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Muon g-2 experimental measurement [Bennett et al., 2006]

E821 at BNL measured relative precession of muon spin to it’s momentum
ωa = g−2

2
eB
m = aµ

eB
m , the muon anomaly

The rate of detected electrons oscillates with ωa, fit to
N(t) = Be−λt(1 + A cosωat + φ)

Muon g-2: Review of Theory and Experiment 26

from running around the ring, especially during a quench or energy extraction from the

magnet. The vertical mismatch from one pole piece to the next when going around the

ring in azimuth is held to ±10 µm, since the field strength depends critically on the

pole-piece spacing across the magnet gap.

Figure 12. The storage-ring magnet. The cryostats for the inner-radius coils are

clearly visible. The kickers have not yet been installed. The racks in the center are

the quadrupole pulsers, and a few of the detector stations are installed, especially the

quadrant of the ring closest to the person. The magnet power supply is in the upper

left, above the plane of the ring. (Courtesy of Brookhaven National Laboratory)

The field is excited by 14 m-diameter superconducting coils, which in 1996 were

the largest-diameter such coils ever fabricated. The coil at the outer radius consists of

two identical coils on a common mandrel, above and below the plane of the beam, each

with 24 turns. Each of the inner-radius coils, which are housed in separate cryostats,

also consists of 24 turns (see Figures 5(b) and 13(a)). The nominal operating current

is 5200 A, which is driven by a power supply. The choice of using an extremely stable

power supply, further stabilized with feedback from the NMR system, was chosen over

operating in a “persistent mode”, for two reasons. The switch required to change from

the powering mode to persistent mode was technically very complicated, and unlike the

usual superconducting magnet operated in persistent mode, we anticipated the need to

cycle the magnet power a number of times during a three-month running period.

The pole pieces are fabricated from continuous vacuum-cast low-carbon magnet

steel (0.0004% carbon), and the yoke from standard AISI 1006 (0.07% carbon) magnet

steel[60]. At the design stage, calculations suggested that the field could be made

quite uniform, and that when averaged over azimuth, a uniformity of ±1 ppm could be
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Figure 26. Histogram of the total number of electrons above 1.8 GeV versus time

(modulo 100 µ s) from the 2001 µ− data set. The bin size is the cyclotron period,

≈ 149.2 ns, and the total number of electrons is 3.6 billion.
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Figure 27. Typical calorimeter energy distribution, with an endpoint fit

superimposed. The inset shows the full range of reconstructed energies, from 0.3 to

3.5 GeV.

times and energies are given by fits to standard pulse shapes, which are are established

for each detector by taking an average over many pulses at late times. The variations in

pulse shapes in all detectors are found to be sufficiently small as a function of energy and

aµ(Expt) = 11 659 208.0(5.4)(3.3)× 10−10 0.54 ppm!
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New muon g-2 experiments

Storage ring moved to FNAL for E989, begun in 2017

which is aiming for 0.14 ppm, 4× improvement!

In Japan at J-PARC, the E34 experiment will measure aµ using ultra-cold muons,
different systematics (∼ 2020).

5 / 62



Standard Model Theory: QED+EW+QCD

〈µ(~p′)|Jν(0)|µ(~p)〉 = −eū(~p′)
(
F1(q2)γν + i

F2(q2)

4m
[γν , γρ]qρ

)
u(~p)

aµ = F2(0)

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.

3
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Experiment - Theory

SM Contribution Value±Error (×1011) Ref Update
QED (5 loops) 116584718.951± 0.080 [Aoyama et al., 2012]

HVP LO 6923± 42 [Davier et al., 2011] 6926 (33) (Davier 16)
6949± 43 [Hagiwara et al., 2011] 6922 (25) (KNT17 preliminary)

HVP NLO −98.4± 0.7 [Hagiwara et al., 2011]

[Kurz et al., 2014]

HVP NNLO 12.4± 0.1 [Kurz et al., 2014]

HLbL 105± 26 [Prades et al., 2009]

HLbL (NLO) 3± 2 [Colangelo et al., 2014a]

Weak (2 loops) 153.6± 1.0 [Gnendiger et al., 2013]

SM Tot (0.42 ppm) 116591802± 49 [Davier et al., 2011]

(0.43 ppm) 116591828± 50 [Hagiwara et al., 2011]

(0.51 ppm) 116591840± 59 [Aoyama et al., 2012]

Exp (0.54 ppm) 116592080± 63 [Bennett et al., 2006]

Diff (Exp−SM) 287± 80 [Davier et al., 2011] → 3.6σ
261± 78 [Hagiwara et al., 2011] → 3.9σ

249± 87 [Aoyama et al., 2012]

QCD errors largest, discrepancy large 7 / 62



New experiments+new theory=new physics?

