2
p /�, and

�S is given by Eq. (2.9).
By analogy with the CDL instanton, let us define

�0

Mp
⌘

r
3

2
log ⌘. (4.7)

For the bounce of Section 3, �0 ⇡ 0 up to small corrections, approximately matching the
value of �fv of the false vacuum. A hybrid BON-CDL solution may be obtained by instead
choosing �0 ' �CDL. With this choice, � approaches �CDL in the regime ⇠ & R5, at which
point the solution transitions into the familiar CDL instanton. The ratio of the BON radius
to that of the KK circle in the false vacuum is now given by

⌘ =
R3

R5
= e

q
2

3

�0
Mp ' e

q
2

3

�CDL

Mp ⇠

✓
Ufv

U0

◆p
2/3
a

(4.8)
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11

Figure 10: Profiles of �(⇠) with U0 = 0.01 M
2
p /R

2
5 on the BON-FV (top) and BON-CDL

(bottom) branches, for a = 5 and various 0 < � < 1. For the BON-FV solutions the
0 < ⇠ . R5 profiles are nearly identical: only for ⇠ & R5 does the shape of the potential
have much impact on the profiles for �(⇠). On the BON-CDL branch with small � . 0.5,
�(⇠) quickly approaches �(⇠) ' �CDL, where it lingers for a while before passing through
the barrier. For � & 0.5 the approach to the false vacuum is more immediate. The BON-
CDL �(⇠) is shown on a log-linear plot, so that the BON-like (⇠ . R5) and CDL-like
(⇠ � R5) parts of the solution are simultaneously visible. For �  0.5 the transition from
�(⇠) ' �CDL to �(⇠) ⇡ �fv is rapid, implying the validity of the thin-wall approximation. As
� ! 1 there is no intermediate region of constant �(⇠) ⇡ �CDL, so the thin-wall description
does not apply.

At small u0 . 1, the BON-FV action is well approximated by �S ' ⇡
2
M

2
p R

2
5. This is the

lowest-action BON solution for a given input R5, and is therefore the solution relevant for
determining the decay rate. On the BON-CDL branch, the u0 ! 0 action is approximately
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Results: At small :  , and , as in the Witten BON 

Interesting new feature: a second  
branch of  solutions at small  

• On this branch,  approaches  
the CDL action,  

• Also,  by  fraction

U0R2
5 ≪ M2

p ΔS ≈ π2M2
p R2

5 R3 ≈ R5

U0R2
5

ΔS
Scdl

R3 < R5 𝒪(1)
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Figure 12: The de Sitter-subtracted Euclidean action �S is shown in units of M
4
p /U0

as a function of R5, for a = 5 and various 0 < � < 1. The dashed gray line shows the
�S ⇡ ⇡

2
M

2
p R

2
5 expectation from the small u0 ⌧ 1 limit of the BON-FV solutions. It

tracks the numerically-computed action closely on this branch for all u0 ⌧ 1. This branch
is always of lowest action and determines the tunneling rate. On the BON-CDL branch
the action approaches a constant, the ordinary CDL action �S ⇡ SCDL, which is large
compared to M

4
p /U0 for � . 0.5. For � ⌧ 1, SCDL ⇡ 24⇡

2
M

4
p /(� · U0), grows as 1/�. At

larger values of u0, where ⇡
2
M

2
p R

2
5 ⇠ �SCDL, the BON-FV and BON-CDL branches of

bounce solutions meet. (This method of estimating the value of u0 = U0R
2
5/M

2
p at which

the two branches meet becomes imprecise once u0 & 1, where ⇡
2
M

2
p R5 is no longer a good

approximation to the BON-FV action.

is not too large.8 Now we consider cases where the potential satisfies a > �
p

6 yet grows
exponentially in the compactification limit. The simplest examples of this type arise in the
dimensional reduction of theories with positive higher-dimensional CC, c.f. Eq. (2.32). Here
the asymptotic growth of the four-dimensional potential is exponential, but slow enough
that the appropriate bubble of nothing initial conditions as ⇠ ! 0 still match Eq. (3.3).

