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Broad physics goals 
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 Determine directly from the standard model:
 Purely hadronic amplitudes
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More specific goals 

 Determine directly from the standard model:
 Purely hadronic amplitudes
 Electroweak few-hadron amplitudes 
 With/without resonances, bound states,…
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Why lattice?

QCD-stable states are generated non-perturbatively
QED/weak sector can be treated perturbatively or non-perturbatively
 Resonance are generated and decay
 All few-body forces treated non-perturbatively

⇡

⇡



A pseudo-quantitative definition
(bump in cross sections/amplitude - e.g., ππ scattering in ρ-channel)

Protopopescu et al. (1972)

M1 =

8⇡Ecm

p

1

cot �1 � i



A pseudo-quantitative definition
(bump in cross sections/amplitude - e.g., ππ scattering in ρ-channel)

E⇢ ⇠ 763 MeV

�� ⇠ 156.4 MeV

“⇢(770)”

Protopopescu et al. (1972)



A counter example

summary of various 
experiments

(Isoscalar, scalar ππ scattering)



A counter example
(Isoscalar, scalar ππ scattering)

E� = 449(2216) MeV

�� = 550(24) MeV

“f0(500)/�”



Quantitative definition

propagator:

scattering 
amplitudes:

⇠ iZ

p2 �m2
=

iZ

s�m2

⇠ ⇠ i|g⇢,⇡⇡|2

s� s0

⇠ ⇠ iF⇡⇢ g⇢,⇡⇡
s� s0

electroweak 
amplitudes:



Lattice QCD 
Wick rotation [Euclidean spacetime]:  
Monter Carlo sampling

tM ! �itE

Z
DU DqDq eiSM !

Z
DU DqDq e�SE



Lattice QCD 
Wick rotation [Euclidean spacetime]:  
Monter Carlo sampling

lattice spacing:
finite volume

La

tM ! �itE

a ⇠ 0.03� 0.15 fm

Dµ = ( ((L/a)3 ⇥ (T/a)

Never free!
No asymptotic states!
No scattering!
No resonances!



Lattice QCD 
Wick rotation [Euclidean spacetime]:  
Monter Carlo sampling

lattice spacing:
finite volume
quark masses: mq ! mphys.

q

La

tM ! �itE

a ⇠ 0.03� 0.15 fm

Advantage over experiment!



⌧

⌧
Lattice QCD 

Wick rotation [Euclidean spacetime]:  
Monter Carlo sampling

lattice spacing:
finite volume
quark masses:
Correlation functions: spectrum, matrix elements

mq ! mphys.
q

a ⇠ 0.03� 0.15 fm

tM ! �itE

CL(t,P) =

time = t time = 0



Exp.

Status of LQCD
 Simple properties of QCD stable states [non-composite states]

physical or lighter quark masses [down to mπ~120 MeV]

 non-degenerate light-quark masses: Nf=1+1+1+1

 dynamical QED



 Simple properties of QCD stable states [non-composite states]

physical or lighter quark masses [down to mπ~120 MeV]

 non-degenerate light-quark masses: Nf=1+1+1+1

 dynamical QED

 Frontier of lattice: multi-particle physics

 scattering/reactions

 composite states

 bound states

 hadronic resonances

Status of LQCD

Formal development:
under way
more needed 

Benchmark calculations:
exploratory
proof of principle
unphysical quark masses  [mπ=236, 391 MeV]
…
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amplitudes

FV spectrum

scattering data

Lattice QCD

Experiment
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analysis

RB, Hansen, Sharpe - arXiv:1701.07465 [hep-lat] (2017)
RB - Phys.Rev. D89 (2014) no.7, 074507. 
RB, Davoudi - Phys.Rev. D87 (2013) no.9, 094507.
RB, Davoudi - Phys.Rev. D88 (2013) no.9, 094507.



Two-point functions
CL(t,P) ⌘

Z

L
dx

Z

L
dy e�iP·(x�y)h0|TA(t,x)B†(0,y)|0i

Dispersive representation:

CL(t,P) =

Z

L
dx

Z

L
dy e�iP·(x�y)

X

n

h0|A(t,x)|n, Lihn, L|B†(0,y)|0i

= L6
X

n

e�Enth0|A(0)|n, Lihn, L|B†(0)|0i

CL(P ) = sum over all finite volume, momentum space Feynman diagram

CL(t,P) ⌘ L3

Z
dP4

2⇡
eiP4t CL(P )

Diagrammatic representation:



Diagrammatic representation
CL(t,P) ⌘ L3

Z
dP4

2⇡
eiP4t CL(P )

P4

i3m

im

i2m

{O
✓

1

L#

◆
⇠

1. Euclidean 

2. Tower of poles

3. Importance of diagram depends on P4

4. On-shell states:

Propagate

Infinite-volume: imaginary contribution

Finite-volume: power-law effects

P4 ~ im

~~V 1

P4 ~ i2m

~~V V V

“smooth” “smooth”



One-particle systems

Equating this to the dispersive representation: 

E0 =
p

P2 +m2

h0|A(0)|E0, LihE0, L|B†(0)|0i = A B†

2L3E0

Conclusion: masses and decay constants of stable states can be reliably extracted!