Fermilab E989 begins 2017, aims for 0.14 ppm

J-PARC E34 ∼2020, aims for 0.3-0.4 ppm

Today aµ(Expt)-aµ(SM) ≈ 2.9− 3.6σ (possibly more)

If both central values stay the same,

E989 (∼ 4× smaller error) → ∼ 5σ
E989+new HLBL theory (models+lattice, 10%) → ∼ 6σ
E989+new HLBL +new HVP (50% reduction) → ∼ 8σ

Big discrepancy: new Physics ∼ 2× Electroweak

Lattice calculations important to trust theory errors, or lattice values may become
(part of) the central values (muon g-2 theory initiative)

Much progress, see many talks at Lattice 2017 (Granada) for latest results
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+ + · · ·

Models: (105± 26)× 10−11
[Prades et al., 2009, Benayoun et al., 2014]

(116± 40)× 10−11
[Jegerlehner and Nyffeler, 2009]

Model errors difficult to quantify error now compatible with HVP error. see talk by A. Keshavarzi, 1st workshop

muon g-2 theory initiative, June 2017, FNAL

First lattice results promise reliable errors [Blum et al., 2015, Blum et al., 2016, Blum et al., 2017a] see also

[Green et al., 2015, Asmussen et al., 2016]

Dispersive/data approach also systematic
[Colangelo et al., 2014b, Pauk and Vanderhaeghen, 2014, Colangelo et al., 2015, Colangelo et al., 2017]
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]

The desired amplitude + + · · · is obtained
from a Euclidean space lattice calculation

Mν(~q) = lim
tsrc→−∞
tsnk→∞

eEq/2(tsnk−tsrc)
∑

~xsnk,~xsrc

e−i
~q
2
·(~xsnk+~xsrc)e i~q·~xopMν(xsnk, xop, xsrc),

where

−eMν(xsrc, xop, xsnk) =
〈
µ(xsnk)Jν(xop)µ(xsrc)

〉

= −e
∑

x ,y ,z

∑

x ′,y ′,z ′
Fν(x , y , z , x ′, y ′, z ′, xop, xsnk, xsrc).

and[(−i/q+ + mµ

2Eq/2

)(
F1(q2)γν + i

F2(q2)

4m
[γν , γρ]qρ

)(−i/q− + mµ

2Eq/2

)]

αβ

=
(
Mν(~q)

)
αβ
,
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]

Point source photon method 16/38

q = p′ − p, ν

p p′

q = p′ − p, ν

p p′

If we can not compute the 4-point function with one point source propagator, use two!

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

FC
ν (~q; x , y , z, xop) = (−ie)6Gρ,σ,κ(~q; x , y , z)HC

ρ,σ,κ,ν(x , y , z, xop)

i4HC
ρ,σ,κ,ν(x , y , z, xop)

=
∑

q=u,d,s

(eq/e)4

6

〈
tr
[
−i γρSq(x , z)iγκSq(z, y)iγσSq (y , xop) iγνSq (xop, x)

]〉
QCD

+ 5 permutations

i3Gρ,σ,κ(~q; x , y , z)

= e
√

m2+~q2/4(tsnk−tsrc)
∑

x′,y′,z′
Gρ,ρ′ (x , x ′)Gσ,σ′ (y , y ′)Gκ,κ′ (z, z ′)

×
∑

~xsnk,~xsrc

e−i~q/2·(~xsnk+~xsrc)S
(
xsnk, x

′) iγρ′S(x ′, z ′)iγκ′S(z ′, y ′)iγσ′S
(
y ′, xsrc

)
+ 5 permutations
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]

The initial and final muon states are plane waves

Do all sums in the QED part exactly (using FFT’s), QCD part done stochastically

Key idea: contribution exponentially suppressed with r = |x − y |, so
importance sample, concentrate on r <∼ λcompton

π

space-time translational invariance allows coordinates relative to the hadronic loop

Mν(~q) =
∑

r




∑

z,xop

Fν
(
~q,

r

2
,
−r
2
, z , xop

)
e i~q·~xop





where r = x − y , z → z − w , xop → xop − w and w = (x + y)/2

We sum all the internal points over the entire space-time except we fix x + y = 0.

(x , y) pairs stochastically sampled, z and xop sums exact
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]

〈µ(~p′)|Jν(0)|µ(~p)〉 = −eū(~p′)
(
F1(q2)γν + i

F2(q2)

4m
[γν , γρ]qρ

)
u(~p)

implies F2(0) only accessible by extrapolation q → 0.

Form is due to Ward Identity, or charge conservation

need WI to be exact on each config, or error blows up as ~q → 0

To enforce WI compute average of diagrams with all possible insertions of Jν(xop)Point source photon method 17/38

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

Fν
C(q⃗; x, y, z, xop) = (−ie)6 Gρ,σ,κ(q⃗; x, y, z)Hρ,σ,κ,ν

C (x, y, z, xop) (4)

i4 Hρ,σ,κ,ν
C (x, y, z, xop) (5)

=
∑

q=u,d,s

(eq/e)4

6

〈
tr
[
−iγρSq(x, z)iγκSq(z, y)iγσSq(y, xop)iγνSq(xop, x)

]〉

QCD

+ other 5 permutations

i3 Gρ,σ,κ(q⃗; x, y, z) (6)

= e
mµ

2 + q⃗2/4
√

(tsnk−tsrc)
∑

x′,y ′,z ′
Gρ,ρ′(x, x′)Gσ,σ ′(y, y ′)Gκ,κ′(z, z ′)

×
∑

x⃗snk,x⃗src

e−iq⃗/2·(x⃗snk+x⃗src) Sµ(xsnk, x
′)iγρ′Sµ(x′, z ′)iγκ′Sµ(z ′, y ′)iγσ ′Sµ(y ′, xsrc)

+ other 5 permutations
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]Point source photon method 17/38