Several example potentials of this type are shown in Fig. 13. Specifically, they corre-
spond to the following modification of the Û of Eq. (4.1):

Û�(�) ⌘ U0

 
Û(�)

U0
+ � exp

 
�

r
2

3

�

Mp

!!
, � ⌘

⇤CC
5 M

2
p

U0
. (5.5)

8Furthermore, a broad class of even faster-growing potentials probably admit a di↵erent type of BON
solution under some plausible assumptions about the spectrum. Fluxes, for example, violate the inequality
above, but can be screened by suitable dynamical sources, leading to a hybrid Schwinger production–BON
decay process. In this case the BON core lies inside the region where the flux has been screened, and the
modulus moves in a softer potential. A particular example of this type was studied in [40]. A general
treatment of such cases should be possible along the lines of our study above, but we defer it for future
work.
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Figure 9: The trajectories of the BON bounce solutions in the (⌘, R5) plane are shown
for a = 5 and various 0 < � < 1. Each value of � has a BON-FV branch of solutions,
with R3 ⇡ R5 (�0 ⇡ 0) in the u0 ⌧ 1 limit where the potential becomes unimportant.
The BON-CDL branch of solutions has R3 < R5 (�0 ⇡ �cdl) in the u0 ⌧ 1 limit, and an
action �S ⇡ SCDL that is large compared to ⇡

2
M

2
p R

2
5. When u0 & 1, the potential U(�)

is no longer a small perturbation to the Witten bubble, and we find that the BON-FV
and BON-CDL branches merge together, with u0 for the bounce solution bounded from

above by some u
(max)
0 . For u0 > u

(max)
0 , all solutions to the equations of motion are of the

overshoot type. As � ! 0 the BON-CDL action diverges as �
�1, and the unification of the

BON-FV and BON-CDL branches is pushed to ever-larger values of u0 � 1.

the (�0, R5 ⇡ 0) initial conditions produce overshoots. Whether the undershoot region
extends to arbitrary large u0 or whether it is capped at some finite value remains to be
determined.

In Fig. 8 we show the space of bounce instantons for Û(�) with � ⌘ Ufv/U0 = 0.8 and
with varying values of a. In the a � 1.1 cases the existence of a CDL solution is guaranteed
by Eq. (2.11), and indeed we find that the u0 ! 0 limit leads us to �0 ⇡ �CDL, shown as
solid black markers on the left panel of the figure. With a  1.0, on the other hand, there
is no CDL solution, and instead we find that �0 smoothly approaches �HM when u0 ! 0.
As we increase u0, we find that the existence of undershoot solutions is bounded from
above, where the BON-CDL (or BON-HM) branch merges with the matching BON-FV set

of bounce solutions. Thus for a given potential there is an upper limit on u0, u0  u
(max)
0 ,

which can also be understood as an upper bound on R5, R5  R
(max)
5 , for a fixed barrier

height.
The right panel of Fig. 8 shows the action �S as a function of �0. As predicted

in Eq. (4.9), the u0 ! 0 limit of the BON-CDL solution has an action that approaches
�S ' SCDL, or �S ' SHM in the BON-HM cases. Between the �0 ⇡ �fv and �0 ⇡

�CDL(HM) endpoints of the curves in Fig. 8, there are bounce solutions with �S larger than
�SCDL(HM) by some O(1) fraction.

In Fig. 9 we show another example, with a = 5 kept constant and 0.001  �  0.8
varied, and in this case we interpret the shooting parameter in terms of ⌘ = R3/R5.
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• Interpretation: hybrid bounce solution, 
combining a BON core and a CDL bubble
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• For , the solution for 
 is BON-like.  

