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Wilsonian picture of gft
Seff — /anOa

Specify the symmetries and particle
content of your theory, and then include
all possible invariants



Wilsonian picture of gft

Seff Z/anOa

E.g. SM EFT: SM content & gauge sym.

Important precision programme
at the HL-LHC



Wilsonian picture of gft

Seff Z/anOa

Even understanding bases at low
expansion orders is a difficult problem

Weinberg 79 Dim 5
Buchmuller, Wyler 86; Grzadkowski et al. ‘10 minimal Dim 6

Lehman, ‘14 minimal Dim 7

Structure of SM EFT- recent work includes ('13-"15)
e.g. Grojean, Jenkins, Manohar, Trott, Alonso, Elias-Mir,

Espinosa, Masso, Pomarol, Shotwell, Chang, Henning, Lu, Murayama...and more

‘Holomorphy’  Alonso, Jenkins, Manohar, ‘14



nformation about bases is encoded In
Hilbert series - important objects In
invariant theory

Lepton flavour invariants
Jenkins, Manohar '09; Hanany, Jenkins, Manohar, Torri "11

Emphasizing use in pheno, constructing BSM lagrangians
Lehman, Martin '15

powerful tool

operators with no derivatives



nformation about bases Is encoded In

Hilbert series - important objects In
iInvariant theory

Well developed in more tormal
physics literature

Operator spectra and moduli space of SUSY theories
‘The Plethystic Program’, including contrubtions from:

Hanany, Feng, Benvenuti, He, Dolan, Gray, Hanany, He, Jejjala, Mekareeya, Forchella,
Chen, Butti, Vegh, Zaffaroni, Razamat, Rodrugez-Gmez, Zafrir, Seong...and more

All order information



Part |

Introduce the Hilbert series

Demonstrate it's power modulo
‘derivative Issues’

Part |
(0+1)-D EFT to study ‘DIs'

Part [l

Conjecture and speculate on all-orders
result



Part |

Introduce the Hilbert series

Demonstrate it's power modulo ‘derivative
ISsues’



Example:  two complex scalar fields charged under

u(1)
P1 P71 P2 D3
Q: +1 -1 +2 —9

all possible terms invariant under U(1)

Use building blocks:
I = 9107 Is = ¢1 93
I> = @205 Iy = (¢7)° b2

Relation 112 I =151,



treating Is as (complex) numbers less than one

1
(1= 1)1 = L)(1 = I3)(1 — 1)

generates all possible terms. What if we want all independent
terms”?



treating Is as (complex) numbers less than one

1
(1= 1)1 = L)(1 = I3)(1 — 1)

generates all possible terms. What if we want all independent
terms?

To account for 112 I> = I3 1, we need

1 — I21, 1 — 4145930

(I-D)(1—-I)A-1I35)(1-1y) (I —qg2)(1 —q3qa)(1 —q7q3)(1 — ¢5q4)

, P11 — q1 P3 — q3
using P2 — G2 Q4 — q4

I = ¢197 I3 = d10%
Iy = ¢a5 Iy = (¢7)*o



treating Is as (complex) numbers less than one

1
(1= 1)1 = L)(1 = I3)(1 — 1)

generates all possible terms. What if we want all independent
terms?

To account for 112 I> = I3 1, we need

1 — I21, 1 — 4145930

(I-D)(1—-I)A-1I35)(1-1y) (I —qg2)(1 —q3qa)(1 —q7q3)(1 — ¢5q4)

o1 = q1 P3 = g3
B 1 —¢f G2 = G2 P4 — Qa
1-¢*)1—-¢*)(1—¢°)(1—-¢%) I = 6167 Iz = ¢7¢%

d1,492,493,44 — q Iy = ¢2¢§ Iy = (¢T)2¢2




treating Is as (complex) numbers less than one

1
(1= 1)1 = L)(1 = I3)(1 — 1)

generates all possible terms. What if we want all independent
terms?

