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LHC data grouped by jet bins

• Data is categorized  into jet bins.

• The background composition depends on the jet bin.

• Jet binning can enhance signal over background.
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Figure 1: Multiplicity of jets within the acceptance described
in the text, for events satisfying the pre-selection criteria. The
lepton flavours are combined. The hashed area indicates the
total uncertainty on the background prediction. The expected
signal for a SM Higgs boson with mH = 125 GeV is superim-
posed (multiplied by a factor 10 for better visibility).

imuthal angular difference between the leptons,
∆φ"", be less than 1.8 radians, and that the dilep-
ton invariant mass, m"", be less than 50 GeV for
the 0-jet and 1-jet channels. For the 2-jet channel,
the m"" upper bound is increased to 80 GeV (the
|m"" − mZ | > 15 GeV cut is always applied for the
same-flavour channels). For mH ≥ 200 GeV, the
leptons tend to have higher pT and larger angular
separation. Therefore, the ∆φ"" cut is omitted and
the m"" upper bound is increased to 150 GeV. For
mH > 300 GeV, the m"" < 150 GeV criterion is
also omitted.

In the 0-jet channel, the magnitude p""T of
the transverse momentum of the dilepton system,
p""T = p"1T + p

"2
T , is required to be greater than

30 GeV for the eµ channel and greater than 45 GeV
for the ee and µµ channels. This improves the re-
jection of the Drell-Yan background.

In the 1-jet channel, backgrounds from top
quark decays are suppressed by rejecting events
containing a b-tagged jet, as determined using a
b-tagging algorithm which uses a combination of
impact parameter significance and secondary ver-
texing information and exploits the topology of
weak decays of b- and c-hadrons [55]. The algo-
rithm is tuned to achieve an 80% b-jet identifica-
tion efficiency in t  t events while yielding a light-jet
tagging rate of approximately 6% [56]. The total
transverse momentum, ptot

T , defined as the magni-
tude of the vector sum ptot

T = p
"1
T +p

"2
T +p

j
T +p

miss
T ,

is required to be smaller than 30 GeV to suppress
t  t, single top, and Drell-Yan background events
with jets with pT below threshold. The ττ in-

variant mass, mττ, is computed under the assump-
tion that the reconstructed leptons are τ lepton de-
cay products, that the neutrinos produced in the
τ decays are collinear with the leptons [57], and
that they are the only source of Emiss

T . Events in
which the computed energies of both putative τ

leptons are positive (the collinear approximation
does not always yield physical solutions) are re-
jected if |mττ − mZ | < 25 GeV.

The 2-jet selection follows the 1-jet selection
described above (with the ptot

T definition modi-
fied to include all selected jets). In addition, the
following jet-related cuts are applied: the two
highest-pT jets in the event, the “tag” jets, are
required to lie in opposite pseudorapidity hemi-
spheres (ηj1×ηj2 < 0), with no additional jet within
|η| < 3.2; the tag jets must be separated in pseudo-
rapidity by a distance |∆ηjj| of at least 3.8 units;
finally, the invariant mass of the two tag jets, mjj,
must be at least 500 GeV.

A transverse mass variable, mT [58], is used in
this analysis to test for the presence of a signal.
This variable is defined as:

mT =

√

(E""T + E
miss
T )2 − |p""T + p

miss
T |2,

where E""T =
√

|p""T |2 + m
2
""

. The predicted num-
bers of signal and background events at each stage
of the low mH selection procedure outlined above
are presented in Table 2. Figure 2 shows the dis-
tributions of the transverse mass after all the low
mH selection criteria in the 0-jet and 1-jet analyses,
for all lepton flavours combined. No distribution is
shown for the 2-jet channel as only a single event
(with mT = 131 GeV) is selected in the data.

4. Background Normalisation and Control
Samples

For the 0-jet and 1-jet analyses, all the main
backgrounds from SM processes producing two
isolated high-pT leptons (WW, top, Drell-Yan) are
estimated using partially data-driven techniques
based on normalising the MC predictions to the
data in control regions dominated by the relevant
background source. Only the small background
from diboson processes other than WW is esti-
mated using MC simulation. For the 2-jet anal-
ysis, the WW and Drell-Yan backgrounds are also
estimated using MC simulation. The backgrounds
from fake leptons, which include true leptons from
heavy flavour decays in jets, are fully estimated
from data. The control samples are obtained from
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

5

X

!+
X

!−

Pa Pb

(a) Inclusive Drell-Yan production.

Soft

Soft

!−

!+

Pa Pb

(b) Drell-Yan near threshold.

!−

Soft

Soft

!+

Pa Pb

Jet b Jet a

(c) Isolated Drell-Yan.

Jet 2 Soft

Soft Jet 1

Pa Pb

(d) Dijet production near threshold.

Jet 2

Soft

Soft

Jet 1

Pa Pb

Jet b Jet a

(e) Isolated dijet production.

FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl
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Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

Jet veto logarithms

• Veto on additional jets introduces sensitivity to soft and collinear emissions.

• Jet veto Sudakov logarithms arise and can affect perturbation theory. 

• Resummation of jet veto logarithms is needed.
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The uncertainty in the exclusive cross section is larger
than that in the corresponding inclusive one, which ac-
counts for its more complicated perturbative structure.
Equation (2) also leads to an anticorrelation between the
cross sections in neighboring jet bins. When neighboring
bins are added the sensitivity to the boundary between
them cancels and the uncertainty reduces accordingly.
For example, for the 0-jet bin in H → WW ∗ discussed

above, we have σ0 = σtotal − σ≥1. Here, σ≥1 contains
double logarithms of the jet pT cut, whereas σtotal does
not involve any jet definition, so their perturbative series
can be considered largely independent. Therefore, tak-
ing their perturbative uncertainties ∆total and ∆≥1 as
uncorrelated, the covariance matrix for {σ0,σ≥1} is1

(

∆2
total +∆2

≥1 −∆2
≥1

−∆2
≥1 ∆2

≥1

)

. (4)

Using this matrix to compute the uncertainty in σ0+σ≥1

reproduces ∆total as it should.
We should mention that we are only discussing here

the uncertainties due to unknown higher-order pertur-
bative corrections, which are commonly estimated using
scale variations. We do not discuss parametric uncer-
tainties, such as parton distribution function (PDF) and
αs uncertainties, which have been extensively discussed,
recently for example in Refs. [9–16].
In the next section we present the arguments leading

to our proposal for evaluating the perturbative uncertain-
ties for exclusive jet bins, and discuss the structure of the
perturbative series. In Sec. III, we apply our method to
a variety of processes. We start in Secs. III A and III B
with discussion and numerical results for gg → H + 0
jets and gg → H + 1 jets. In Sec. III C, we consider
pp → WW+0 jets, which is an important background for
Higgs production. In Secs. III D, III E, and III F we con-
sider W + 0, 1, 2 jets, which are important backgrounds
for missing-energy searches. In Sec. IV, we consider again
gg → H + 0 jets and test our method for the fixed-order
uncertainties against a case where the resummation of
the large logarithms induced by the jet binning is known
to next-to-next-to-leading logarithmic (NNLL) accuracy.
We conclude in Sec. V. In the Appendix, we give expres-
sions for the uncertainties and correlations for the case
where one considers 0, 1, and (≥ 2)-jet bins as in Eq. (1).