• But, for , the bounce 
solution closely matches 
CDL 

ξ ≲ R5
ϕ(ξ)

ξ ≫ R5
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Aside: Hybrid BON-CDL bounce solutions
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11

Figure 10: Profiles of �(⇠) with U0 = 0.01 M
2
p /R

2
5 on the BON-FV (top) and BON-CDL

(bottom) branches, for a = 5 and various 0 < � < 1. For the BON-FV solutions the
0 < ⇠ . R5 profiles are nearly identical: only for ⇠ & R5 does the shape of the potential
have much impact on the profiles for �(⇠). On the BON-CDL branch with small � . 0.5,
�(⇠) quickly approaches �(⇠) ' �CDL, where it lingers for a while before passing through
the barrier. For � & 0.5 the approach to the false vacuum is more immediate. The BON-
CDL �(⇠) is shown on a log-linear plot, so that the BON-like (⇠ . R5) and CDL-like
(⇠ � R5) parts of the solution are simultaneously visible. For �  0.5 the transition from
�(⇠) ' �CDL to �(⇠) ⇡ �fv is rapid, implying the validity of the thin-wall approximation. As
� ! 1 there is no intermediate region of constant �(⇠) ⇡ �CDL, so the thin-wall description
does not apply.

At small u0 . 1, the BON-FV action is well approximated by �S ' ⇡
2
M

2
p R

2
5. This is the

lowest-action BON solution for a given input R5, and is therefore the solution relevant for
determining the decay rate. On the BON-CDL branch, the u0 ! 0 action is approximately

– 31 –

ξ̄

R3

ϕ = ϕfv
ϕ ≈ ϕcdl

ϕ → − ∞

• Of  course, this is an  
symmetric solution compatible 
with CDL ansatz and BON 
boundary condition 

• We can expect these for any 
 that has a CDL solution 

• Standard BON has smaller 

O(4)

U(ϕ)

ΔS
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Figure 12: The de Sitter-subtracted Euclidean action �S is shown in units of M
4
p /U0

as a function of R5, for a = 5 and various 0 < � < 1. The dashed gray line shows the
�S ⇡ ⇡

2
M

2
p R

2
5 expectation from the small u0 ⌧ 1 limit of the BON-FV solutions. It

tracks the numerically-computed action closely on this branch for all u0 ⌧ 1. This branch
is always of lowest action and determines the tunneling rate. On the BON-CDL branch
the action approaches a constant, the ordinary CDL action �S ⇡ SCDL, which is large
compared to M

4
p /U0 for � . 0.5. For � ⌧ 1, SCDL ⇡ 24⇡

2
M

4
p /(� · U0), grows as 1/�. At

larger values of u0, where ⇡
2
M

2
p R

2
5 ⇠ �SCDL, the BON-FV and BON-CDL branches of

bounce solutions meet. (This method of estimating the value of u0 = U0R
2
5/M

2
p at which

the two branches meet becomes imprecise once u0 & 1, where ⇡
2
M

2
p R5 is no longer a good

approximation to the BON-FV action.

is not too large.8 Now we consider cases where the potential satisfies a > �
p

6 yet grows
exponentially in the compactification limit. The simplest examples of this type arise in the
dimensional reduction of theories with positive higher-dimensional CC, c.f. Eq. (2.32). Here
the asymptotic growth of the four-dimensional potential is exponential, but slow enough
that the appropriate bubble of nothing initial conditions as ⇠ ! 0 still match Eq. (3.3).

Several example potentials of this type are shown in Fig. 13. Specifically, they corre-
spond to the following modification of the Û of Eq. (4.1):

Û�(�) ⌘ U0

 
Û(�)

U0
+ � exp

 
�

r
2

3

�

Mp

!!
, � ⌘

⇤CC
5 M

2
p

U0
. (5.5)

8Furthermore, a broad class of even faster-growing potentials probably admit a di↵erent type of BON
solution under some plausible assumptions about the spectrum. Fluxes, for example, violate the inequality
above, but can be screened by suitable dynamical sources, leading to a hybrid Schwinger production–BON
decay process. In this case the BON core lies inside the region where the flux has been screened, and the
modulus moves in a softer potential. A particular example of this type was studied in [40]. A general
treatment of such cases should be possible along the lines of our study above, but we defer it for future
work.
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Aside: Hybrid BON-CDL bounce solutions