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

Fν
C(q⃗; x, y, z, xop) = (−ie)6 Gρ,σ,κ(q⃗; x, y, z)Hρ,σ,κ,ν

C (x, y, z, xop) (4)

i4 Hρ,σ,κ,ν
C (x, y, z, xop) (5)

=
∑

q=u,d,s

(eq/e)4

6

〈
tr
[
−iγρSq(x, z)iγκSq(z, y)iγσSq(y, xop)iγνSq(xop, x)

]〉

QCD

+ other 5 permutations

i3 Gρ,σ,κ(q⃗; x, y, z) (6)

= e
mµ

2 + q⃗2/4
√

(tsnk−tsrc)
∑

x′,y ′,z ′
Gρ,ρ′(x, x′)Gσ,σ ′(y, y ′)Gκ,κ′(z, z ′)

×
∑

x⃗snk,x⃗src

e−iq⃗/2·(x⃗snk+x⃗src) Sµ(xsnk, x
′)iγρ′Sµ(x′, z ′)iγκ′Sµ(z ′, y ′)iγσ ′Sµ(y ′, xsrc)

+ other 5 permutations

WI allows a moment method that projects directly to q = 0

Mν(~q) =
∑

r ,z,xop

FC
ν

(
~q,

r

2
,− r

2
, z , xop

)(
e i~q·~xop − 1

)

≈
∑

r ,z,xop

FC
ν

(
~q,

r

2
,− r

2
, z , xop

)
(i~q · ~xop)

∂

∂qi
Mν(~q)|~q=0 = i

∑

r ,z,xop

FC
ν

(
~q = 0, r ,−r , z , xop

)
(xop)i

15 / 62



Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]

Sandwich Mν(~q) between positive energy Dirac spinors u(~0, s), ū(~0, s)

u(~0, s ′)
(
F2(q2 = 0)

2mµ

i

2
[γi , γj ]

)
u(~0, s) = u(~0, s ′)

∂

∂qj
Mi (~q)|~q=~0u(~0, s)

multiply both sides by 1
2εijk , sum over i and j ,

F2(0)

m
ūs′(~0)

~Σ

2
us(~0) =

∑

r


∑

z,xop

1

2
~xop × ūs′(~0)i ~FC

(
~0; x = − r

2
, y = +

r

2
, z , xop

)
us(~0)




where Σi = 1
4i εijk [γj , γk ].
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Lattice setup

Photons: Feynman gauge, QEDL [Hayakawa and Uno, 2008] (omit all modes with ~q = 0)

Gluons: Iwasaki gauge action (RG improved, plaquette+rectangle)

muons: Ls =∞ free domain-wall fermions (DWF)

quarks: Möbius-DWF

2+1f Möbius-DWF physical point ensembles (RBC/UKQCD) [Blum et al., 2014]

483 × 96 643 × 128

a−1 (GeV) 1.73 2.36
a (fm) 0.114 0.084
L (fm) 5.47 5.38
Ls 24 12

mπ (MeV) 139 135
mµ (MeV) 106 106
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Continuum and ∞ volume limits in QED [Blum et al., 2016]

Test method in pure QED

QED systematics large, O(a4), O(1/L2), but under control
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Physical point cHLbL contribution [Blum et al., 2017a]

Employ AMA with 2000 low-modes of the Dirac operator

Compute 2 point, 4 sequential × (112+256) sloppy propagators per configuration

On every configuration, do every distance r ≤ 5 (and r ≤ 2 twice), importance
sample longer distances according to exp−0.01r/r4

choose location of 1st point randomly, second point according to above
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Physical point cHLbL contribution, 483, 1.73 GeV lattice [Blum et al., 2017a]

Measurements on 65 configurations, separated by 20 trajectories
ignore strange quark contribution (down by 1/17 plus mass suppressed)
exponentially suppressed with distance
most of contribution by about 1 fm
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continuum limit and the infinite volume limit analytically for the QED part (muon and

photons) of the calculation. The latter is an approach pioneered by the Mainz group [10].

The former is accomplished through simulations at a finer lattice spacing (a�1 = 2.359(7)

GeV). Preliminary results shown in Fig. 4 are quite compatible with our previous value [7],

indicating lattice spacing e↵ects could be 10-20%. From our calculations in pure QED

we also know that (power law) finite volume e↵ects may be large (see Fig. 5). While we

can not yet be definitive, our results so far strongly suggest the much sought after HLbL

contribution will not rescue the Standard Model. As detailed below, we are confident the

results of this proposal will allow us to make a definite conclusion, based on first principles.
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FIG. 4: The muon’s magnetic form factor in units of (↵/⇡)3 from the connected diagram in light-

by-light scattering shown in the left panel of Fig. 3. 483 lattice [7] (left) and preliminary 643 results

(right) from measurements on ten configurations.
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FIG. 5: Scaling with lattice spacing and volume of the anomalous magnetic moment from light-by-

light scattering in pure QED.

