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hadron spectroscopy & QCD 2

very light quarks  
mu,d ~ few MeV

QCD lagrangian
features of the

gluons  
strongly coupled 
to gluons

gluons  
strongly coupled 
to quarks

why not  
“glueballs”

why not  
“hybrid mesons”why not hadrons with 

very many quarks ?

e.g. uudd
__

Q=−2
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why not  
“hybrid mesons”why not hadrons with 

very many quarks ?

e.g. uudd
__

Q=−2

empirical meson/baryon spectrum
features of the

mesons with “qq”  
quantum numbers

_
baryons with “qqq”  
quantum numbers ?
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hadron spectroscopy & QCD 4

can’t just read off properties from the lagrangian

non-perturbative at low energies

chiral symmetry breaking

confinement

and the experimental situation is no longer so clear
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the XYZ era …

apply first-principles non-perturbative QCD 
methods to the hadron spectroscopy problem …
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multi-channel resonances 5

COMPASS
BELLE
CERN SPS
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a classic ‘straightforward’ resonance

can be described by Breit-Wigner-like forms

but resonance signatures  
aren’t always so simple …

clear narrow ‘bump’ in each channel  
with no significant ‘background’
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a0(980) 6

sharp experimental enhancement at KK threshold decaying to πη
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_

“KLOE”

“Bugg”

“Achasov”

“E852”

Baru et. al. 
EPJA23 523 (2005)

E πη
→
πη

is this a resonance ?
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f0(980) and σ 7

ρ2|t|2

low-energy 
broad structure 
the “σ”

f0(980) as  
dip in elastic 
amplitude

Pennington 
AIP Conf.Proc.  
185 145 (1989) … how many resonances here ?
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resonance poles 8

the rigorous way to characterize resonances 
in terms of scattering amplitudes is as

pole singularities in the complex energy plane

near a pole 

ππ
Re[s]

Im[s]

KK
_
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resonance poles 9

the rigorous way to characterize resonances 
in terms of scattering amplitudes is as

pole singularities in the complex energy plane

ππ
Re[s]

Im[s]

KK
_

ππ
Re[s]

Im[s]

KK
_

further from the real axis, 
the broader the resonance
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resonance poles 10

the rigorous way to characterize resonances 
in terms of scattering amplitudes is as

pole singularities in the complex energy plane

ππ
Re[s]

Im[s]

KK
_

multiple poles and/or poles near thresholds  
can lead to less simple signatures

σ

f0(980)
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poles & sheets 11

multichannel scattering actually a bit more complicated: multiple Riemann sheets

II III

IV Iππ

KK
Re[s]

Im[s]

branch cut at each threshold

unitarity:

phase-space:

which sheets the poles lie on does change 
the scattering amplitude for real energies

_

how can any of this be related to QCD … ?
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lattice QCD 12

but how to get at scattering … ?

• first-principles numerical approach to the field-theory CUBIC LATTICE

- evaluate correlation functions 

via Monte-Carlo sampling of path-integral

on a finite cubic grid

» in principle recover  
physical QCD as

» practical calculations  
        often use

- e.g. discrete spectrum from (euclidean)  
    two-point correlation functions 
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one-dim quantum mechanics 13

consider scattering of two identical bosons

finite-range  
potential

outside the well

scattering 
phase-shift

continuous  
momentum

continuous spectrum 
of energy eigenstates⇒

E

bound 
states

E>0
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elastic ‘scattering’ in a finite-volume 14

outside the well

• apply periodic boundary conditions

discrete  
energy  
spectrum

3+1 dim field theory  
version due to Lüscher

E

bound 
states

E>0

E

E=0
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the ρ channel : elastic ππ scattering 15
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lots of extra points by considering 
moving frames …
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mπ = 236 MeV

Wilson et al 
PRD92 094502 (2015)



resonances from LQCD | 4.13.2017 | Fermilab theory seminar

the ρ channel : elastic ππ scattering 16mπ = 236 MeV

Wilson et al 
PRD92 094502 (2015)
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coupled-channels in finite-volume 17

the discrete spectrum in a finite-volume given by solutions of

scattering matrix matrix in channel space i,j

phase-space

finite-volume function

depends on volume

depends on frame

for a given find all E which solve the equation …

actually some additional 
complications from spin

can be handled  
systematically
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a ‘simple’ coupled-channel resonance 18

a two-channel S-wave resonance

-45

 0

 45

 90

 135

 180

 600  800  1000  1200  1400  1600

0.25
0.50
0.75

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 600  800  1000  1200  1400  1600

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

-200

-150

-100

-50

 0

 50

 100

 150

 200

 600  800  1000

III

III

IV

IV

 1200  1400

-400

-300

-200

-100

 100

 200

 300

 400

-400 -300 -200 -100  100  200  300  400

III

IV III

(a)

(b)

(c)

(d)

(e) (f)

mπ = 300 MeV 
mK = 500 MeV



resonances from LQCD | 4.13.2017 | Fermilab theory seminar

-45

 0

 45

 90

 135

 180

 600  800  1000  1200  1400  1600

0.25
0.50
0.75

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 600  800  1000  1200  1400  1600

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

-200

-150

-100

-50

 0

 50

 100

 150

 200

 600  800  1000

III

III

IV

IV

 1200  1400

-400

-300

-200

-100

 100

 200

 300

 400

-400 -300 -200 -100  100  200  300  400

III

IV III

(a)