To account for 112 I> = I3 1, we need

1 — I21, 1 — 4145930

(I-NL)1-1L)A-I)1-1) (1 —-qq)(l—qgq)l—qe)1 —qq)
¢1 — q1 P3 — q3
B 1 —¢f G2 = G2 P4 — Qa
(1=¢*) (1 —¢*)(1 —¢*)(1 —q%) I = 610" I3 = 26
142 +2¢° +3¢* +4¢° +6¢° +6¢" +... Ta=¢295 I =(47)¢s




G: U(1) A group G

o1 P12 O3 A set of variables which
Q: +1 —1 42 —2 transform under the action of G
I = 17 I3 = P2 Generators

Iy = ¢205 Iy = (¢7)° o

112[2 — I3, =0 Relation between generators

1 — 43459394
(1 —q1g2)(1 — q3qa)(1 — ¢7g3) (1 — g3qa)

Hilbert series



Two algebra concepts

A commutative ring is like a field but
without a division operation

If R is a commutative ring, a subset I C R
IS an ideal if

0cl

Ifa,bel, thena+bel
Ifael, and be Rthenb-a el



Four Point Algebra re-phrasing

1 klo1, 91, 92, 3] al polynomials in fields: polynomial ring



Four Point Algebra re-phrasing

1 klo1, 91, 92, 3] al polynomials in fields: polynomial ring

2 k[¢17¢i7¢27¢§](](1) C k[¢17¢>{7¢27¢§]



Four Point Algebra re-phrasing

1 klo1, 91, 92, 3] al polynomials in fields: polynomial ring

2 k[¢17¢i7¢27¢§](](1) C k[¢17¢>{7¢27¢§]

3 RI:k[117[27137[4] 112]2_]3]4:()



Four Point Algebra re-phrasing

1 klo1, 91, 92, 3] al polynomials in fields: polynomial ring

2 k[¢17¢i7¢27¢;]l}(1) C k[¢17¢>{7¢27¢§]

3 RI:k[117[27I37[4] 112]2_]3]4:()

define the ideal:
(I?1y — I31,) = {h - (I{I, — I31;) for all h € Ry}

(all possible polynomial
conseqguences of relation)



Four Point Algebra re-phrasing

1 klo1, 91, 92, 3] al polynomials in fields: polynomial ring

2 k[¢17¢i7¢27¢§](](1) C k[¢17¢>{7¢27¢§]

3 RI:k[117[27137[4] ]12]2_]3]4:()

define the ideal:
(I?1y — I31,) = {h - (I{I, — I31;) for all h € Ry}

quotient ring: Ry /(1715 — I31y)



Four Point Algebra re-phrasing

k|1, d1, 02, 3]  all polynomials in fields: polynomial ring

kg1, o}, @2, 93)7 D) C k[, 07, ¢2, 03]

R; = k[, 12, I3, 1] 1, — 131, = 0

define the ideal:
(I?1y — I31,) = {h - (I{I, — I31;) for all h € Ry}

quotient ring: Ry /(1715 — I31y)

Hilbert series:  HS(R; /(1715 — I51,))



G: U(1) A group G

o1 P12 O3 A set of variables which
Q: +1 —1 42 —2 transform under the action of G
I = 17 I3 = P2 Generators

Iy = ¢205 Iy = (¢7)° o

112[2 — I3, =0 Relation between generators

1 — 43459394
(1 —q1g2)(1 — q3qa)(1 — ¢7g3) (1 — g3qa)

Hilbert series



G: UQ1) A group G

o1 P1 P2 Oy A set of variables which
Q: +1 —1 42 —2 transform under the action of G
ideally...

I #jp107 7

Y e




G: U(1) A group G

o1 D1 P2 93 A set of variables which
Q: +1 —1 42 —2 transform under the action of G

Molien formula: straight to the Hilbert series

1
/d'uG 1:[ det(1 — q;U;(G))
1 t

- ntation In
Haar measure Variables Represe Tato .
which variable |

transforms under G



G: U(1) A group G

$1 91 P2 P A set of variables which
T TCOUH$ T transform under the action of G
qi1 42 Qg3 44

/ db 1
2m (1 — 1e?)(1 — qae=%) (1 — q3e?9)(1 — que—2)