II. JET BIN UNCERTAINTIES

To examine in more detail the modification of the per-
turbative series that takes place for exclusive jet bins,

1 Since these are theory uncertainties, there is no strict reason to
combine them in a particular way. We add them in quadrature
since this is the most convenient for discussing correlations and
error propagation.

we will consider the example of the 0-jet bin and (≥ 1)-
jet bin. The total cross section, σtotal, is divided into a
0-jet exclusive cross section, σ0(pcut), and the (≥ 1)-jet
inclusive cross section, σ≥1(pcut),

σtotal =

∫ pcut

0

dp
dσ

dp
+

∫

pcut

dp
dσ

dp

≡ σ0(p
cut) + σ≥1(p

cut) . (5)

Here, p denotes the kinematic variable which is used to
divide the cross section into jet bins. For most of our
analysis we take p ≡ pjetT , which for Eq. (5) is the largest
pT of any jet in the event. In this case, σ0(pcutT ) only
contains events with jets having pT ≤ pcutT , and σ≥1(pcutT )
contains events with at least one jet with pT ≥ pcutT .
In Eq. (5) both σ0 and σ≥1 depend on the phase space

cut, pcut, and by construction this dependence cancels
in their sum. This means that the additional perturba-
tive uncertainty induced by this cut, call it ∆cut, must
be 100% anticorrelated between σ0(pcut) and σ≥1(pcut).
That is, the contribution of∆cut to the covariance matrix
for {σ0,σ≥1} must be of the form

Ccut =

(

∆2
cut −∆2

cut

−∆2
cut ∆2

cut

)

. (6)

The questions then are: (1) how can we estimate ∆cut,
and (2) how is the overall perturbative uncertainty ∆total

of σtotal related to the uncertainty for σ0 and σ≥1.
To answer these questions, we discuss the perturba-

tive structure of the cross sections in more detail. By
restricting the cross section to the 0-jet region, one re-
stricts the collinear initial-state radiation from the collid-
ing hard partons as well as the overall soft radiation in
the event. This restriction on additional emissions leads
to the appearance of Sudakov double logarithms of the
form L2 = ln2(pcut/Q) at each order in a perturbative
expansion in the strong coupling constant αs, where Q is
the hard scale of the process. For Higgs production from
gluon fusion, Q = mH , and the leading double logarithms
appearing at O(αs) are

σ0(p
cut
T ) = σB

(

1−
3αs

π
2 ln2

pcutT

mH
+ · · ·

)

, (7)

where σB is the Born (tree-level) cross section.
The total cross section just depends on the hard scale

Q, which means by choosing the scale µ & Q, the fixed-
order expansion does not contain large logarithms and
has the structure2

σtotal & σB

[

1 + αs + α2
s +O(α3

s)
]

. (8)

2 These expressions for the perturbative series are schematic. They
do not show the convolution with the parton distribution func-
tions contained in σB , nor do they display µ dependent loga-
rithms. In particular, the single logarithms related to the PDF
evolution are not displayed, since they are not the logarithms we
are most interested in discussing.
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and (2) how is the overall perturbative uncertainty ∆total

of σtotal related to the uncertainty for σ0 and σ≥1.
To answer these questions, we discuss the perturba-

tive structure of the cross sections in more detail. By
restricting the cross section to the 0-jet region, one re-
stricts the collinear initial-state radiation from the collid-
ing hard partons as well as the overall soft radiation in
the event. This restriction on additional emissions leads
to the appearance of Sudakov double logarithms of the
form L2 = ln2(pcut/Q) at each order in a perturbative
expansion in the strong coupling constant αs, where Q is
the hard scale of the process. For Higgs production from
gluon fusion, Q = mH , and the leading double logarithms
appearing at O(αs) are

σ0(p
cut
T ) = σB

(

1−
3αs

π
2 ln2

pcutT

mH
+ · · ·

)

, (7)

where σB is the Born (tree-level) cross section.
The total cross section just depends on the hard scale

Q, which means by choosing the scale µ & Q, the fixed-
order expansion does not contain large logarithms and
has the structure2

σtotal & σB

[

1 + αs + α2
s +O(α3

s)
]

. (8)

2 These expressions for the perturbative series are schematic. They
do not show the convolution with the parton distribution func-
tions contained in σB , nor do they display µ dependent loga-
rithms. In particular, the single logarithms related to the PDF
evolution are not displayed, since they are not the logarithms we
are most interested in discussing.

3

The coefficients of this series can be large, corresponding
to the well-known largeK factors. For instance, the cross
section for gg → H doubles from leading order to next-
to-leading order (NLO) even though αs ∼ 0.1. As usual,
varying the scale in αs (and the PDFs) one obtains an
estimate of the size of the missing higher-order terms in
this series, corresponding to ∆total.

The inclusive 1-jet cross section has the perturbative
structure

σ≥1(p
cut) # σB

[

αs(L
2 + L+ 1) (9)

+ α2
s(L

4 + L3 + L2 + L+ 1) +O(α3
sL

6)
]

,

where the logarithms L = ln(pcut/Q) arise from cutting
off the IR divergences in the real emission diagrams. For
pcut $ Q the logarithms can get large enough to over-
come the αs suppression. In the limit αsL2 # 1, the
fixed-order perturbative expansion breaks down and the
logarithmic terms must be resummed to all orders in αs

to obtain a meaningful result. For typical experimental
values of pcut fixed-order perturbation theory can still be
considered, but the logarithms cause large corrections at
each order and dominate the series. This means varying
the scale in αs in Eq. (9) directly tracks the size of the
large logarithms and therefore allows one to get some es-
timate of the size of missing higher-order terms caused
by pcut, that correspond to ∆cut. Therefore, we can ap-
proximate ∆cut = ∆≥1, where ∆≥1 is obtained from the
scale variation for σ≥1.

The exclusive 0-jet cross section is equal to the differ-
ence between Eqs. (8) and (9), and so has the schematic
structure

σ0(p
cut) # σB

{

[

1 + αs + α2
s +O(α3

s)
]

−
[

αs(L
2+ L+ 1) + α2

s(L
4+ L3+ L2+ L+ 1)

+O(α3
sL

6)
]

}

. (10)

In this difference, the large positive corrections in σtotal

partly cancel against the large negative logarithmic cor-
rections. For example, at O(αs) there is a value of L
for which the αs terms in the schematic Eq. (10) cancel
exactly, indicating that at this pcut the NLO cross sec-
tion has vanishing scale dependence and is equal to the
LO cross section, σ0(pcut) = σB . We will see this ef-
fect explicitly in our examples below, using the complete
perturbative expressions. We will find that this occurs
for values of pcut in the experimentally relevant region.
Because of this cancellation, a standard use of scale vari-
ation in Eq. (10) does not actually probe the size of the
logarithms, and thus is not suitable to estimate ∆cut.