Building on ideas developed for the HLbL contribution, using ALCC resources and our

highly optimized code, and parts of the HLbL calculation like the low-lying eigenvectors

of the Dirac operator, we have produced and assembled all the pieces needed for the HVP

acHLbL
µ = 11.60± 0.96× 10−10
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Physical point cHLbL contribution, 643, 2.36 GeV lattice (preliminary)

Measurements as before, but only 28 configurations

exponentially suppressed with distance

most of contribution by about 1 fm
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Disconnected contributions

SU(3) flavor:

xsrc xsnkz′, κ′ y′, σ′ x′, ρ′

xop, ν

z, κ y, σ x, ρ

xsrc xsnky′, σ′ x′, ρ′ z′, κ′

xop, ν

z, κy, σ x, ρ

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κy, σ x, ρ

Leading O(ms −mu,d )

xsrc xsnkz′, κ′ y′, σ′ x′, ρ′

xop, ν

z, κ y, σ x, ρ

xsrc xsnky′, σ′ x′, ρ′ z′, κ′

xop, ν

z, κ
y, σ x, ρ

xsrc xsnkz′, κ′

y′, σ′ x′, ρ′

xop, ν

z, κ y, σ x, ρ

O(ms −mu,d )2 and higher

Gluons within and connecting quark loops have not been drawn

To ensure loops are connected by gluons, explicit “vacuum” subtraction is required
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Leading disconnected contribution

xsrc xsnkz′, κ′ y′, σ′ x′, ρ′

xop, ν

z, κ y, σ x, ρ

We use two point sources at y and z, chosen randomly. The points sinks xop and x are summed over
exactly on lattice.
Only point source quark propagators are needed. We compute M point source propagators and all M2

combinations are used to perform the stochastic sum over r = z − y .

FD
ν (x , y , z, xop) = (−ie)6Gρ,σ,κ(x , y , z)HD

ρ,σ,κ,ν(x , y , z, xop)

HD
ρ,σ,κ,ν(x , y , z, xop) =

〈
1

2
Πν,κ (xop, z)

[
Πρ,σ(x , y)− Πavg

ρ,σ(x − y)
]〉

QCD

Πρ,σ(x , y) = −
∑
q

(eq/e)2 Tr[γρSq(x , y)γσSq(y , x)].
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Leading disconnected contribution

xsrc xsnkz′, κ′ y′, σ′ x′, ρ′

xop, ν

z, κ y, σ x, ρ

F dHLbL
2 (0)

m

(σs′,s)i

2
=

∑
r,x

∑
xop

1

2
εi,j,k (xop)j · i ūs′ (~0)FD

k (x , y = r , z = 0, xop) us(~0)

HD
ρ,σ,κ,ν(x , y , z, xop) =

〈
1

2
Πν,κ (xop, z)

[
Πρ,σ(x , y)− Πavg

ρ,σ(x − y)
]〉

QCD

∑
xop

1

2
εi,j,k (xop)j 〈Πρ,σ (xop, 0)〉QCD =

∑
xop

1

2
εi,j,k (−xop)j 〈Πρ,σ (−xop, 0)〉QCD = 0

Because of parity, the expectation value for the (moment of) left loop averages to zero.[
Πρ,σ(x , y)− Πavg

ρ,σ(x − y)
]

is only a noise reduction technique. Πavg
ρ,σ(x − y) should remain constant

through out the entire calculation.
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Physical point dHLbL contribution [Blum et al., 2017a]

Use AMA with 2000 low-modes of the Dirac operator and

randomly choose 256 “spheres” of radius 6 lattice units

Uniformly sample 4 (unique) points in each

do half as many strange quark props

Construct (1024 + 512)2 point-pairs per configuration
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Physical point dHLbL contribution, 483, 1.73 GeV lattice [Blum et al., 2017a]

strange contributes less than 5 %
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Physical point dHLbL contribution, 643, 2.36 GeV lattice (preliminary)
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cHLbL contribution: lattice spacing effect (preliminary)
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Significant increase as a→ 0
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dHLbL contribution: lattice spacing effect (preliminary)
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Large negative increase tends to cancel positive increase of connected piece

Collecting more statistics, then a→ 0 limit
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Outline I

1 Introduction

2 Hadronic light-by-light (HLbL) scattering contribution
towards the continuum limit in finite volume
towards the infinite volume limit

3 Hadronic vacuum polarization (HVP) contribution

4 Beyond the Standard Model

5 Summary

6 References

31 / 62



QED∞ [Lehner and Izubuchi, 2015, Jin et al., 2015, Green et al., 2015, Asmussen et al., 2016, Blum et al., 2017b]

HLbL point source method [L. Jin et al. 1510.07100]

• Anomalous magnetic moment, F2(q
2) at q2 ! 0 limit

F cHLbL
2 (q2 = 0)

m

(�s0,s)i

2
=

P
x,y,z,xop

2V T
✏i,j,k (xop � xref)j · iūs0(~0)FC

k (x, y, z, xop) us(~0),

• Stochastic sampling of x and y point pairs. Sum over x and z.

FC
⌫ (x, y, z, xop) = (�ie)

6G⇢,�,(x, y, z)HC
⇢,�,,⌫(x, y, z, xop),

xsrc xsnk↵, ⇢ ⌘,  �, �

xop, ⌫

z, 

x, ⇢ y, �

tsrc tsnk↵, ⇢ ⌘,  �, �

z

x y

Taku Izubuchi, Lattice 2017, June 23, 2017 6

Mainz group made first concrete proposal for QED∞
QED∞: muon, photons computed in infinite volume (c.f . HVP)

QCD mass gap: HC
ρ,σ,κ,ν(x , y , z , xop) ∼ exp−mπ × dist(x , y , z , xop)

QED weight function does not grow exponentially

Then leading FV error is exponentially suppressed (c.f . HVP) instead of O(1/L2)
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QED∞ weighting function [Blum et al., 2017b]

HLbL point source method [L. Jin et al. 1510.07100]

• Anomalous magnetic moment, F2(q
2) at q2 ! 0 limit

F cHLbL
2 (q2 = 0)

m

(�s0,s)i

2
=

P
x,y,z,xop

2V T
✏i,j,k (xop � xref)j · iūs0(~0)FC

k (x, y, z, xop) us(~0),

• Stochastic sampling of x and y point pairs. Sum over x and z.