Consider P4 ~ im:

+ ...+ 1PIA B† A B†( (CL(t,P) ⌘ L3

Z
dP4

2⇡
eiP4t

= L3

Z
dP4

2⇡
eiP4t A z(P ) B†

P 2 +m2
+ · · ·

=
L3A B†

2
p

P2 +m2
e�t

p
P2+m2

+ · · ·



L R†V =� L R† L R†V = �L F2(P,L) R
†

L3

Z
dP0

2⇡
eiP0t

Matrices in angular momentum

Kim, Sachrajda, & Sharpe (2005)  
RB (2014)

++= +

= + = iM

...++

Two-particle systems
Consider P4~i2m:

A B†V +...B†VA V+( (

...+



...L3

Z
dP0

2⇡
eiP0t

Two-particle systems
Consider P4~i2m:

+B†VA V+ (A B†V(

A B† A B†V+



++ ...A B†VL3

Z
dP0

2⇡
eiP0t

Two-particle systems
Consider P4~i2m:

B†VA V (

A B† A B†V+

(

B†A +

B†VA V

+ B†A V

+

B†VA



A B†V +...B†VA V+L3

Z
dP0

2⇡
eiP0t

Two-particle systems
Consider P4~i2m:

After some massaging: 

+ ...VV V+A B† A B†C1(P )+

Where,

( (

( (

= L3

Z
dP0

2⇡
eiP0t

A B† + B†A +...C1(P ) �

A �

�

A A+ +...

+ +... [scattering amplitude]



A B†V +...B†VA V+L3

Z
dP0

2⇡
eiP0t

Two-particle systems
Consider P4~i2m:

After some massaging: 

+ ...VV V+A B† A B†C1(P )+( (

( (

= L3

Z
dP0

2⇡
eiP0t

poles satisfy:

= L3

Z
dP0

2⇡
eiP0t

✓
C1(P )�A(P )

1

F�1
2 (P,L) +M(P )

B†(P )

◆

det[F�1
2 (P,L) +M(P )] = 0



scattering amplitudefinite volume spectrum

Lüscher formalism

M = scattering amplitude

det[F�1
2 (EL, L) +M(EL)] = 0

EL = finite volume spectrum

L = finite volume

F2 = known function



Lüscher formalism

 Lüscher (1986, 1991) [elastic scalar bosons]

 Rummukainen & Gottlieb (1995) [moving elastic scalar bosons]

 Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005) [QFT derivation]

 Bernard, Lage,  Meißner & Rusetsky (2008) [Nπ systems]

 Gockeler, Horsley, et al. (2012) [Nπ systems]

 RB, Davoudi, Luu & Savage (2013) [generic spinning systems]

 Feng,  Li, &  Liu (2004) [inelastic scalar bosons]

 Hansen & Sharpe / RB & Davoudi (2012)  [moving inelastic scalar bosons]

 RB (2014)  [Most general 2-body result: inelastic, spinning particles]

det[F�1
2 (EL, L) +M(EL)] = 0



0.10

0.15

0.20

Wilson, RB, Dudek, Edwards & Thomas (2015)

Extracting the spectrum
Two-point correlation functions:

 Evaluate all Wick contraction 
 Use a large basis of operators…
 ‘Diagonalize’ correlation function
 e.g., ππ isotriplet at rest, mπ=236 MeV

C2pt.
ab (t,P) ⌘ h0|Ob(t,P)O†

a(0,P)|0i =
X

n

Zb,nZ
†
a,ne

�Ent

KK

⇡⇡

 ̄� 

#1 ~

#26 ~

#3 ~



Wilson, RB, Dudek, Edwards & Thomas (2015)
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Half of the spectrum:

ππ scattering
(I=1 channel)



Wilson, RB, Dudek, Edwards & Thomas (2015)
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Dudek, Edwards & Thomas (2012)
Wilson, RB, Dudek, Edwards & Thomas (2015)
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Isoscalar ππ scattering

RB, Dudek, Edwards, Wilson - PRL (2017)
M0 =

16⇡Ecm

p cot �0 � ip



Lin et al. (2009)
Dudek, Edwards, Guo & Thomas (2013)
Dudek, Edwards & Thomas (2012)
Wilson, RB, Dudek, Edwards & Thomas (2015)
Bolton, RB & Wilson (2015)