Since ∆cut and ∆total are by definition uncorrelated,
by associating ∆cut = ∆≥1 we are effectively treating
the perturbative series for σtotal and σ≥1 as independent
with separate (uncorrelated) perturbative uncertainties.
That is, considering {σtotal,σ≥1}, the covariance matrix

is diagonal,
(

∆2
total 0

0 ∆2
≥1

)

. (11)

This is consistent, since for small pcut the two series have
very different structures. In particular, there is no reason
to believe that the same cancellations in σ0 will persist
at every order in perturbation theory at a given pcut.
From Eq. (11) it follows that the perturbative uncer-

tainty in σ0(pcut) is given by ∆2
total +∆2

≥1, i.e., by sum-
ming the inclusive cross section uncertainties in quadra-
ture. It also follows that the complete covariance matrix
for the three3 quantities {σtotal,σ0,σ≥1} is

C =







∆2
total ∆2

total 0

∆2
total ∆2

≥1 +∆2
total −∆2

≥1

0 −∆2
≥1 ∆2

≥1






, (12)

where ∆total and ∆≥1 are considered uncorrelated and
are evaluated by separately varying the scales in the
fixed-order predictions for σtotal and σ≥1(pcut), respec-
tively. The ∆≥1 contributions in the lower right 2 × 2
matrix for σ0 and σ≥1 are equivalent to Eq. (6) with
∆cut = ∆≥1. Note that in this 2 × 2 space all of ∆total

occurs in the uncertainty for σ0. This is reasonable from
the point of view that σ0 starts at the same order in αs as
σtotal and contains the same leading virtual corrections.
The limit ∆cut = ∆≥1 which Eq. (12) is based on is

of course not exact but an approximation. However, the
preceding arguments show that it is a more reasonable
starting point than using a common scale variation for
the different jet bins. The latter usually results in the
cross sections being 100% correlated, as in Eq. (1), and
in particular does not account for the additional pcut in-
duced uncertainties. In our numerical examples below,
we will see that our method produces more sensible un-
certainty estimates for fixed-order predictions. In Sec. IV
we will compare the estimates from our method with
those obtained by an explicit resummation in the jet-
veto variable. This provides further evidence that our
method gives consistent uncertainty estimates. Resum-
mation provides a way for improving predictions for the
central value of the cross section, together with better
estimates of ∆cut and the structure of the theory corre-
lation matrix, as discussed in Sec. IV.
It is straightforward to generalize the above discussion

to jet bins with more jets. For the N -jet bin we replace
σtotal → σ≥N , σ0 → σN , and σ≥1 → σ≥N+1, and take
the appropriate σB . If the perturbative series for σ≥N ex-
hibits large αs corrections, then the additional large loga-
rithms present in σ≥N+1 will again lead to cancellations

3 The fact that only two of three are independent is reflected in
the matrix, i.e. any 2 × 2 submatrix can be used to derive the
full 3× 3 matrix using the relation σtotal = σ0 + σ≥1.
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The coefficients of this series can be large, corresponding
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section for gg → H doubles from leading order to next-
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estimate of the size of the missing higher-order terms in
this series, corresponding to ∆total.

The inclusive 1-jet cross section has the perturbative
structure

σ≥1(p
cut) # σB

[

αs(L
2 + L+ 1) (9)

+ α2
s(L

4 + L3 + L2 + L+ 1) +O(α3
sL

6)
]

,
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σ0(p
cut) # σB
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1 + αs + α2
s +O(α3

s)
]

−
[

αs(L
2+ L+ 1) + α2

s(L
4+ L3+ L2+ L+ 1)

+O(α3
sL

6)
]

}

. (10)
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. (11)
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total −∆2
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
, (12)
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The discovery of the quark-gluon plasma (QGP) in heavy-ion collisions at RHIC and

the LHC, has made possible, for the first time, laboratory studies of quark-gluon matter

at the high densities and temperatures that existed only a few microseconds after the Big

Bang. One of the key pieces of evidence in the discovery of the QGP was the observed

[? ? ? ? ? ? ? ? ] suppression of high transverse momentum hadrons or jets in

heavy-ion collisions compared to that in proton-proton collisions. This suppression can be

understood in terms of the energy loss [? ? ? ? ? ? ? ? ] experienced by fast-moving

partons propagating through the QGP plasma, formed during the heavy-ion collision, before

emerging as final-state hadrons or jets. Such nuclear medium e↵ects also induce additional

radiation, associated with the energy-loss mechanisms, that can alter the characteristics,

such as the overall jet shape, of the observed radiation in the final state. Such a medium

modification of jet shape or jet quenching has been proposed in theory [? ? ] and has

been investigated at both RHIC and LHC [? ? ? ], where the nuclear medium e↵ects are

visualized by varying the jet shape parameters such as the jet cone size.

Similar studies can also be conducted to study phenomena related to cold nuclear matter

including the shadowing, anti-shadowing, EMC, and fermi-motion e↵ects that a↵ect the

properties of nuclear parton distribution functions (PDFs). One can also study energy-loss

mechanisms or jet quenching due to medium e↵ects in cold nuclear matter. This can provide

complementary information to the analysis of jet quenching associated with the QGP. For

example, one of the puzzling results [? ] observed at RHIC was that heavy meson production

had the same level of suppression as light meson production, even though one expects heavy

quarks to be less likely to loose energy due to medium induced e↵ects in the QGP. Similar

studies with cold nuclear matter could shed light on this puzzle.

The proposed electron-ion collider (EIC) [? ], aims to conduct detailed studies of electron-

ion (e-A) collisions, at higher energies and luminosities than ever before, for a wide range

of nuclear targets. Such a facility will be an ideal laboratory for nuclear studies including

gathering detailed information on the momentum and spatial distributions of quarks and

gluons in the nucleon, the correlations of these distributions with nucleon spin, low Bjorken-

x physics and the associated gluon saturation physics, and in particular the e↵ects of the

nuclear environment on these properties as well as nuclear medium induced e↵ects on the

distributions of hadrons and jets.
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FIG. 1: Perturbative predictions for H+0 jets (upper left panel), WW +0 jets (lower left panel), H+1 jet with pjetT1 ≥ 30GeV
(upper right panel), and H + 1 jet with pjetT1 ≥ 120GeV (lower right panel). Central values are shown by the blue solid curves,
direct scale variation in the exclusive jet bin by the green dashed and dotted curves, and the result of combining independent
inclusive uncertainties to get the jet-bin uncertainty by the outer red solid curves.

uncertainty estimate reproduces the direct exclusive scale
variation, since σ≥1(pcut) becomes small. On the other
hand, for small values of pcutT the uncertainties obtained
in this way are now more realistic, because they explicitly
take into account the large logarithmic corrections. The
features of this plot are quite generic. In particular, the
same pattern of uncertainties is observed for the Teva-
tron, when we take µ = mH as our central curve with
µ = 2mH and µ = mH/2 for the range of scale variation,
and whether or not we only look at jets at central rapidi-
ties. We also note that using independent variations for
µf and µr does not change this picture, in particular the
µf variation for fixed µr is quite small.

Since both NLO and NNLO results for σ0(pcutT ) are
available, it is also useful to consider the convergence,
which we show in Fig. 2 for the Tevatron (top panels)
and the LHC at 7TeV (bottom panels). In the left pan-
els we directly vary the scales in σ0(pcutT ) to estimate the
uncertainty, while in the right panels we again propagate
the uncertainties from the inclusive cross sections. As we
lower pcutT , the direct exclusive scale variation uncertainty

estimate decreases at both NLO and NNLO, and eventu-
ally becomes very small when the curves pinch and the
uncertainty is clearly underestimated. In contrast, the
combined inclusive scale variation gives realistic uncer-
tainties for all values of pcutT . In particular, there is con-
siderable uncertainty for small pcutT where the summation
of logarithms is important.