FC
⌫ (x, y, z, xop) = (�ie)

6G⇢,�,(x, y, z)HC
⇢,�,,⌫(x, y, z, xop),

xsrc xsnk↵, ⇢ ⌘,  �, �

xop, ⌫

z, 

x, ⇢ y, �

tsrc tsnk↵, ⇢ ⌘,  �, �

z

x y

Taku Izubuchi, Lattice 2017, June 23, 2017 6

= Gρ,σ,κ(x , y , z) + 5 perms.

Note Hermitian part gives same F2 but is infrared finite,

G(1)
ρ,σ,κ(x , y , z) =

1

2
Gρ,σ,κ(x , y , z) +

1

2
Gρ,σ,κ(x , y , z)†

In units of the muon mass mµ,

G(1)
σ,κ,ρ(y , z , x) =

γ0 + 1

2
iγσ(−/∂y + γ0 + 1)iγκ(/∂x + γ0 + 1)iγρ

γ0 + 1

2

× 1

4π2

∫
d4η

1

(η − z)2
f (η − y)f (x − η)
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QED∞ subtraction [Blum et al., 2017b]

Current conservation implies
∑

x HC
ρ,σ,κ,ν(x , y , z , xop) = 0 (V →∞ and a→ 0)

Subtract terms that vanish as a,V → 0

G
(2)
ρ,σ,κ(x , y , z) = G

(1)
ρ,σ,κ(x , y , z)−G

(1)
ρ,σ,κ(y , y , z)−G

(1)
ρ,σ,κ(x , y , y) + G

(1)
ρ,σ,κ(y , y , y)

subtraction changes (may reduce) a and V systematic errors (c .f . HVP)

Further, G
(2)
ρ,σ,κ(z , z , x) = 0 so short distance O(a2) effects suppressed.

The 4-dim integral is (pre-)calculated numerically with CUBA library (cubature
rules).

Translation/rotation symmetry: parametrize (x , y , z) by 5 parameters on N5 grid
points (Mainz uses 3 params by averaging over muon time direction).

(linearly) Interpolate grid in stochastic integral over (x , y)

34 / 62



QED∞ results- pure QED, interpolation error [Blum et al., 2017b]

N = 6, 8, 10, 12, 14, 16→∞ (2nd order in 1/N2 fits)

Results, QED case, Grid interpolation

• mloop = mµ

• QED weight function without and with current-conservation subtraction G(1) (left) and
G(2) (right)

• Grid points for (x, y, z) interpolation : N = 6, 8, 10, 12, 14, 16, second-order fits to
1/N2
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Taku Izubuchi, Lattice 2017, June 23, 2017 14

G
(1)
ρ,σ,κ(x , y , z) G

(2)
ρ,σ,κ(x , y , z)
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QED∞ results- pure QED, lattice-spacing error [Blum et al., 2017b]

error →∼const for mL >∼ 4.8
FV effect <∼ 1% for mL = 9.6
fit: F2(L, a) = F2(L) + k1a

2 + k2a
4
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QED∞ results- pure QED, finite volume error [Blum et al., 2017b]

Take F2(∞) ≈ F2(mL = 9.6)

results for mloop = mline (ae)

Similar results hold for mloop = 2mline

F2/(α/π)3 = 0.3686(37)(35) and 0.1232(30)(28) compared to

QED perturbation theory results : 0.371 and 0.120
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QED∞+QCD preliminary results: cHLbL

483, a−1 = 1.73 GeV, physical mass ensemble (48 configs)

no subtraction with subtraction
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different QED weights, agree if summed over all points (up to O(a2, e−L))
same stochastic sampling as before for hadronic loop
5 fm box may be too small. Need more statistics
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QED∞+π0-pole; Mainz group talk by N. Asmussen, Lattice 2017

Contribution of the ⇡0 to aHLbL
µ

0 1 2 3 4

0

1 · 10�10

2 · 10�10

3 · 10�10

|y|max
/fm

a
H

lb
l

µ
(|y

|m
a
x
)

m⇡ = 300MeV
m⇡ = 600MeV
m⇡ = 900MeV

0 1 2 3 4

0

2 · 10�10

4 · 10�10

|y|max
/fm

d
d
|y

|a
H

L
b
L

µ

m⇡ = 300MeV
m⇡ = 600MeV
m⇡ = 900MeV

Dashed line = result from momentum-space integration

Contribution is perhaps surprisingly long-range.