The ρ vs mπ



Advantage over experiment: 
heavy quarks make broad resonances bound
unambiguously track poles in complex plane  

M(s ⇠ s0) ⇠
g2

s0 � s

g = g(m⇡), s0 = s0(m⇡)

The ρ vs mπ



The σ/f0(500) vs mπ
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RB, Dudek, Edwards, Wilson - PRL (2017)



The σ/f0(500) vs mπ
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Going higher in energy
 Coupled channels:

Hansen & Sharpe / RB & Davoudi (2012)
RB (2014)  / RB & Hansen (2015)

det


F�1
⇡⇡ +M⇡⇡,⇡⇡ M⇡⇡,KK

M⇡⇡,KK F�1
KK

+MKK,KK

�
= 0

⇡⇡ ! ⇡⇡

KK ! KK

⇡⇡ ! KK

mπ=391 MeV

Preliminary

⇡⇡ KK ⌘⌘

 The isoscalar, scalar sector:



Going higher in energy
 Coupled channels

 Beyond two particles:

RB, Hansen  & Sharpe (2017)

det


1 +

✓
F2 0
0 F3

◆✓
K2 K23

K32 Kdf,3

◆�
= 0

“could be used to extract 3N 
forces, the Roper and much more”

N!

N!!



A B† +...B†A+L3

Z
dP0

2⇡
eiP0t

Two,three-particle systems
Consider P4~i3m:

(

poles satisfy: det


1 +

✓
F2 0
0 F3

◆✓
K2 K23

K32 Kdf,3

◆�
= 0

A B† +...B†A++

+...B†A+ + A B† A B† ++ A B†A +...

+...B†A+

A B† ++ A B†A +... (
After substantial massaging: 

Not the final result! Does not accommodate for resonant processes…underway!



poles
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poles
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amplitudes
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matrix elements

+
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+
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FV spectrum
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Beyond spectroscopy

��h2��J ��1iL
�� =

p
H R H

��h2
��J

��0iL
�� =

p
L3

p
V R V

��h2
��J

��2iL
�� = 1p

L3

q
Tr [R WL,df R WL,df ]

RB, Hansen (2016)
RB, Hansen (2015)
RB, Hansen, Walker-Loud (2014)



Beyond spectroscopy

��h2��J ��1iL
�� =

p
H R H

��h2
��J

��0iL
�� =

p
L3

p
V R V

��h2
��J

��2iL
�� = 1p

L3

q
Tr [R WL,df R WL,df ]

RB, Hansen (2016)
RB, Hansen (2015)
RB, Hansen, Walker-Loud (2014)



A B†V +...B†VA V+L3

Z
dP0

2⇡
eiP0t

Two-particle systems
Consider P4~i2m:

After some massaging: 

( (

= L3

Z
dP0

2⇡
eiP0t

✓
C1(P )�A(P )

1

F�1
2 (P,L) +M(P )

B†(P )

◆

F.V. residue for 2-particle states.           
Explains how infinite-volume and F.V. 
states are mapped onto each other. 

Rn :

=

X

n

e�EntL3h0|A(0)|En,P, ini
h
R(En,P)

i
hEn,P, out|B†

(0)|0i

CL(t,P) = L6
X

n

e�Enth0|A(0)|n, Li hn, L|B†(0)|0i

Equating to…



electroweak amplitudefinite volume matrix element

h2
��J

��1iL = finite matrix element

R = known function

One-to-two transition 

RB, Hansen (2015)
RB, Hansen, Walker-Loud (2014)

H = electroweak amplitude

��h2��J ��1iL
�� =

r
1

2E1

p
H R H
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K
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⇡f0(500)/�

precision tests of SM

⇡

KK?

B

stellar evolution

p

p

leptonic 
current

leptonic 
current

d

precision tests of SM

⇡

⇡

⇡
⇢

 ρ-to-π form factor 
 chiral anomaly
 anomalous magnetic moment of the muon [g-2]
 first resonant 1-to-2 process
 proof of principle

electro-, photo-production

One-to-two transition 



 0

 30

 60

 90

 120

 150

 180

 400  500  600  700  800  900  1000

πγ*-to-ππ
Spectrum determined:

Lorentz decomposition:



Correlation functions
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=

+

A B C D
+

=
E

C(3)
⇡⇡n,µ,⇡(P⇡,P⇡⇡;�t, t) =

⌦
0
��⌦⇡(�t,P⇡) eJµ(t,P⇡ �P⇡⇡) ⌦

†
⇡⇡(0,P⇡⇡)

��0
↵

= e�(E⇡⇡�E⇡)t e�E⇡�t
⌦
⇡;L

�� eJµ

��⇡⇡;L
↵
+ . . .