B. Higgs + 1 Jet

As our next example we consider the 1-jet bin in Higgs
production from gluon fusion. This jet bin is defined by
two cuts, one which ensures that the jet with the largest
pT is outside the 0-jet bin, pjetT1 ≥ pcutT1 , and one which
ensures that the jet with the next largest pT is restricted,
pjetT2 ≤ pcutT , so that we do not have two or more jets. The
1-jet cross section can be computed as a difference of
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The discovery of the quark-gluon plasma (QGP) in heavy-ion collisions at RHIC and

the LHC, has made possible, for the first time, laboratory studies of quark-gluon matter

at the high densities and temperatures that existed only a few microseconds after the Big

Bang. One of the key pieces of evidence in the discovery of the QGP was the observed [1–8]

suppression of high transverse momentum hadrons or jets in heavy-ion collisions compared to

Jet vetoes affect theoretical uncertainties

• Exclusive 0j cross-section:

• Uncertainties in total and 1-jet inclusive cross-sections are uncorrelated:

• Accidental Cancellations between large K factors and jet veto logarithms:

(Stewart, Tackmann)

Sonny Mantry, NU & ANL
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inclusive variables are theoretically the cleanest and best
understood. The complete resummation of logarithms at
small TB and ET has been carried out to next-to-next-
to-leading logarithmic order (NNLL) [4, 5] and next-to-
leading logarithmic order (NLL) [6], respectively, and the
extension to higher logarithmic orders poses no concep-
tual di�culties. The inclusive nature of these variables
makes it challenging to measure them in a hadron-collider
environment. These experimental issues can be mitigated
by summing over jets rather than hadrons, as is done in
current event-shape measurements at the LHC [7, 8], or
by only summing over charged tracks, which can then be
corrected for in the measurement.

The di↵erence between TB and ET is in the di↵er-
ent rapidity weighting of emissions. In the rest frame
of the Higgs, where Y = 0, TB is equivalent to the
sum over the small light-cone component of momenta,
TB =

P

k(Ek � |pzk|) ⇠ t/mH , where t is the spacelike
virtuality of the colliding hard partons after initial-state
radiation. Hence, by measuring beam thrust TB one is
sensitive to the virtuality scale of emissions. In contrast,
by measuring ET one is sensitive to the pT scale of emis-
sions, and one might call it “beam broadening”. This
di↵erence in sensitivity to virtuality vs. pT causes the
logarithmic series at small TB or ET to have very di↵er-
ent structures. In the parton shower, this di↵erence is
analogous to the di↵erent Sudakov form factors for vir-
tuality and pT ordered showers.

The exclusive jet-based variables we consider are the
largest beam-thrust or pT of a jet, given by

Tj = max
m2j(R)

|~pTm| e�|ym�Y | , (3)

pTj = max
m2j(R)

|~pTm| , (4)

where ~pTj and yj are the jet’s transverse momentum and
rapidity. They have the same sensitivity to the virtuality
or pT scale of emissions as their inclusive counterparts TB
and ET in Eqs. (1) and (2). The exclusive variables are
based on identifying jets j(R) of size R and considering
the largest contribution from a jet. Perturbatively, this
corresponds to constraining the maximum of all emissions
at a typical “resolution scale” R, which is in contrast to
constraining the sum of emissions as in the inclusive vari-
ables. We focus on jets using the kT class of algorithms
[9–13]. The jet-based variables are more straightforward
to use experimentally, and a pT veto on jets using the
anti-kT algorithm is the common choice in experiments.
On the other hand, the variable’s inherent dependence on
the jet algorithm and the resolution scale R make them
considerably less tractable theoretically. The resumma-
tion for pTj was considered recently in Refs. [14, 15].

We implement the veto on central jets by putting a
constraint

TB  T cut , ET  pcutT ,

Tj  T cut , pTj  pcutT , (5)

sensitive to

virtuality pT

inclusive TB ET

jet-based (exclusive) Tj pTj

constraint  T cut  pcutT

TABLE I: Classification of di↵erent jet-veto variables.

and define the small parameter � by

�2 = T cut/mH or � = pcutT /mH . (6)

The cross section with a T cut or pcutT veto contains Su-
dakov logarithms ↵n

s lnm � with m  2n. In the region
of small � the logarithms dominate the cross section and
we want to resum them. At the same time, any nonlog-
arithmic contributions that depend on T cut or pcutT are
suppressed by relative powers of �, and can be added to
the resummed result.

For the jet-based variables, one can distinguish two
cases of how the jet size R is counted relative to �, we
can consider either R ⇠ � or R � �.2 For this dis-
tinction it is irrelevant whether one considers R ⇠ 1 or
R ⌧ 1. We stress that which of these two formal cases is
in the end more appropriate in practice, for given numer-
ical values of R and T cut/mH or pcutT /mH , is a separate
question that needs to be studied numerically and will
be addressed in Sec. V.

As we will show in this paper, there are competing ef-
fects in either limit arising from the dependence on the
jet algorithm, which spoil the complete logarithmic re-
summation. Jet algorithm dependent e↵ects first arise
at O(↵2

s) in the form

↵2
s f

(2)
alg (R) ln � . (7)

The function f
(2)
alg (R) depends on the algorithm and the

jet-veto variable, and in general contains terms of O(R2),
constant terms, and ln R terms. These were calculated
in Ref. [14] for the pTj veto.

For R � � the jet algorithm mixes soft and collinear
contributions in the measurement, giving rise to a term
in Eq. (7) of the form

↵2
sR

2 ln � , (8)

at leading order in R. When keeping the full R depen-
dence, these soft-collinear mixing terms inhibit an all-
order soft-collinear factorization in the measurement at

2 This counting is a natural proxy for the two general cases of
R either scaling as a positive power of � or R not scaling with
�. The di↵erence amounts to whether we formally count O(R)
terms as power corrections in � or not and logarithms of R as
ln� or not.

[25], with distance measure

dij = min(pnT i, p
n
Tj)

√
∆y2ij +∆φ2

ij

R
,

diB = pnT i ,

(4)

where n = 1 corresponds to the kT algorithm [26, 27], n = 0 to the Cambridge-Aachen
algorithm [28, 29], and n = −1 to the anti-kT algorithm [30]. The particles with the smallest
distance are combined into a new “particle”, whose momentum is the sum of the momenta
of the parent particles. If the smallest distance is diB, then particle i is considered a jet and
removed from the list. The procedure is iterated until all particles are grouped into jets,
i.e., the algorithm is inclusive. The corrections to the cross section which are logarithmically
enhanced at small pvetoT arise from emissions that are soft or collinear to the proton beams.
In perturbation theory, a sensitivity to the jet algorithm appears first at NNLO through
diagrams with two real emissions. At this order a dependence on R arises, but the cross
section is still independent of n. The two particles are clustered into a single jet whenever√

∆y212 +∆φ2
12 < R, and otherwise they are treated as two jets.