Nils Asmussen (KPH, JGU Mainz) Position-space approach to HLbL in g � 2 June 23, 2017 13 / 18

∞-volume model, cut off at finite distance |y |max

similar QED∞, different FV effects (no sub, ...)
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QED∞+QCD Finite Volume Study

a−1 = 1.0 GeV, physical mass ensembles (I-DSDR gauge field action)

243, 323 and 483 lattices

a ∼ 0.2 fm, but small lattice artifacts (e.g ., afπ = 0.13055(11))

physical sizes of 4.8, 6.4, and 9.6 fm

use QED∞ to extrapolate HLbL g-2 to QCD∞
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Outline I

1 Introduction

2 Hadronic light-by-light (HLbL) scattering contribution
towards the continuum limit in finite volume
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Summary of HVP theory results Plenary talk by C. Lehner at Lattice 2017, ...

No new physics
Jegerlehner 2017

KNT 2017
DHMZ 2016

Davier et al. 2012
Hagiwara et al. 2011

RBC/UKQCD 2017 (unpub)
BMW 2017 (unpub)

Mainz 2017
HPQCD 2016

ETMC 2013
RBC/UKQCD 2012

 580 600 620 640 660 680 700 720 740
aµ

HVP LO 1010

P
R
E
LI

M
IN

A
R
Y
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HVP contribution to muon g-2 [Blum, 2003, Lautrup et al., 1971]

+
Using lattice QCD and continuum, ∞-volume pQED

aµ(HVP) =
(α
π

)2
∫ ∞

0
dq2 f (q2) Π̂(q2)

f (q2) is known, Π̂(q2) is subtracted HVP, Π̂(q2) = Π(q2)− Π(0), computed directly
on Euclidean space-time lattice

Πµν(q) =

∫
e iqx〈jµ(x)jν(0)〉 jµ(x) =

∑

i

Qi ψ̄(x)γµψ(x)

= Π(q2)(qµqν − q2δµν)
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Double subtraction Bernecker-Meyer 2011

Π(q2)− Π(0) =
∑

t

(
cos qt − 1

q2
+

1

2
t2

)
C (t)

C (t) =
1

3

∑

x ,i

〈ji (x)ji (0)〉

aHVP
µ =

∑

t

w(t)C (t)

w(t) = 2

∫ ∞

0

dω

ω
f (ω2)

[
cosωt − 1

(2 sinωt/2)2
+

t2

2

]

w(t) includes the continuum QED part of the diagram
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HVP contributions computed on lattice (u,d,s,c quarks)
First-principles approach to HVP LO

Quark-connected piece with by far dominant
part from up and down quark loops,
O(700 ⇥ 10�10)

Quark-disconnected piece, �9.6(4.0) ⇥ 10�10

Phys.Rev.Lett. 116 (2016) 232002

QED corrections, O(10 ⇥ 10�10)

All results below are obtained using domain-wall fermions at physical pion

mass with lattice cuto↵s a�1 = 1.73 GeV and a�1 = 2.36 GeV.
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QED and strong isospin correctionsHVP QED contribution

 0
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 0.04

 0.05

 0.06
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 0  10  20  30  40  50  60  70
r

Resulting two-point p(d) from p(r)=(1.5 + r)-5

Figure 6: Displacement probability for 48c run 1.

(a) V (b) S (c) T (d) D1 (e) D2

(f) F (g) D3

Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.

8

New method: use importance sampling in position space and local
vector currents

11 / 30

HVP strong IB contribution

x

x

x

(a) M

x

x

x

(b) R

x

x

x

(c) O

Figure 8: Mass-counterterm diagrams for mass-splitting and HVP 1-photon
diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
e�ects to the meson masses. Diagram O would yield a correction to the HVP
disconnected contribution (that likely is very small).

9

Calculate strong IB e↵ects via insertions of mass corrections in an
expansion around isospin symmetric point

12 / 30

QED Strong Isospin

Focus on V, S, F, and M so far
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cHVP and dHVP– results at physical pion mass RBC/UKQCD
Integrand wTC (T ) for the light-quark connected contribution:
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m⇡ = 140 MeV, a = 0.11 fm (RBC/UKQCD 483 ensemble)

Statistical noise from long-distance region
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Result for partial sum LT =
PT

t=0 wtC (t):
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FIG. 5. The sum of LT and FT defined in Eqs. (13) and (14)

has a plateau from which we read o� a
HVP (LO) DISC
µ . The

lower panel compares the partial sums LT for all values of

T with our final result for a
HVP (LO) DISC
µ with its statistical

error band.

we report our final result

aHVP (LO) DISC
µ = �9.6(3.3)(2.3) ⇥ 10�10 , (15)

where the first error is statistical and the second system-
atic.

Before concluding, we note that our result appears to
be dominated by very low energy scales. This is not sur-
prising since the signal is expressed explicitly as di�er-
ence of light-quark and strange-quark Dirac propagators.
We therefore expect energy scales significantly above the
strange mass to be suppressed. We already observed this
above in the dominance of low modes of the Dirac opera-
tor for our signal. Furthermore, our result is statistically
consistent with the one-loop ChPT two-pion contribution
of Fig. 6.