0.5 1 2 5
0

2

4

6

8

10

12

14

δ=0.001
δ=0.005
δ=0.02

δ=0.2
δ=0.5
δ=0.8

a=5

R
5

q
U

0
/M

2 p

R3/R5

Figure 14: Parameter space R3/R5

Û
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Figure 15: Potential U(��)

7

Figure 9: The trajectories of the BON bounce solutions in the (⌘, R5) plane are shown
for a = 5 and various 0 < � < 1. Each value of � has a BON-FV branch of solutions,
with R3 ⇡ R5 (�0 ⇡ 0) in the u0 ⌧ 1 limit where the potential becomes unimportant.
The BON-CDL branch of solutions has R3 < R5 (�0 ⇡ �cdl) in the u0 ⌧ 1 limit, and an
action �S ⇡ SCDL that is large compared to ⇡

2
M

2
p R

2
5. When u0 & 1, the potential U(�)

is no longer a small perturbation to the Witten bubble, and we find that the BON-FV
and BON-CDL branches merge together, with u0 for the bounce solution bounded from

above by some u
(max)
0 . For u0 > u

(max)
0 , all solutions to the equations of motion are of the

overshoot type. As � ! 0 the BON-CDL action diverges as �
�1, and the unification of the

BON-FV and BON-CDL branches is pushed to ever-larger values of u0 � 1.

the (�0, R5 ⇡ 0) initial conditions produce overshoots. Whether the undershoot region
extends to arbitrary large u0 or whether it is capped at some finite value remains to be
determined.

In Fig. 8 we show the space of bounce instantons for Û(�) with � ⌘ Ufv/U0 = 0.8 and
with varying values of a. In the a � 1.1 cases the existence of a CDL solution is guaranteed
by Eq. (2.11), and indeed we find that the u0 ! 0 limit leads us to �0 ⇡ �CDL, shown as
solid black markers on the left panel of the figure. With a  1.0, on the other hand, there
is no CDL solution, and instead we find that �0 smoothly approaches �HM when u0 ! 0.
As we increase u0, we find that the existence of undershoot solutions is bounded from
above, where the BON-CDL (or BON-HM) branch merges with the matching BON-FV set

of bounce solutions. Thus for a given potential there is an upper limit on u0, u0  u
(max)
0 ,

which can also be understood as an upper bound on R5, R5  R
(max)
5 , for a fixed barrier

height.
The right panel of Fig. 8 shows the action �S as a function of �0. As predicted

in Eq. (4.9), the u0 ! 0 limit of the BON-CDL solution has an action that approaches
�S ' SCDL, or �S ' SHM in the BON-HM cases. Between the �0 ⇡ �fv and �0 ⇡

�CDL(HM) endpoints of the curves in Fig. 8, there are bounce solutions with �S larger than
�SCDL(HM) by some O(1) fraction.

In Fig. 9 we show another example, with a = 5 kept constant and 0.001  �  0.8
varied, and in this case we interpret the shooting parameter in terms of ⌘ = R3/R5.
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• Numerics show the BON-CDL hybrid bounce 
merges with the BON solution at large   

• Implies a maximum value of  , above which 
there is no BON instability

U0R2
5

U0R2
5

ξ̄
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• In the  limit ( ), the CDL action diverges as  

• BON action remains finite, , and largely independent of  

Ufv → 0 δ → 0 Scdl ∝ 1/Ufv
ΔS ∝ R2 δ
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BON vs CDL Rates
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Figure 12: The de Sitter-subtracted Euclidean action �S is shown in units of M
4
p /U0

as a function of R5, for a = 5 and various 0 < � < 1. The dashed gray line shows the
�S ⇡ ⇡

2
M

2
p R

2
5 expectation from the small u0 ⌧ 1 limit of the BON-FV solutions. It

tracks the numerically-computed action closely on this branch for all u0 ⌧ 1. This branch
is always of lowest action and determines the tunneling rate. On the BON-CDL branch
the action approaches a constant, the ordinary CDL action �S ⇡ SCDL, which is large
compared to M