Haar measure \ Repr. /

change variables 2 = 67“9



G: U() A group G

$1 91 P2 P A set of variables which
T TCOUH$ T transform under the action of G
qi1 42 Qg3 44

/ db 1
2m (1 — 1e?)(1 — qae=%) (1 — q3e?9)(1 — que—2)

Haar measure \ Repr. /

i dz 1
2n ) 2z (L—qiz)(1 — 2)(1 —g32*)(1 — %)




G: U(1) A group G

o1 P1 P2 Dy A set of variables which
d1 42 (g3 44 transform under the action of G
1 22
2— dZ 1 5 1 5
T J)z|=1 CI1Q3(Z — q—l)(z - QQ)(Z — q—s)(?«’ — C]4)
1 2| =1
® Cauchy theorem sum of three
el residues
OC]2
1 — 47959344
(1 —q1g2)(1 — g3qa)(1 — Q%%)(l - q§q3)
0
vV




Molien formula

1
/duG 1:[ det(1 — q;U;(G))

see Lehman & Martin for a very nice review and examples




However, our monomials sit in a Lagrangian
to be used in an action

Seff :/anoa

‘Derivative issues’

1. Integration by parts relations
O, ~0, it O, =0, +8MOC

2. Using classical egs. of motion leaves S-matrix elements
(physical observables) invariant

5 TEee
O, ~0, if O,=0,+0., of

0Y;




Part |l

(0+1)-D EFT to study ‘DIs'



(0+1)-dimensional QFT (=guantum mechanics)
N real scalar fields

¢1--°¢N

g _ Z e O 4 polynomials in {¢;}and
efs M a4 their derivatives: @, d¢,°¢. ..
a

~—

space-time manifold: circle or real line

N
1 1

Sfree + Sint S ree — / _(8¢2)2 o _mz2¢22
/ M Zizl 9 9

(0% +mi)d; =0



We are interested in the function

@)

k
H(t, {u;}) = Z Chpy.rnWy - Un
k,r1,..,rn=0 f
{u;} count {¢;}

number of independent t counts O
terms of the form

1 TN 9k <« the k derivatives are

1 e o o ¢N a

understood to act in
some unspecified way



We are interested in the function

@)

H(t {ui}) = Y Crrpryuf - ui "

k,r1,..,rn=0

Cases:

(A) no IBP & no EoM easy

(B) BP & no EOM easy

(C)no IBP & EoM easy

(D) BP &  EoM surprisingly hard for N>1!



We are interested in the function

O

H(t {ui}) = Y Crrpryuf - ui "

k,r1,..,rn=0

One flavour, N="1
(A) no IBP & no EoM

1

Bt w) = T T ) e By

Ckriy — Prl (k) partition of k into r1 parts



We are interested in the function

@)

H(t {ui}) = Y Crrpryuf - ui "

k,r1,..,rn=0

One flavour, N="1
(B) IBP & no EoM

?ilali\ a( 71“1ak—1)

| i

= i

Pﬁ(k) P’l“l(k_l)




We are interested in the function

@)

H(t {ui}) = Y Crrpryuf - ui "

k,r1,..,rn=0

One flavour, N="1
(B) IBP & no EoM

qu?T 0", 6<!¢?6kj>
Pﬁ(k) Prl(kx_l)

IBP  free free
CkT‘l _Ck’r’l _Ck—lrl



We are interested in the function

O

H(t {ui}) = Y Crrpryuf - ui "

k,r1,..,rn=0

One flavour, N="1
(B) IBP & no EoM

o0

IBP o free free r1 .k

H™7 (8 u) = E (Chry = Cro1ry )Ur't
k,’l“lzo

HIBE (t uq) = HI™®¢(t, uy) — tHT™¢(t, uq)

1 -1
H' Pt ur) =

(1 — ul)(l — tul)(l — t2u1)(1 — t3u1) c.