We will analyze the cross section using the formalism of SCET, in which highly energetic
particles aligned with the colliding protons are described in terms of collinear and anti-collinear
quark and gluon fields, and soft particles emitted from the beam jets are described in terms of
soft fields. The effective theory implements an expansion of scattering amplitudes in powers
of the small parameter λ ∼ pvetoT /mH , where the jet veto sets the characteristic size of all
transverse momenta in the process. We introduce two light-like reference vectors nµ and n̄µ

(satisfying n · n̄ = 2) parallel to the beam axis and decompose all 4-vectors in the light-cone
basis spanned by these vectors,

pµ = n · p
n̄µ

2
+ n̄ · p

nµ

2
+ pµ⊥ ≡ pµ+ + pµ− + pµ⊥ . (5)

The different types of modes relevant to our discussion are characterized by the scalings of
their momenta (p+, p−, p⊥) with powers of λ, namely pµc ∼ mH(λ2, 1,λ) for collinear particles,
pµc̄ ∼ mH(1,λ2,λ) for anti-collinear particles, and pµs ∼ mH(λ,λ,λ) for soft particles. Hence,
the particles in these three categories have transverse momenta of order the jet veto, but very
different rapidities.

At leading order in power counting, the gluon operator in (1) can be matched onto an
operator in SCET consisting of gauge-invariant, collinear and anti-collinear gluon fields Aµ

c

and Aµ
c̄ . The formalism of expressing SCET operators in terms of gauge-invariant building

blocks is described, e.g., in [21, 31]. In the present case, the corresponding matching relation
reads [7]

Ga
µν G

µν,a → −2q2CS(−q2 − iε, µ) g⊥µν Aµ,a
c

(
S†
nSn̄

)abAν,b
c̄ , (6)

where q2 = m2
H is the time-like momentum transfer carried by the current. The explicit

expression for the hard matching coefficient CS at NLO in RG-improved perturbation theory
is given in relation (A4) of the appendix. Note that only the physical (transverse) polarization
states of the gluons appear in the above relation. The objects Sn and Sn̄ are soft Wilson lines
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inclusive variables are theoretically the cleanest and best
understood. The complete resummation of logarithms at
small TB and ET has been carried out to next-to-next-
to-leading logarithmic order (NNLL) [4, 5] and next-to-
leading logarithmic order (NLL) [6], respectively, and the
extension to higher logarithmic orders poses no concep-
tual di�culties. The inclusive nature of these variables
makes it challenging to measure them in a hadron-collider
environment. These experimental issues can be mitigated
by summing over jets rather than hadrons, as is done in
current event-shape measurements at the LHC [7, 8], or
by only summing over charged tracks, which can then be
corrected for in the measurement.

The di↵erence between TB and ET is in the di↵er-
ent rapidity weighting of emissions. In the rest frame
of the Higgs, where Y = 0, TB is equivalent to the
sum over the small light-cone component of momenta,
TB =

P

k(Ek � |pzk|) ⇠ t/mH , where t is the spacelike
virtuality of the colliding hard partons after initial-state
radiation. Hence, by measuring beam thrust TB one is
sensitive to the virtuality scale of emissions. In contrast,
by measuring ET one is sensitive to the pT scale of emis-
sions, and one might call it “beam broadening”. This
di↵erence in sensitivity to virtuality vs. pT causes the
logarithmic series at small TB or ET to have very di↵er-
ent structures. In the parton shower, this di↵erence is
analogous to the di↵erent Sudakov form factors for vir-
tuality and pT ordered showers.

The exclusive jet-based variables we consider are the
largest beam-thrust or pT of a jet, given by

Tj = max
m2j(R)

|~pTm| e�|ym�Y | , (3)

pTj = max
m2j(R)

|~pTm| , (4)

where ~pTj and yj are the jet’s transverse momentum and
rapidity. They have the same sensitivity to the virtuality
or pT scale of emissions as their inclusive counterparts TB
and ET in Eqs. (1) and (2). The exclusive variables are
based on identifying jets j(R) of size R and considering
the largest contribution from a jet. Perturbatively, this
corresponds to constraining the maximum of all emissions
at a typical “resolution scale” R, which is in contrast to
constraining the sum of emissions as in the inclusive vari-
ables. We focus on jets using the kT class of algorithms
[9–13]. The jet-based variables are more straightforward
to use experimentally, and a pT veto on jets using the
anti-kT algorithm is the common choice in experiments.
On the other hand, the variable’s inherent dependence on
the jet algorithm and the resolution scale R make them
considerably less tractable theoretically. The resumma-
tion for pTj was considered recently in Refs. [14, 15].

We implement the veto on central jets by putting a
constraint

TB  T cut , ET  pcutT ,

Tj  T cut , pTj  pcutT , (5)

sensitive to

virtuality pT

inclusive TB ET

jet-based (exclusive) Tj pTj

constraint  T cut  pcutT

TABLE I: Classification of di↵erent jet-veto variables.

and define the small parameter � by

�2 = T cut/mH or � = pcutT /mH . (6)

The cross section with a T cut or pcutT veto contains Su-
dakov logarithms ↵n

s lnm � with m  2n. In the region
of small � the logarithms dominate the cross section and
we want to resum them. At the same time, any nonlog-
arithmic contributions that depend on T cut or pcutT are
suppressed by relative powers of �, and can be added to
the resummed result.

For the jet-based variables, one can distinguish two
cases of how the jet size R is counted relative to �, we
can consider either R ⇠ � or R � �.2 For this dis-
tinction it is irrelevant whether one considers R ⇠ 1 or
R ⌧ 1. We stress that which of these two formal cases is
in the end more appropriate in practice, for given numer-
ical values of R and T cut/mH or pcutT /mH , is a separate
question that needs to be studied numerically and will
be addressed in Sec. V.

As we will show in this paper, there are competing ef-
fects in either limit arising from the dependence on the
jet algorithm, which spoil the complete logarithmic re-
summation. Jet algorithm dependent e↵ects first arise
at O(↵2

s) in the form

↵2
s f

(2)
alg (R) ln � . (7)

The function f
(2)
alg (R) depends on the algorithm and the

jet-veto variable, and in general contains terms of O(R2),
constant terms, and ln R terms. These were calculated
in Ref. [14] for the pTj veto.

For R � � the jet algorithm mixes soft and collinear
contributions in the measurement, giving rise to a term
in Eq. (7) of the form

↵2
sR

2 ln � , (8)

at leading order in R. When keeping the full R depen-
dence, these soft-collinear mixing terms inhibit an all-
order soft-collinear factorization in the measurement at

2 This counting is a natural proxy for the two general cases of
R either scaling as a positive power of � or R not scaling with
�. The di↵erence amounts to whether we formally count O(R)
terms as power corrections in � or not and logarithms of R as
ln� or not.

3

leading power in �. In Ref. [15], a factorization formula
for the pTj veto was presented in the limit � ⌧ R ⇠ 1.
Their derivation does not account for the e↵ect of these
mixing terms to all orders, e↵ectively assuming that they
are power-suppressed, and hence breaks down for R ⇠ 1.