4
p /U0 for � . 0.5. For � ⌧ 1, SCDL ⇡ 24⇡

2
M

4
p /(� · U0), grows as 1/�. At

larger values of u0, where ⇡
2
M

2
p R

2
5 ⇠ �SCDL, the BON-FV and BON-CDL branches of

bounce solutions meet. (This method of estimating the value of u0 = U0R
2
5/M

2
p at which

the two branches meet becomes imprecise once u0 & 1, where ⇡
2
M

2
p R5 is no longer a good

approximation to the BON-FV action.

is not too large.8 Now we consider cases where the potential satisfies a > �
p

6 yet grows
exponentially in the compactification limit. The simplest examples of this type arise in the
dimensional reduction of theories with positive higher-dimensional CC, c.f. Eq. (2.32). Here
the asymptotic growth of the four-dimensional potential is exponential, but slow enough
that the appropriate bubble of nothing initial conditions as ⇠ ! 0 still match Eq. (3.3).

Several example potentials of this type are shown in Fig. 13. Specifically, they corre-
spond to the following modification of the Û of Eq. (4.1):

Û�(�) ⌘ U0

 
Û(�)

U0
+ � exp

 
�

r
2

3

�

Mp

!!
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⇤CC
5 M

2
p

U0
. (5.5)

8Furthermore, a broad class of even faster-growing potentials probably admit a di↵erent type of BON
solution under some plausible assumptions about the spectrum. Fluxes, for example, violate the inequality
above, but can be screened by suitable dynamical sources, leading to a hybrid Schwinger production–BON
decay process. In this case the BON core lies inside the region where the flux has been screened, and the
modulus moves in a softer potential. A particular example of this type was studied in [40]. A general
treatment of such cases should be possible along the lines of our study above, but we defer it for future
work.
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• BON existence conditions allow for  in the 
compactification limit, as long as  

• In the  limit, these  
should still be approximated  
by the simple piecewise model 

• For example, a 5d cosmological  
constant, after dimensional  
reduction, has :

U ∝ exp(aϕ/Mp)
a > − 6

mR5 ≪ 1 U(ϕ)

a = − 2/3
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Exponentially Growing Potentials
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Figure 13: The scalar potential Û�(�) of Eq. (5.5), for several values of � ⌘ ⇤CC
5 M

2
p /U0.

The coe�cient for the exponential growth, a = �
p

2/3, is motivated by an n = 1 scenario
in which U(�) is dominated by the five-dimensional CC, ⇤CC

5 , as in Eq. (2.32). This is small
enough compared to the limiting value a = �

p
6 that the field solutions for ⇠ ⌧ R5 are

closely approximated by the U = 0 Witten solutions. Here U0 is the height of the barrier
in the � ! 0 limit: however, when � � 1 the exponential overwhelms the Û contribution,
and there ceases to be any local maximum in Û�(�). Then it is clear that there is no
ordinary CDL solution that tunnels in the compactification direction.9 Nonetheless BON
solutions can still exist. This is intuitively clear from the shooting problem in the inverted
potential – there may be no point �0 < 0 where a rolling ball can start from rest and reach
the false vacuum at the origin, but it can still reach the false vacuum by shooting in from
�1 at high velocity.

We solve these cases numerically with similar methods as described in Section 5.1.
Sample shooting parameter solutions, field profiles, and actions are shown in Figs. 14, 15,
and 16, respectively. In Fig. 14 we provide a comparison with the analytic solution for the
shooting parameter derived in Section 3. Agreement is good for small u0, as expected: the
potential, despite its exponential growth, does not grow fast enough to significantly impact
the shooting solution. Similarly, in Fig. 15 we see that the modulus profile continues to
match Witten’s bubble well at small ⇠ . R5, and Fig. 16 shows that the action continues
to be dominated by the ⇡

2
R

2
5M

2
p term in the small u0 regime.