We are interested in the function

O

H(t {ui}) = Y Crrpryuf - ui "

k,r1,..,rn=0

One flavour, N="1
(C)no IBP & EoM

1
(1 —up)(1 —tug)

HEOM (t, ul) =



We are interested in the function

O

H(t {ui}) = Y Crrpryuf - ui "

k,r1,..,rn=0

One flavour, N="1
(D) IBP & EoM

1
(1 — Ul)

HIBP—I—EOM (t, ul)



We are interested in the function

free

IBP

EoM

IBP+
EoM

O

Hit {u}) = Y

ka'rl 7°'7TN:O
One flavour

1
(1 — ’U,l)(l — tul)(l — t2u1) ce

1—t
(1 —up)(1 = tur)(1 — 2uq) ...

1
(1 — ul)(l — tul)

(1 — ’U,l)

1 TN 4k
Ckry.ryUy «--Upn T

N flavours

1

[T, (1 — ) (1 — tuy) (1 — t2u;) ...

1 -1

[T, (1 = w) (1 — tug) (1 — 2u5) . ..

1
[T, (1= u) (1 — tuy)

not trivial



We are interested in the function

O

H(t,{u;}) = Z Chry oy UL o URYEE

k,r1,..,rn=0

One flavour N flavours

free
t2’U,fL') S
1 1 -1
IBP (1 —up)(1 —tur)(1 —t2uyq) . .. vazl(l—ui)(l—tui)(l = Pu) . ..
1 1
EoM (1 —uq)(1 —tuy) [T, (1 — wi)(1 — tu,)
IBP+ 1

EoM (1 —uy) not trivial



We are interested in the function

O

H(t {uwi})= )  Chrpoyui® ..

k,r1,..,rn=0

fix the powers of {r_i} and define

so that

Hefuh) = Y oo Heo,

T‘Ntki



Back to the one flavour case

O
aim: Ho(t) =) cpot”
k=0
Move to momentum Space
@)
p(0) = Z Cp e'P?
pP=—00

derivatives pull down powers of p

@)

8k¢(6): Z cppkeipe

p=—00



We find

27 50 L
/ d9¢rﬁk ~ Z w(p17 s 7p7“)cp1 ... Cp, / d@eiQ(pl—l—...+p7,)
’ 0

P1,..-Dr=—70CC

One-to-one correspondence between term and degree k
polynomials

S,
R[p17 c 7p'r']
-
Power sum sym. P _ n
polynomials: n Z;pz
1=

R[ply c o 7pr]Sr — R[Plp co ,Pf,a]



We find

27 50 .
/ d9¢rﬁk ~ Z w(p17 s 7p7“)cp1 ... Cp, / d@eiQ(pl—l—...+p7,)
’ 0

P1,..Pr=—00

(A) no IBP & no EoM

As its freely generated the Hilbert series is easy:

1
1—0)(1—¢2)... (1—¢t)

H.(t) = HS(R[P, ..., P]) =

) |
EZ“H' 0w w1 —u?)...



We find

27 50 .
/ d9¢rﬁk ~ Z w(p17 s 7p7“)cp1 ... Cp, / d@eie(pl—l-...—l—pr)
’ 0

P1,--Dr=—0CC
(B)  IBP & no EoM

27
Momentum conservation / dfet? Pt Frr) 0P, ,0
0

p]‘—|_—|_p’l“:P1:O

deal  (Pp)



We find

27 50 .
/ d9¢rﬁk ~ Z w(p17 s 7p7“)cp1 ... Cp, / d@eie(pl—l-...—l—pr)
’ 0

P1,..-Dr=—70CC

(B)  IBP & no EoM

H.(t) = HS(R|Py,...,P]/(P1)) = HSR[P,...,P]) = (1—#2)...(1—¢)

T 1—1
Zu H 1—u)(1—ut)(1_ut2)”.



We find

27 50 .
/ d9¢rﬁk ~ Z w(p17 s 7p7“)cp1 ... Cp, / d@eie(pl—l-...—l—pr)
’ 0

P1,..-Dr=—70CC

(C)noIBP &  EoM

0%p ~ 0 k> 2

deal  (PTYL Py, ... P



We find

27 50 L
/ d9¢rﬁk ~ Z w(p17 s 7p7“)cp1 ... Cp, / d@eiQ(pl—l—...+p7,)
’ 0

P1,..Pr=—00

(C)noIBP & EoM

H.(t)=HSR[Py,...,P]/(PIT, Py, ..., P.)
1 _tT—I—l

1 -t

= HS(R[PA]/{P]T)) =

@)

H(t,u) =) u Hp(t) = (1— u)tl — ut)

r=0




We find

27 50 .
/ d9¢rﬁk ~ Z w(p17 s 7p7“)cp1 ... Cp, / d@eie(pl—l-...—l—pr)
’ 0

P1,..-Dr=—70CC

(D) IBP& EoM

deals  (Pp) <P17”‘+17 P, ..., P.)