For R ⇠ �, the mixing terms inhibiting the soft-
collinear factorization of the measurement can be re-
garded as power corrections in �, so factorization goes
through. However, in this limit clustering e↵ects that
change the boundary of the jet at each order in ↵s intro-
duce corrections that depend on ln R. These are referred
to as clustering logarithms and were first pointed out in
Ref. [16] and were studied in Refs. [17–21]. The cluster-

ing logarithms in f
(2)
alg (R) give a contribution of the form

↵2
s ln R ln � . (9)

They are distinct from those previously studied since
they are associated with collinear rather than soft di-
vergences within each jet. The O(↵2

s) term in Eq. (7) is
the first in an all-orders series of terms of the form

↵n
s f

(n)
alg (R) ln � , f

(n)
alg (R) � lnk R , k  n� 1 . (10)

For R ⇠ � we have to count ln R ⇠ ln �, so these cluster-
ing logarithms give a new contribution at NLL at each
higher order in ↵s. Hence, they spoil the complete loga-
rithmic resummation at NLL and beyond.

At a formal level, this means one is stuck between a
rock and a hard place. We would like to consider R
as small to justify not resumming soft-collinear mixing
terms, by treating them as unresummed power correc-
tions. But at the same time we would like to treat R
as large, to avoid having to count ln R terms as large
logarithms.

A possible way forward would be to resum those log-
arithms whose all-order series is known while simulta-
neously quantifying the e↵ect of the terms that cannot
be resummed. If these e↵ects can be appropriately folded
into uncertainty estimates, then a reliable theoretical pre-
diction can be obtained. The formal power counting is
less important in this case, and e↵ectively the two formal
limits for R are unified by reflecting the important terms
from each case in the perturbative uncertainties.

The remainder of this paper is organized as follows. In
Sec. II we present an overview of the necessary steps to
achieve soft-collinear factorization and resummation, fo-
cusing on the properties of the measurement. We present
the factorization formulas for the inclusive observables in
Sec. II A and for the exclusive observables in Sec. II B. In
Sec. III we discuss the soft-collinear mixing in detail and
show that it gives an O(R2) contribution to the rate. We
demonstrate this by power counting as well as explicit
calculation of the mixing terms at O(↵2

s), the details of
which are given in Appendix B. In Sec. IV we discuss the
clustering logarithms in detail and calculate their contri-
bution at O(↵2

s), with the details of the calculation given
in Appendix C. We use non-Abelian exponentiation and

the collinear sensitivity of the clustering logarithms to
show that their contribution to the cross section expo-
nentiates and for R ⇠ � contributes at NLL in the expo-
nent. In Sec. V we summarize our findings and give an
outlook based on a numerical analysis of the size of the
O(↵2

s) mixing and clustering terms for di↵erent values of
R.

II. FACTORIZATION FORMULAS

The large Sudakov logarithms in the jet-vetoed cross
sections arise as a remnant of the cancellation of soft and
collinear IR divergences between virtual and real contri-
butions. Their resummation is thus intimately tied to
the universal structure of QCD amplitudes in the soft
and collinear limit. Furthermore, resummation relies on
the fact that soft gluon emissions from energetic particles
are eikonal and that the total soft eikonal matrix element
factorizes from the remaining amplitude.

A convenient framework to study the logarithmic
structure of the cross section is provided by soft-collinear
e↵ective theory (SCET) [22–27], which makes the soft-
collinear limit of QCD manifest at a Lagrangian and
operator level using a systematic power expansion in
the small parameter �. The resummation of Sudakov
logarithms is then achieved by standard e↵ective-theory
methods through a systematic scale separation and renor-
malization group evolution between the scales. For a de-
tailed discussion of this procedure in the context of SCET
we refer the reader to the literature. In the following, we
give a schematic overview of the basic steps, concentrat-
ing on the features that are important for our further
analysis.

After matching full QCD onto SCET, the cross section
in SCET for gg ! H with no hard jets in the final states
has the schematic form (for details see e.g. Refs. [3, 5])

d�gg!H ⇠ |CggH(µ)|2⌦papb
�

�OggH(µ)† cMOggH(µ)
�

�papb
↵

.
(11)

The incoming (anti)protons have momenta

pµa,b = Ecm

nµ
a,b

2
with nµ

a = (1, ẑ) , nµ
b = (1,�ẑ) .

(12)
The Wilson coe�cient CggH(µ) arises from matching
onto the OggH(µ) operator in SCET and encodes the
hard-scattering contributions, which live at the hard
scale µH ⇠ mH . The measurement operator cM imple-
ments the phase-space cuts and measurements on the fi-
nal state. The QCD dynamics in the soft and collinear
limits, at leading order in the expansion parameter �, are
encoded in the SCET operator matrix element. At this
point, the renormalization group evolution (RGE) of the
hard Wilson coe�cient can be used to sum logarithms
of the form ln(µcs/mH) ⇠ ln � that arise as the ratio of
some low soft-collinear scale µsc ⇠ �mH (set by the mea-
surement in the matrix element) and the hard interaction
scale ⇠ mH .
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dakov logarithms ↵n

s lnm � with m  2n. In the region
of small � the logarithms dominate the cross section and
we want to resum them. At the same time, any nonlog-
arithmic contributions that depend on T cut or pcutT are
suppressed by relative powers of �, and can be added to
the resummed result.

For the jet-based variables, one can distinguish two
cases of how the jet size R is counted relative to �, we
can consider either R ⇠ � or R � �.2 For this dis-
tinction it is irrelevant whether one considers R ⇠ 1 or
R ⌧ 1. We stress that which of these two formal cases is
in the end more appropriate in practice, for given numer-
ical values of R and T cut/mH or pcutT /mH , is a separate
question that needs to be studied numerically and will
be addressed in Sec. V.

As we will show in this paper, there are competing ef-
fects in either limit arising from the dependence on the
jet algorithm, which spoil the complete logarithmic re-
summation. Jet algorithm dependent e↵ects first arise
at O(↵2

s) in the form

↵2
s f

(2)
alg (R) ln � . (7)

The function f
(2)
alg (R) depends on the algorithm and the

jet-veto variable, and in general contains terms of O(R2),
constant terms, and ln R terms. These were calculated
in Ref. [14] for the pTj veto.

For R � � the jet algorithm mixes soft and collinear
contributions in the measurement, giving rise to a term
in Eq. (7) of the form

↵2
sR

2 ln � , (8)

at leading order in R. When keeping the full R depen-
dence, these soft-collinear mixing terms inhibit an all-
order soft-collinear factorization in the measurement at

2 This counting is a natural proxy for the two general cases of
R either scaling as a positive power of � or R not scaling with
�. The di↵erence amounts to whether we formally count O(R)
terms as power corrections in � or not and logarithms of R as
ln� or not.

• Jet algorithm dependence can make analytic control difficult. Going to 
higher orders in perturbation theory or resummation becomes more 
challenging. Often numerical methods must be employed.