6 Conclusions

In this work we have studied bubble of nothing instabilities of four-dimensional de Sitter
vacua in theories with compactified extra dimensions. By mapping the problem of finding
the relevant gravitational instanton to solving a four-dimensional CDL problem, we have
been able to treat the moduli potential in a general, model-independent way, separating the

9Although there is probably still one in the decompactification direction; our potentials are not meant
to be realistic on this side, since it does not influence the BON solutions in which we are interested.
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How well do our analytic predictions match the numeric results?  

• Actually quite well, for small . 
 
From analytic model:

U0R2
5 ≪ M2

p
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• BON action is still well approximated by :ΔS ≈ π2M2
p R2

5

30

Exponentially Growing Potentials
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19

Figure 16: The action �S on the BON-FV branch for exponentially growing CC-
dominated potentials, shown here normalized by a factor of ⇡

2
M

2
p R

2
5 to highlight the

leading deviations. At small u0 . 1, the action remains well approximated by ⇡
2
R

2
5M

2
p ,

with corrections to �S that become large as mR5 & 1.

is subleading [38]. Bottom-up methods like those used in this work could also be adapted
to these cases, most easily in the point charge approximation [40], allowing the study of
BON in flux compactifications while remaining agnostic about the precise form and origin
of the potential in the vicinity of the false vacuum. This is an intriguing direction for future
work.

What can we conclude about our universe? From the decay rate estimates and the
age of the universe we can infer, for example, an upper bound on the size of compactified
dimensions [44]: for a collapsing internal S

1, a decay rate similar to that of Witten’s bubble
implies a lower bound on the size of the KK circle, 2⇡R5 & 50M

�1
p . More generally, the

presence of rapid BON instabilities can potentially shrink the region of the string landscape
that is capable of giving rise to a vacuum compatible with our universe.
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A Solutions to Equations of Motion

In this Appendix we provide several exact and semi-exact analytic solutions to the equations
of motion. Section A.1 reproduces the exact solutions for ⇢(⇠) and �(⇠) for the U = 0
Witten bubble [30]. In Section A.2 we show how the solutions for ⇢(⇠) and �(⇠) are
modified in the presence of a constant potential, U = U0. This situation arises in the
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Familiar behavior: 
• Solution for  still approximately Witten-like at small  
• Approaches the false vacuum exponentially fast at 
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Figure 15: The modulus profile on the BON-FV branch for exponentially growing CC-
dominated potentials. The solid and dashed lines correspond to u0 = 10�4 and u0 =
0.25, respectively. At small ⇠ the profile remains BON-like, despite the rapid growth in
U(�). As expected from the small ⇠ series expansions of Appendix A.3, the departure
from �(⇠) ⇡ �bon(⇠) occurs as ⇠ approaches 2R5/3. In the examples with larger u0 the
approach to the false vacuum is fast, occurring here at ⇠ ⇠ O(R5), while in the examples
with u0 = 10�4, �(⇠) only approaches �fv in the ⇠ � R5 limit. The u0 ! 0 limit indicated
by �bon (dashed, gray) has the slowest approach to the false vacuum, as it is given by the
power law �(⇠) / 1/⇠

2 rather than the exponentially damped �(⇠) / e
�m⇠ in the ⇠ � R5

limit.

admits an ordinary CDL decay in either the compactification or decompactifiaction limits,
the BON process can be faster.

Our methods may be extended to other classes of BON solutions. For example, as
we have seen in Section 3.1, there is a second class of BON boundary conditions arising
when the asymptotic behavior of the potential is equally important to the other terms in
the CDL equations. This is not reflective of a fine-tuning, but rather arises naturally in
cases where the dominant contribution to the asymptotic potential comes from curvature
on the collapsing internal manifold. The techniques described in this paper can be directly
applied to such cases. Furthermore, even potentials that näıvely grow too quickly to
admit a BON solution could also be of interest: if other degrees of freedom become active
near the bubble wall to tame the potential, bubble solutions may still exist. The most
familiar example where this could arise is in the context of flux compactifications. Here,
Gauss’ law requires that flux wrapped over the collapsing sphere must be either screened
by nucleation of dynamical sources or “slip o↵” onto other parts of the internal manifold.
In this process the growth of the potential can be softened such that one of the types of
BON solutions is allowed. Examples of both types have appeared in the literature in the
context of explicit top-down models [38–41, 43]. The impact of the flux on the decay rate is
model-dependent in general, but at least in some cases the contribution of charged sources
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• If   is particularly small, spacetime can undergo a catastrophic 
decay, with a rate (per Hubble volume) 