CONCLUSION

We have presented the first ab-initio calculation of the
hadronic vacuum polarization disconnected contribution
to the muon anomalous magnetic moment at physical
pion mass. We were able to obtain our result with modest
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LT for 323 x 64 lattice
LT for 483 x 96 lattice

LT for 643 x 128 lattice
LT for 963 x 192 lattice

FIG. 6. The leading-order pion-loop contribution in finite-
volume ChPT as function of volume.

computational e�ort utilizing a refined noise-reduction
technique explained above. This computation addresses
one of the major challenges for a first-principles lattice
QCD computation of aHVP

µ at percent or sub-percent pre-
cision, necessary to match the anticipated reduction in
experimental uncertainty. The uncertainty of the result
presented here is already slightly below the current ex-
perimental precision and can be reduced further by a
straightforward numerical e�ort.
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For t � 15 C (t) is consistent with zero but the stochastic noise is
t-independent and wt / t4 such that it is di�cult to identify a
plateau region based only on this plot

small statistical errors from full volume 2000 low-mode average and
improved stochastic method (disc)

BMW confirms our aDISC
µ result

statistical errors grow at long distance
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QED and strong isospin corrections- preliminary results RBC/UKQCD
HVP QED+strong IB contributions

HVP QED example: diagram V+S
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Statistics improvements available soon
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HVP QED+strong IB contributions

HVP strong IB e↵ect
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Importance sampling a’la HLbL calc

physical pion mass, a−1 = 1.73 GeV lattice

increased statistics in progress
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Connection to the R-ratio Bernecker-Meyer 2011

Π(−Q2) =
1

π

∫ ∞

0
ds

s

s + Q2
σ(s, e+e− → had)

R(s) =
σ(s, e+e− → had)

σ(s, e+e− → µ+µ−, tree)
=

3s

4πα2
σ(s, e+e− → had)

Fourier transform gives

C (t) ∝
∫ ∞

0
d(
√
s)R(s)se−

√
st
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Lattice - R-ratio Jegerlehner 2016 comparison Bernecker-Meyer 2011
Lattice data agrees quite well with the R-ratio data
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RBC/UKQCD
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Select window in t (or, ≡ √s)We can also select a window in t by defining a smeared ⇥ function:
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Window method

aµ =
∑

t

wtC (t) = aSDµ + aWµ + aLDµ

aSDµ =
∑

t

wtC (t)[1−Θ(t, t0,∆)]

aWµ =
∑

t

wtC (t)[Θ(t, t0,∆)−Θ(t, t1,∆)]

aLDµ =
∑

t

wtC (t)Θ(t, tt ,∆)

Take aWµ from lattice, rest from R-ratio
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aWµ t0 = 0.4 fm, t1 = 1.5 fm, ∆ = 0.15 fmExample contribution to aW
µ with t0 = 0.4 fm, t1 = 1.5 fm,

� = 0.15 fm:
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Combined lattice (u,d,s,c) and R-ratio result for aµ
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Figure 8: Mass-counterterm diagrams for mass-splitting and HVP 1-photon
diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
e�ects to the meson masses. Diagram O would yield a correction to the HVP
disconnected contribution (that likely is very small).
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Calculate strong IB e↵ects via insertions of mass corrections in an
expansion around isospin symmetric point
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quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
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appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.
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New method: use importance sampling in position space and local
vector currents
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Summary of HVP theory results

No new physics
Jegerlehner 2017

KNT 2017
DHMZ 2016

Davier et al. 2012
Hagiwara et al. 2011

RBC/UKQCD 2017 (unpub)
BMW 2017 (unpub)

Mainz 2017
HPQCD 2016

ETMC 2013
RBC/UKQCD 2012
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Explaining g-2 beyond the SM

If there really is a discrepancy, where does it come from?

Most likely scenario is still SUSY (?) [Bach et al., 2015, Athron et al., 2016, Belyaev et al., 2016], . . .

R56 Topical Review

µ µν̃µ

χ+
k

µ µµ̃m

χ0
i

Figure 3. The two SUSY one-loop diagrams, written in terms of mass eigenstates. The external
photon line has to be attached to the charged internal lines.

In the following subsections, we will provide the exact analytical formulae for all these
diagrams and also derive the numerical prefactors in the proportionalities (43) and (44).

2.2. One-loop contributions

Each diagram that contributes to aµ contains one line carrying the µ-lepton number. This fact
allows us to divide the MSSM one-loop diagrams into two classes:

(a) SM-like diagrams, where the µ-lepton number is carried only by µ and/or νµ.
(b) SUSY diagrams, where the µ-lepton number is carried also by µ̃ and/or ν̃µ.

The diagrams of the first class involve only SM particles, and they are essentially identical in
the SM and the MSSM. The only non-identical diagrams involve two couplings of physical
SM or MSSM Higgs bosons to the muon line. Owing to the additional suppression factor
m2

µ

/
M2

W such diagrams are entirely negligible both in the SM and the MSSM.
Therefore the SUSY one-loop contribution, i.e. the difference between aµ in the MSSM

and the SM, is given entirely by the diagrams of the second class. They are displayed in
figure 3 and involve either a chargino–sneutrino or a neutralino–smuon loop. In contrast to
the diagrams in figure 2 they are written in terms of interaction eigenstates, which is more
appropriate for an exact evaluation. The diagrams have been evaluated in [33–36] with various
restrictions on the masses and mixings. These restrictions have been dropped in [37–40], and
exact results have been derived. Later, more comprehensive and general evaluations of these
diagrams have been presented in the context of particular supersymmetric models [41–43] and
the unconstrained MSSM [44] (see also [45, 46] for related results on weak dipole moments
in the MSSM). We present the general result in the form given in [47]:

aSUSY,1L
µ = aχ0

µ + aχ±
µ , (45)

with

aχ0

µ = mµ

16π2

∑
i,m

{
− mµ

12m2
µ̃m

(∣∣nL
im

∣∣2 +
∣∣nR

im

∣∣2)FN
1 (xim) +

mχ0
i

3m2
µ̃m

Re
[
nL

imnR
im

]
FN

2 (xim)