(Banfi, Salam,Zanderighi;
Becher,Neubert;
Tackmann, Walsh,Zuberi;
Liu,Petriello; ...)
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Event Shapes

thrust
 axis

soft particles

n-collinear n-collinear

hemisphere-a hemisphere-b

Figure 1: Six jet event initiated by a top quark pair, tt̄ → bW b̄W → bqq′b̄qq′. The plane
separating the two hemispheres is perpendicular to the thrust axis and intersects the thrust
axis at the interaction point. The total invariant mass inside each hemisphere is measured.
Our analysis applies equally well to the lepton+jets and the dilepton channels (not shown).

arising from the initial state. Assuming a c.m. energy Q " mt, mt being the top quark
mass, one can employ the hierarchy of scales

Q " mt " Γt > ΛQCD (1)

to establish a factorization theorem for the doubly differential top-antitop invariant mass
distribution in the peak region around the top resonance:

d2σ

dM2
t dM2

t̄

, M2
t,t̄ − m2 ∼ mΓ% m2 . (2)

The invariant masses M2
t = (

∑

i∈Xt
pµ

i )2, M2
t̄ = (

∑

i∈Xt̄

pµ
i )2 depend on a prescription Xt,t̄

which associates final state momenta pµ
i to top and antitop invariant masses, respectively.

For invariant masses in the resonance region the events are characterized by energy deposits
predominantly contained in two back-to-back regions with opening angles mt/Q associated
with the energetic jets or leptons from the top decay plus collinear radiation, and by addi-
tional soft radiation populating the regions between the jets, see Fig. 1. We assume that
the prescriptions Xt,t̄ assign all soft radiation to either M2

t or M2
t̄ where the probability

of radiation being assigned to Xt or Xt̄ increases to unity when it approaches the top or
antitop direction. The result for the double differential cross-section in the peak region at
all orders in αs and to leading order in the power expansion in mtαs/Q, m2

t /Q2, Γt/mt and
Mt,t̄ − mt is given by [8]

dσ

dM2
t dM2

t̄

= σ0 HQ(Q, µm)Hm

(

mJ ,
Q

mJ
, µm, µ

)

[

ŝt,t̄ =
M2

t − m2
J

mJ

]

×
∫

d#+d#−B+

(

ŝt −
Q#+

mJ
,Γt, µ

)

B−

(

ŝt̄ −
Q#−

mJ
,Γt, µ

)

S(#+, #−, µ) . (3)

In Eq. (3) the normalization factor σ0 is the total Born-level cross-section, the HQ and Hm

are perturbative coefficients describing hard effects at the scales Q and mJ , B± are pertur-
bative jet functions that describe the evolution and decay of the the top and antitop close
to the mass shell, and S is a nonperturbative soft function describing the soft radiation be-
tween the jets. The result was derived using the hierarchy of scales (1), matching QCD onto
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Thrust at N3LL with Power Corrections and a Precision Global Fit for αs(mZ)

Riccardo Abbate,1 Michael Fickinger,2 André H. Hoang,3 Vicent Mateu,3 and Iain W. Stewart1

1Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139
2Department of Physics, University of Arizona, Tucson, AZ 85721

3Max-Planck-Institut für Physik (Werner-Heisenberg-Institut) Föhringer Ring 6, 80805 München, Germany

We give a factorization formula for the e+e− thrust distribution dσ/dτ with τ = 1 − T based
on soft-collinear effective theory. The result is applicable for all τ , i.e. in the peak, tail, and far-
tail regions. The formula includes O(α3

s) fixed-order QCD results, resummation of singular partonic
αj
s ln

k(τ )/τ terms with N3LL accuracy, hadronization effects from fitting a universal nonperturbative
soft function defined in field theory, bottom quark mass effects, QED corrections, and the dominant
top mass dependent terms from the axial anomaly. We do not rely on Monte Carlo generators
to determine nonperturbative effects since they are not compatible with higher order perturbative
analyses. Instead our treatment is based on fitting nonperturbative matrix elements in field theory,
which are moments Ωi of a nonperturbative soft function. We present a global analysis of all available
thrust data measured at center-of-mass energies Q = 35 to 207 GeV in the tail region, where a two
parameter fit to αs(mZ) and the first moment Ω1 suffices. We use a short distance scheme to
define Ω1, called the R-gap scheme, thus ensuring that the perturbative dσ/dτ does not suffer
from an O(ΛQCD) renormalon ambiguity. We find αs(mZ) = 0.1135± (0.0002)expt ± (0.0005)hadr ±
(0.0009)pert, with χ2/dof = 0.91, where the displayed 1-sigma errors are the total experimental
error, the hadronization uncertainty, and the perturbative theory uncertainty, respectively. The
hadronization uncertainty in αs is significantly decreased compared to earlier analyses by our two
parameter fit, which determines Ω1 = 0.323GeV with 16% uncertainty.

I. INTRODUCTION

A traditional method for testing the theory of strong
interactions (QCD) at high-precision is the analysis of
jet cross sections at e+ e− colliders. Event shape distri-
butions play a special role as they have been extensively
measured with small experimental uncertainties at LEP
and earlier e+ e− colliders, and are theoretically clean
and accessible to high-order perturbative computations.
They have been frequently used to make precise determi-
nations of the strong coupling αs, see e.g. Ref. [1] for a
review. One of the most frequently studied event shape
variables is thrust [2],

T = max
t̂

∑
i |t̂ · "pi|∑
i |"pi|

, (1)

where the sum i is over all final-state hadrons with mo-
menta "pi. The unit vector t̂ that maximizes the right-
hand side (RHS) of Eq. (1) defines the thrust axis. We
will use the more convenient variable τ = 1 − T . For
the production of a pair of massless quarks at tree level
dσ/dτ ∝ δ(τ), so the measured distribution for τ > 0
involves gluon radiation and is sensitive to the value of
αs. The thrust value of an event measures how much it
resembles two jets. For τ values close to zero the event
has two narrow, pencil-like, back-to-back jets, carrying
about half the center-of-mass (c.m.) energy into each of
the two hemispheres defined by the plane orthogonal to
t̂. For τ close to the multijet endpoint 1/2, the event has
an isotropic multi-particle final state containing a large
number of low-energy jets.

On the theoretical side, for τ < 1/3 the dynamics
is governed by three different scales. The hard scale
µH # Q is set by the e+e− c.m. energy Q. The jet
scale, µJ # Q

√
τ is the typical momentum transverse to

t̂ of the particles within each of the two hemispheres, or
the jet invariant mass scale if all energetic particles in a
hemisphere are grouped into a jet. There is also uniform
soft radiation with energy µS # Qτ , called the soft scale.
The physical description of the thrust distribution can
be divided into three regions,

peak region: τ ∼ 2ΛQCD/Q ,

tail region: 2ΛQCD/Q & τ ! 1/3 , (2)

far-tail region: 1/3 ! τ ≤ 1/2 .