• The fact that the apocalypse has not happened (yet) to our corner of  
the universe implies  
 
 
unless the extra dimension is stabilized by a potential that grows  
more quickly than , or by a potential with 

  large enough to remove the BON branch of  solutions 

• Conclusion applies to wide range of  stabilizing potentials, even some 
that grow exponentially in the compactification limit

L = 2πR5

U ∝ exp (− 6ϕ/Mp)
U0 ≫ M2

p /R2
5

31

Conclusions

u0 ⌘ U0R
2
5/M

2
p (28)

⌘ ' 1�
1

4
m

2
R

2
5 log(mR5) +O(m2

R
2
5) (29)

�

H
4
0

⇠
v
4
e
��S

H
4
0

(30)

3

u0 ⌘ U0R
2
5/M

2
p (28)

⌘ ' 1�
1

4
m

2
R

2
5 log(mR5) +O(m2

R
2
5) (29)

�

H
4
0

⇠
v
4
e
��S

H
4
0

(30)

�S & 560� log
�
M

4
p/v

4
�

L & 50M�1
p (31)

3

P. Draper, I. Garcia Garcia, BL, 2105.08068 and 2105.10507



/32B E N J A M I N  L I L L A R D  –  U I U C                                 S E P T  2 0 2 1

• Given a particular model of  modulus  
stabilization, what is the BON rate? 

Can extend the  approximation to more  
complicated potentials, modeling a specific  

 by concatenating several quadratic or  
linear functions 

• Can analyze higher-dimensional compact spaces, e.g. d with 
shrinking -sphere 

• Potentials with too-fast exponential growth, e.g.  
may still have BON instabilities: depends on other degrees of  freedom, 
which might screen the flux

ρ′� ≃ 1

U(ϕ)

(4 + n)
n

32
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4

Figure 5: Left: The piecewise potential Utoy(�) from Eq. (3.13), with �1 = �0.2 Mp

and Ufv = 0.2 U0. Right: The quantity �? = �
m2R2

5

2

q
3
2Mp indicates the point where

the potential U(�) begins to have a noticeable e↵ect on the equation of motion for �

(see the discussion around Eq. (3.41)). For � ⌧ �?, �(⇠) is well approximated by the
Witten BON solution, even if the potential U(�) is large. This feature greatly enhances the
utility of the piecewise quadratic toy model. All three of the “realistic” smooth potentials
will have similar solutions for �(⇠) and ⇢(⇠), despite the significant di↵erences in their
asymptotic � ! �1 limits, as long as mR5 ⌧ 1 is small enough that U(|�|  |�?|)
remains approximately quadratic.

satisfies m ⌧ 1/R5, and we will assume this hierarchy in the remainder of our analytic
treatment. Under these assumption, the shape of the potential in the intermediate region
between the false vacuum and the asymptotic (compactification) regime, is largely irrele-
vant for the description of the BON instability. On the other hand, high-scale potentials
satisfying U0 & M

2
p /R

2
5 will not share this property, and, in general, the detailed features

of U(�) will have an impact on the bounce solution.