}
, (46)

aχ±
µ = mµ

16π2

∑
k

{
mµ

12m2
ν̃µ

(∣∣cL
k

∣∣2 +
∣∣cR

k

∣∣2)FC
1 (xk) +

2mχ±
k

3m2
ν̃µ

Re
[
cL
k cR

k

]
FC

2 (xk)

}
, (47)

where i = 1, . . . , 4 and k = 1, 2 denote the neutralino and chargino indices, m = 1, 2 denotes
the smuon index and the couplings are given by

nL
im = 1√

2
(g1Ni1 + g2Ni2)U

µ̃

m1
∗ − yµNi3U

µ̃

m2
∗, (48)

nR
im =

√
2g1Ni1U

µ̃

m2 + yµNi3U
µ̃

m1, (49)
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the future aµ experiments will exclude most points. Grey (green) circles
show “degenerate” points found in Ref. [10], which correspond to distinct
SUSY parameter scenarios which, however, lead to the same LHC signatures.
Combining LHC-measurements with aµ will allow to select between these
points.

3.2. Precision prediction for aSUSY
µ

In view of these prospects and of the expected precision of the future
experiments, it is also motivated to aim for a SUSY prediction for aµ with
a theory uncertainty which is as small as possible, ideally smaller than the
future experimental uncertainty. This requires the computation of the full
two-loop contributions to aSUSY

µ , see Ref. [12].
This goal has not been reached, but significant progress has been achieved

in the past years. Here, we highlight, in particular, the computation of the
fermion/sfermion-loop contributions in Refs. [13, 14]. A sample diagram is
shown in Fig. 3. This computation has two interesting qualitative conse-
quences. The first is that it reduces the theory uncertainty resulting from the
possibility to choose different renormalization schemes for the finestructure
constant α and the weak mixing angle sin θW. The one-loop contributions
directly depend on these input parameters and thus on the scheme choice.
The leading differences between the usually considered schemes originate
from fermion or sfermion loops in gauge boson self energies. These terms
are precisely included in the counterterm computation of Refs. [13, 14]. The
sum of the one-loop contributions and the two-loop contributions of these
references is essentially scheme independent (up to 3-loop effects and effects
from non-fermion/sfermion-loop contributions).

Fig. 3. A sample two-loop diagram contributing to the fermion/sfermion-loop con-
tributions of Refs. [13, 14].

News on Muon (g − 2) 2245

However, the results of these references were never combined consistently,
because the employed renormalization schemes were different. Hence, in
Ref. [3] the two-loop computation of the electroweak contributions has been
repeated in the appropriate renormalization scheme, so that a combination
with the hadronic and the leading three-loop results of Ref. [6] became pos-
sible. Figure 1 shows sample Feynman diagrams and numerical results of the
bosonic and the Higgs-dependent fermionic two-loop contributions.

Furthermore, the remaining sources of parametric and theory uncertain-
ties have been analyzed. The final result obtained in Ref. [3] for the SM
electroweak contributions is

aEWµ = (153.6± 1.0)× 10−11 . (1)

Here, the parametric uncertainty due to the input values of the Higgs boson,
W - and Z-boson and top-quark is negligible; the uncertainty is dominated by
the one of the hadronic contributions and has been taken over from Ref. [6].

3. Contributions in supersymmetric models

3.1. Motivation

Figure 2 provides motivation to consider aµ as a constraint on the SUSY
parameter space. Black (red) circles show the prediction for aSUSY

µ for the
SPS benchmark points [9]. As can be seen, these well-motivated points lead
to very different contributions, and independently of the resulting value,

Fig. 2. The prediction for aSUSY
µ for the case of the SPS benchmark points [9] and

for the “degenerate” points identified in Ref. [10]. The bands indicate the current
deviation between experiment and the SM prediction, and the expected precision
of future measurements, assuming the same central value. Figure from Ref. [11].

SUSY signatures at LHC

But there are other models too: 2HDM [Crivellin et al., 2016, Cherchiglia et al., 2016], Dark Matter
[Kobakhidze et al., 2016], . . . , LFV [Altmannshofer et al., 2016], light scalars [Batell et al., 2017], . . .
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Hadronic Light-by-Light

Lattice QCD(+QED) calculations done with physical masses, large boxes +
improved measurement algorithms

Physical point calculations complete at a = 0.114 fm [Blum et al., 2017a]

Physical point nearly complete at a = 0.084 fm (increasing statistics)

together, good control of non-zero a systematic error.

FV corrections: QED∞ + large 9.5 fm QCD box (underway)

Need non-leading disconnected diagrams

Lattice: unlikely that HLbL contribution will rescue standard model
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Hadronic vacuum polarization

Many groups working on it (see Lattice 2017 talks– world-wide effort!)

Lattice QCD(+QED) calculations done with physical masses, large boxes +
improved measurement algorithms

disconnected contributions computed by 2 groups

Included NLO QED and Strong Isospin breaking corrections

Lattice and R-ratio results cross-checked and combined with window method

Window method allows further error reduction over R-ratio alone

On track for solid SM result in time for E989 result
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