⌦⇡ =optimized ‘⇡’ operator,

linear combo. of ⇠ 10 ops.

⌦⇡⇡ =optimized ‘⇡⇡’ operator,

linear combo. of ⇠ 20-30 ops.

eJµ =electromagnetic current

Contractions:

Operators and matrix elements:
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πγ*-to-ππ amplitude



πγ*-to-ππ amplitude



πγ*-to-ππ amplitude



πγ*-to-ππ amplitude



πγ*-to-ππ amplitude



πγ*-to-ππ amplitude

mπ=391 MeV RB, Dudek, Edwards, Thomas, Shultz, Wilson - PRL (2015)

elastic ππ amplitude
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Explanation

⇠ ⇠ i|g⇢,⇡⇡|2

s� s0

⇠

 ππ-to-ππ amplitude:

 πγ*-to-ππ amplitude:

⇠ iF⇡⇢ g⇢,⇡⇡
s� s0



Form factor at ρ pole
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Shultz, Dudek, & Edwards (2014) 
RB, Dudek, Edwards, Shultz, Thomas & Wilson (2015)

evaluated at the  ρ-meson pole, (853(2)-i 12.4(6)/2) MeV

stable ρ

unstable ρ

Ecm = E⇢



poles
partial wave 
amplitudes

form factors
electroweak 
amplitudes

poles
partial wave 
amplitudes

form factors
electroweak 
amplitudes

electroweak data

amplitude 
analysis

matrix elements

+

=

+

+...

FV spectrum

scattering data

Lattice QCD

Experiment

amplitude 
analysis



The future of spectroscopy

 Formalism: complete and tested
 Only a handful of channels considered
 Much more underway
 No systems with intrinsic spin to date

 Formalism: incomplete  
 2-body resonances
 Multichannel, asymmetric masses, spin 

 Untested 

Complimentary to experiment! RB, Hansen, & Sharpe (2017)

 RB (2014)  [inelastic, spinning 2-particles]



The future of “structure”

 Formalism: complete and tested
 Only one calculation to date
 Baryons to come…

 RB & Hansen (2015)

 Formalism: incomplete  
 Untested
 First calculation: 

 ππγ*-to-ππ [?]
 First elastic f.f. of a composite state

 RB & Hansen (2016)Complimentary to experiment!



The big picture!
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Collaborators & references
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The σ/f0(500) vs mπ
s0 = (E� � i

2��)
2, g2�⇡⇡ = lim

s!s0
(s0 � s) t(s)
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disp. +exp. = Peláez (2015), Caprini, et al. (2006), & Garcia-Martin et al. (2011)
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Figure 4: The � or f0(400 � 1400) resonance poles listed in the RPP 1996 edition (Black squares) together with those
also cited in the 2010 edition [70] (Red circles). Note the much better consistency of the latter and the general absence
of uncertainties in the former. The huge light gray area corresponds to the uncertainty band assigned to the � from 1996
to 2010.

before, a very significant part of the apparent disagreement between di↵erent poles in Fig.2 is
not coming from experimental uncertainties when extracting the data, but from the use of models
in the interpretation of those data and unreliable extrapolations to the complex plane. Actually,
di↵erent analyses of the same experiment could provide dramatically di↵erent poles, depending
on the parameterization or model used to describe the data and its later interpretation in terms of
poles and resonances. Maybe the most radical example are the three poles from the Crystal Barrel
collaboration, lying at (1100� i300) MeV [68], (400� i500) MeV and (1100� i137) MeV [69],
corresponding to the highest masses and widths in that plot. These poles were compiled together
in the RPP although they even lie in di↵erent Riemann sheets. Moreover we will see in Sect.2
that all three lie outside the region of analyticity of the partial wave expansion (Lehmann-Martin
ellipse [71]).

Therefore it should be now clear that in order to extract the parameters of the � pole, which
lies so deep in the complex plane and has no evident fast phase-shift motion, it is not enough to
have a good description of the data. As a matter of fact, many functional forms could fit very
well the data in a given region, but then di↵er widely with each other when extrapolated outside
the fitting region. For instance, if all data were consistent (which they are not) one can always
find a good data description using polynomials, or splines, which have no poles at all. Hence, to
look for the � pole, the correct analytic extension to the complex plane, or at least a controlled
approximation to it, is needed. Unfortunately that has not always been the case in many analyses,
and thus the poles obtained from poor analytic extensions of an otherwise nice experimental
analysis are at risk of being artifacts or just plain wrong determinations. This, together with the
huge uncertainty attached to the � in the RPP, is what made many people outside the community
to think that no progress was made in the light scalar sector for many decades.

However, progress was being made and the other remarkable feature of Fig.2 is that by 2010
most determinations agreed on a light sigma with a mass between 400 and 550 MeV and a half
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