3.3 A toy model

It is useful to introduce a toy scalar potential with a local de Sitter minimum which will
allow us to construct an approximate analytic BON bounce solution for a much wider class
of more realistic models. This toy potential is motivated by the discussion in Sections 3.1
and 3.2 and is given by

Utoy(�) ⌘

(
U0 for �  �1

Ufv + 1
2m

2
�

2 for �1  �,
(3.13)

with Ufv+ 1
2m

2
�

2
1 = U0. Utoy(�) is depicted on the left of Fig. 5. Near � = 0, the potential is

quadratic and admits a de Sitter vacuum. As we will see in Section 3.4, although Eq. (3.13)
does not admit an ordinary CDL decay — the vacuum at � = 0 appears näıvely stable —
it is unstable to nucleation of a BON.
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interesting to ask whether BON solutions still exist and whether the corresponding decay
rate is significantly modified. In the presence of a non-zero U(�), the region near the bub-
ble wall will be sensitive to the asymptotic form of the potential in the compactification
direction, while the region near the metastable vacuum will depend on the details of the
mechanism that stabilizes the modulus. In Section 3, this useful factorization will allow us
to classify BON instabilities of de Sitter vacua in terms of the behavior of the scalar po-
tential in the compactification limit, while treating the region near the metastable vacuum
with toy models.

2.3 Sources of moduli potentials

As described in the introduction, we wish to employ a bottom-up strategy, remaining as
agnostic as possible about the details of the stabilization mechanism leading to a four-
dimensional de Sitter vacuum, and the detailed features of the e↵ective potential relevant
for the moduli. Nevertheless, it will be useful to keep in mind some of the sources of
moduli potentials that appear naturally in theories with extra dimensions, especially as it
pertains to their behavior in the compactification limit. This will allow us to gain some
intuition about the regime of validity of some of the conclusions we draw in later sections.
Sources of potentials for geometric moduli in theories with extra dimensions have been
widely discussed in the literature (see e.g. [27]).

For simplicity, let us first consider 4 + n-dimensional gravity, with the n extra di-
mensions compactified. Allowing for a non-zero cosmological constant (CC), the higher-
dimensional Einstein-Hilbert action reads
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where M is the fundamental Planck mass. The Einstein frame dimensional reduction is
obtained through the following parametrization:

ds
2
4+n = e

�
q

2n
n+2

�
Mp ds

2
4 + e

2
q

2

n(n+2)

�
Mp ds

2
n, (2.30)

and the reduced action reads

SE =

ˆ
d

4
x
p

g

(
�

M
2
p

2
R +

1

2
g

µ⌫
@µ�@⌫� �

Mp

2

r
2n

n + 2
⇤� + U(�)

)
, (2.31)

with

U(�) = �
M

2
p

2
Rne

�
q

2n+4

n
�

Mp + M
2
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�
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�
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For example, if the internal manifold is an n-sphere with curvature radius Rn, then Rn =
n(n � 1)/R

2
n. In the compactification limit, the contribution to the scalar potential from

this internal curvature always dominates over the contribution from the higher-dimensional
CC, and therefore U ! �1 as � ! �1.

More generally, the scalar potential of geometric moduli might receive contributions
from other non-trivial field configurations present in the higher-dimensional theory, such
as branes and fluxes. For example, an n�form flux field wrapped around the internal
manifold leads to a contribution that scales as [27]

Uflux(�) / e
�3

q
2n
n+2

�
Mp . (2.33)
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• In , adding flux on the  circle generates potential that grows as 

• For this potential, BON initial conditions incompatible with EOM 

• For -form flux on , same conclusion:  prevents BON 

This isn’t necessarily the final word on the matter: if  the flux is screened 
by pointlike charges, for example,  exponent may be less large, and 
BON could still form. See refs. (Addressing this in followup work)

n = 1 S1

n Sn Uflux(ϕ)

U(ϕ)

34

Aside: Flux Compactification
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Aside II: SUSY
• For , SUSY boundary conditions provide topological obstruction 

to shrinking . Not a problem for 
n = 1

S1 n > 1

J.J. Blanco-Pillado and B. Shlaer, PRD 62 (2010) 086015 [1002.4408]  
A.R. Brown and A. Dahlen, PRD 84 (2011) 043518 [1010.5240]
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• Nucleation rate , with Euclidean action  

• Ansatz: spherical bubble,   

• In the thin-wall limit,  has closed-form  
approximate solution

Γ ≈ v4exp(−SE /ℏ) SE

ds2
4 = dξ2 + ρ(ξ)2dΩ2

3

SE

35

Coleman–De Luccia (TWA)
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