Generalise for N flavours
/ 7 Aot ... ¢ O ~
> w{®h M Dx@ D) (@Y ) /O%deexp@zipp)

P}, {pt}=—c0 i=1 j=1

One flavour N flavours
) i i i
S R[Py,P,..., P > RU{PL AR {PD)]
% (P;) > <;P1u>>
LIECJ) <P1?“—|—17 P2’ L P’r> —_ <(P1(1))m+1 .... (Pl(N))TN—Fl’{PZ(’i)},7{P§i)} ,,,,, {pﬁz)}>

N
1 N v )\r N)\r
R[Pl()7°"7P1( )]/<ZP1(),(P1( )) 1+1,--.,(Pf )) N+1>

i=1



Generalise for N flavours

number of independent terms @7 ... PR 9"

N
1 N i 1)\ry N)\r
IR{[Pl(),...,Pl( )]/<ZP1(),(P1( )) “,...,(Pl( )) N+1>

i=1



Generalise for N flavours

number of independent terms @7 ... PR 9"

N
1 N 7 1 T1 N TN
RIPY, .., PN PO (P L (P

1=1

N tmelia M2-binary — 80x24
dhcp-192-190-216-153:~ tmelia$
_ Ghcp-192-190-216-153:~ tmelias
= dhcp-192-190-216-153:~ tmelias$ M2
" Macaulay2, version 1.7
with packages: ConwayPolynomials, Elimination, IntegralClosure, LLLBases,
PrimaryDecomposition, ReesAlgebra, TangentCone
i1 : r1=00(x,y,z];
i2 : il=ideal(x+y+z,x"5,y"6,2z"7);
02 : Ideal of rl

i3 : hilbertSeries( r1 / i1 )
03: ————————————————————————————

03 : Expression of class Divide



Generalise for N flavours

' k
number of independent terms  ¢1' ... ¢\ O
N
R[Pfﬂ) B '7P1(N)]/ 2 :Pl(z)7 (Pl(l))rﬁ—l’ L (Pl(N))TN_H

1=1

& tmelia — M2-binary — 80x24

dhcp-192-190-216-153:~ tmelia$
_ Ghcp-192-190-216-153:~ tmelias
= dhcp-192-190-216-153:~ tmelias$ M2
" Macaulay2, version 1.7
with packages: ConwayPolynomials, Elimination, IntegralClosure, LLLBases,
PrimaryDecomposition, ReesAlgebra, TangentCone

il : r1=00QI[x,y,z];
i2 : il=ideal(x+y+z,x"5,y"6,2"7);
02 : Ideal of ril

i3 : hilbertSeries( r1 / i1 )

3 1-T-T7T + T + 2T - 27 2 3 4 5 6 7
03 = === =TT T T 1+ 2T + 3T + 4T + 5T + 5T + 4T + 2T

03 : Expression of class Divide



We are interested in the function

O

H(t,{u;}) = Z Chry oy UL o URYEE

k,r1,..,rn=0

One flavour N flavours
free !
(1= un) (1 = tur)(1 = t2uq) ... [T, (1 — ) (1 — ;) (1 — 2uy) . ..
1—t 1—1
BP (=) (1~ tun) (1~ ). T (1= u) (1 — tun)(1 — ) ..
1 1
EoM (1= un)(1 — tus) [T, (1 — u)(1— tu,)
IBP+ 1

EoM (1 —uy) not trivial



We are interested in the function

free

IBP

EoM

IBP+
EoM

O

Hit {u}) = Y

ka'rl 7°'7TN:O
One flavour

1
(1 — ’U,l)(l — tul)(l — t2u1) ce

1—t
(1 —up)(1 = tur)(1 — 2uq) ...