(b)

(c)

(d)

(e) (f)

a ‘simple’ resonance in finite-volume 19

a two-channel S-wave resonance
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a less simple resonance 20

a two-channel S-wave amplitude with a sheet II pole

-45

 0

 45

 90

 135

 180

 600  800  1000  1200  1400  1600

0.25
0.50
0.75

 0

 0.2

 0.4

 0.6

 600  800  1000  1200  1400  1600

-200

-150

-100

-50

 0

 50

 100

 150

 200

 600  800  1000  1200  1400

-400

-300

-200

-100

 100

 200

 300

 400

-400 -300 -200 -100  100  200  300  400

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

III

II

IV III

(a)

(b)

(c)

(d)

(e) (f)

-45

 0

 45

 90

 135

 180

 600  800  1000  1200  1400  1600

0.25
0.50
0.75

 0

 0.2

 0.4

 0.6

 600  800  1000  1200  1400  1600

-200

-150

-100

-50

 0

 50

 100

 150

 200

 600  800  1000  1200  1400

-400

-300

-200

-100

 100

 200

 300

 400

-400 -300 -200 -100  100  200  300  400

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

III

II

IV III

(a)

(b)

(c)

(d)

(e) (f)

N.B. rather similar to the f0(980)
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a less simple resonance in finite-volume 21

a two-channel S-wave amplitude with a sheet II pole
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obtaining the finite-volume spectrum 22

in order to be able to do anything, need to obtain the complete spectrum

use a big basis of operators

500

1000

1500

2000

2500

3000

analyse variationally …

Dudek et al 
PRD88 094505 
(2013)
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obtaining the finite-volume spectrum 23

in order to be able to do anything, need to obtain the complete spectrum

use a big basis of operators

500

1000

1500

2000

2500

3000

analyse variationally …

nice, but not the 
complete spectrum …
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obtaining the finite-volume spectrum 24

important to include ‘meson-meson’-like operator constructions

many Wick contractions: e.g. isospin=0 correlators (incl. ππ) 
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the ρ channel 25
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Wilson et al 
PRD92 094502 (2015)
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the ρ channel 26
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‘meson-meson’ operators appear to  
be required in practical calcs …

Wilson et al 
PRD92 094502 (2015)
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coupled-channels in finite-volume 27

the discrete spectrum in a finite-volume given by solutions of

if we calculate the discrete spectrum En(P,L) using lattice QCD

how do we work backwards to find                 ? 

a successful approach: parameterize

needs to satisfy unitarity ↝ K-matrix approach

real symmetric 
matrix

parameterize this
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I=1, G=− : πη, KK, πη′ … 28
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spectra obtained from variational analysis

(conservatively) 47 levels  
in the relevant energy region

163, 203, 243

(18) (11) (21) (12) (16) (19) (12) (26) (17) (11) (12) (13) (13) (14) (20)

_

Dudek et al 
PRD93 094506 (2016)



resonances from LQCD | 4.13.2017 | Fermilab theory seminar

describing the spectrum 29
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K-matrix parameterization: one pole plus constant matrix
( 6 free parameters )
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scattering amplitudes 30
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variation with changing parameterization 31
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scattering amplitudes 32
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strong cusp in πη at KK threshold
_

rapid turn-on of KK amplitudes
_

indicative of a nearby resonance ?

what’s the pole structure of the amplitude … ?
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pole structure 33

• we find a single dominant (nearby) pole 

COMPLEX ENERGY PLANE

COMPLEX MOMENTUM PLANE

variation with 
parameterization 
choice
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pole couplings 34

RESONANCE POLE COUPLINGS
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an a0 resonance from QCD 35

• resonance found near KK threshold
_
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pole coupling ratio
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ππ isospin=0 S-wave 36

(historically) challenging 
to get good signals

use basis of ψ[…]ψ and ππ operators
_

-0.004

 0

 0.004

 0.008
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 0.016

 0  4  8  12  16  20  24  28  32  36

-0.002

 0

 0.002

 0  4  8  12  16  20  24

actually also KK,ηη operators
_

Briceno et al 
PRL118 022002  
(2017)
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ππ isospin=0 S-wave 37

elastic scattering region
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notice the change in behavior  
as the quark mass is reduced …
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ππ isospin=0 S-wave 38
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σ as bound-state

tiny variation  
with parameterization
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ππ isospin=0 S-wave 39

at mπ=236 MeV 
σ as resonance

significant variation  
with parameterization
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σ pole position variation 40
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PDG2012

actually same problem using 
experimental scattering data …

J.R. Pelaez 
Phys.Rept. 658 1  
(2016)
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why is this case different ? 41

ππ
Re[s]

Im[s]

KK
_

σ

“left-hand cut”

f0(980)

left-hand cut is just 
as close as the σ pole

the real energy axis behavior isn’t just dominated by a single (nearby) pole

left-hand cut related to crossing symmetry
e.g.

branch point at

but our amplitude 
parameterizations  
don’t include it !
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where do we stand 42

finite-volume formalism in place to deal with 
any number of coupled two-body channels

tested in (πK,ηK), (πη, KK), (πD, ηD, KDs)
_ _

and more calculations underway

finite-volume formalism not yet mature for 

three-body scattering channels

currently restricts which  
resonances can be computed
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