1
(1 — ul)(l — tul)

(1 — ’U,l)

1 TN 4k
Ckry.ryUy «--Upn T

N flavours

1

[T, (1 — ) (1 — tuy) (1 — t2u;) ...

1 -1

[T, (1 = w) (1 — tug) (1 — 2u5) . ..

1
[T, (1= u) (1 — tuy)

not trivial



Part [l

Conjecture and speculate on all-orders
result



N=2 Is easy too

Hy, oy (t) = HS(R[z, y]/(x +y, 2",y 7))

(1 . Z51\/[i1r1(7°1 ,7‘2)—|—1)

(1—1)

(1 —¢mth) (1 —¢mtt 1—¢r+t
Hl w1, ) = Zu?u? (1—1) +Z“7f1“52 1—t))_ )3 i )

T1>T2 ro>r1 T1=T2=T

1 1 1

(1 — ul)(l — ’LL1’LL2)(]. — tU]_UQ) + (1 — ’LLQ)(]. — u1u2)(1 — tu1u2) (]. — ’LL1”LL2)(]. — tu1u2)

1
(1 — ul)(l — U/Q)(l — tu1u2)




N=3 is very difficult to do this way

but pattern recognising...

1 — tuluQU3

H(t,uy,us,uz) = (1 —u1)(1 —u2)(1 —us)(1 — tugug) (1 — tuus)(1 — tusus)



Now make a guess for N=4

....7;<j<k(1 — tujujug)

11,1 —wi) [[ (1 = tuguy) (1 — tugugugug)



Now make a guess for N=4

....z‘<j<k(1 — tujujug)

H(t,u1,us, us, ug) =

11,1 —wi) [[ (1 = tuguy) (1 — tugugugug)

Need t2u1u2u3u4

correction [Tic,; (1 — tuguy) (1 — tuguguzuag)




Now make a guess for N=4

....7;<j<k(1 — tujujug)

11,1 —wi) [[ (1 = tuguy) (1 — tugugugug)

2
U1 Uo2U3U4

Hi<j(1 — tuiuj)(l — tU1UQU3U4)

Combining, numerator factors out: (1 — tuquguguy)

1 —t(s3 — s4) — t?(s4 — slsd) — t3s4?
[0 =wi) [ (1 = tuiug)

H(t7u17u27u37u4) —



What matching conditions”

1

H(t,ul) — (1 — ul)

1

H(t, U17U2) — (1 _ ul)(l _ UZ)(l — tuluz)

1 — tU1UQU3

H(t,uy,uz,u3) = (T —uyp)(1 —u2)(1 —uz)(1 — tugus) (1 — tugus) (1 — tugus)

1 —t(s3 — s4) — t?(s4 — slsd) — t3s4°
[ =) 1L, (T = tuiuy)

H(ta u17u27u37u4) —



. 1
| ook at the residue as t —
Ui u

1 —t(s3 — s4) — t?(s4 — slsd) — t3s54?
[0 =wi) [ (1 = tuiuyg)

H(t,u1,us, us, ug) =

—1
’ (1 — 1/u1)(1 — 1/u2)(1 — U3/u1)(1 — ’LL3/U2)(1 — u4/u1)(1 — U4/UQ)

This requires some very non-trivial
factorization of the numerator!



Conjecture

Numpy (¢, {u;})

) = [T = ) Ty (1 — )
kmax

Nump (¢, {u;}) = 1= > Crpl{ui)t*, kpmaz = (N — 1)(N —2)/2
k=1

Further, the residue as ¢ — 1/u;u;
—1
(1= D)1= D) T, (1= (1 — %)

J




Summary

Reviewed the Hilbert series, Molien formula for no
derivative invariants

Investigated including derivatives using a (0+1)-D
EFT of N real scalars

In momentum space understood Hilbert series at
fixed orders N

N ; 1)\ry N\
RPY,..., P >1/<ZP1<>,<P1< N (P N+l>

1=1

Presented a conjecture for the full Hilbert series
of the theory