In the peak region the hard, jet, and soft scales are
Q,

√
QΛQCD, and ΛQCD, and the distribution shows a

strongly peaked maximum. Theoretically, since τ & 1
one needs to sum large (double) logarithms, (αj

s ln
kτ)/τ ,

and account for the fact that µS # ΛQCD, so dσ/dτ is
affected at leading order by a nonperturbative distribu-
tion. We call this distribution the nonperturbative soft
function. The tail region is populated predominantly by
broader dijets and 3-jet events. Here the three scales
are still well separated and one still needs to sum loga-
rithms, but now µS ( ΛQCD, so soft radiation can be
described by perturbation theory and a series of power
correction parameters Ωi. Finally, the far-tail region is
populated by multijet events. Here the distinction of
the three scales becomes meaningless, and accurate pre-
dictions can be made with fixed-order perturbation the-
ory supplemented with power corrections. The transition

• Thrust:

• Event shapes are theoretically cleaner and allow for better analytic control.
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I. INTRODUCTION

T ! 1 (1)

The discovery of the quark-gluon plasma (QGP) in heavy-ion collisions at RHIC and

the LHC, has made possible, for the first time, laboratory studies of quark-gluon matter

at the high densities and temperatures that existed only a few microseconds after the Big

Bang. One of the key pieces of evidence in the discovery of the QGP was the observed [1–8]

suppression of high transverse momentum hadrons or jets in heavy-ion collisions compared to

that in proton-proton collisions. This suppression can be understood in terms of the energy

loss [9–16] experienced by fast-moving partons propagating through the QGP plasma, formed

during the heavy-ion collision, before emerging as final-state hadrons or jets. Such nuclear

medium e↵ects also induce additional radiation, associated with the energy-loss mechanisms,

• Two jet configurations obtained in the limit:

• Thrust resummation corresponds to resumming Sudakov jet veto logs.

Sonny Mantry, NU & ANL

• Thrust acts as a jet veto.
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N-Jettiness

• N-jettiness allows for an event-shape based analysis of multi-jet events 
  (generalization of Thrust)

(Stewart, Tackmann, Waalewijin)

• Limit of N infinitely narrow jets is given by (Jet Veto)

N-Jettiness as a probe of nuclear dynamics
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We propose the use of N -jettiness (⌧N ), a global event shape variable, as a probe of nuclear
dynamics in lepton-nucleus collisions. It characterizes the amount of soft radiation between the jet
and nuclear beam directions. We write down the factorization for the 1-jettiness (⌧1) distribution
for the production of a single hard jet (J) in lepton-nucleus collisions: `+A(P ) ! J(PJ)+X. Each
nuclear target gives rise to a unique pattern radiation, determined by nuclear dynamics, that can
be quantified by the ⌧1-distribution. Up to power corrections, the ⌧1-distribution allows for a direct
measurement of the nuclear PDFs. Additional nuclear-dependent e↵ects will be dominated through
power corrections of size ⇠ Q2

s(A)/(PJT ⌧1) where Qs(A) is a dynamical scale sensitive to nuclear
medium e↵ects. Such nuclear-dependent e↵ects and the dependence of Qs(A) on the nuclear atomic
number A can be probed through a dedicated program of precision measurements of ⌧1-distributions
for various nuclei and kinematics. We give numerical results for the 1-jettiness distribution for the
simplest case of a proton target at next-to-leading-log accuracy.

PACS numbers: 12.38.Bx, 12.38.Cy, 12.39.St, 24.85.+p

Event shape distributions have played a vital role in
advancing our understanding of various dynamical as-
pects of QCD. A new global event shape for exclusive
N -jet cross-sections, called N -jettiness (⌧N ) [1], was re-
cently introduced to veto additional jets in an inclusive
manner. The definition of ⌧N is given by

⌧N =
X

k

mini
n2qi · pk

Qi

o

, (1)

where qi denote reference four-vectors along the beam
and N jet directions, the sum over k runs over all the
hadronic final state particles of momentum pk, and the
Qi are normalization constants. The region of small ⌧N
constrains radiation between the N jets and the beam di-
rections, with limit ⌧N ! 0 corresponding to N infinitely
narrow jets.

For processes with nuclei in the initial state, N-jettiness
can provide a quantitative way to characterize the unique
pattern of radiation resulting from nuclear collisions
thereby probing nuclear medium e↵ects. Jet tomography
is known to be an important tool to diagnose properties
of the quark-gluon plasma (QGP) produced in relativis-
tic heavy ion collisions [2]. The interactions of an ener-
getic jet moving through a dense medium change the mo-
mentum spectrum of jets (jet-quenching) leading to the
spectacular phenomenon of leading particle or jet sup-
pression observed in relativistic heavy ion collisions at
both RHIC and the LHC [3]. The same interaction also
induces additional radiation to alter the radiation pat-
tern between the beam and jet directions and to change
the overall jet shape. Instead of varying jet shape pa-
rameters to observe such e↵ects [4], one can alternatively
use N-jettiness as a way to quantify the radiation pat-
tern. The combination of jet-quenching and N-jettiness
measurements can provide a comprehensive jet tomogra-

phy to diagnose the properties of a dense medium, such as
QGP or the medium of ordinary nuclei. Similarly, nuclear
dynamics in other processes such as nuclear Deep Inelas-
tic Scattering (DIS) can be studied through N-jettiness
distributions.
As a first step, in this paper, we consider a specific ap-

plication of N-jettiness: single jet production in lepton-
nucleus collisions. Inclusive production of a single jet
with a high transverse momentum (PJT ) and rapidity
(y) in lepton-nucleus collisions, `+ A(P ) ! J(PJ) +X,
is a well-defined observable and can be systematically
calculated in the QCD collinear factorization formalism
[5]. We set up a factorization formalism, based on the
Soft Collinear E↵ective Theory (SCET) [6], that in addi-
tion gives the 1-jettiness distribution for such processes.
The value of ⌧

1

constrains the amount of radiation be-
tween the jet and nuclear beam directions. By studying
the ⌧

1

distribution for a wide range of nuclei, one can
systematically probe the e↵ect of the nuclear environ-
ment on the observed pattern of radiation. For larger
nuclei, the ⌧

1

-distribution is expected to be broader with
the peak position shifted toward larger values of ⌧

1

cor-
responding to enhanced hadronic activity between the
jet and beam directions due to nuclear-medium e↵ects in
larger nuclei. Such a program can be carried out at the
proposed Electron-Ion Collider (EIC) where the use of a
wide range of nuclear targets are planned. In particular,
a measurement of the ratio of the cross-sections

d�(A, ⌧
1

, PJT , y)

d�(A = 1, ⌧
1

, PJT , y)
, (2)

between a larger nuclear target (A) and the nucleon
target (A=1) can isolate A-dependent nuclear medium
e↵ects in the three dimensional configuration space
(⌧

1

, PJT , y), allowing for detailed dynamical studies of
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pects of QCD. A new global event shape for exclusive
N -jet cross-sections, called N -jettiness (⌧N ) [1], was re-
cently introduced to veto additional jets in an inclusive
manner. The definition of ⌧N is given by

⌧N =
X

k

mini
n2qi · pk

Qi

o

, (1)
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and N jet directions, the sum over k runs over all the
hadronic final state particles of momentum pk, and the
Qi are normalization constants. The region of small ⌧N
constrains radiation between the N jets and the beam di-
rections, with limit ⌧N ! 0 corresponding to N infinitely
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For processes with nuclei in the initial state, N-jettiness
can provide a quantitative way to characterize the unique
pattern of radiation resulting from nuclear collisions
thereby probing nuclear medium e↵ects. Jet tomography
is known to be an important tool to diagnose properties
of the quark-gluon plasma (QGP) produced in relativis-
tic heavy ion collisions [2]. The interactions of an ener-
getic jet moving through a dense medium change the mo-
mentum spectrum of jets (jet-quenching) leading to the
spectacular phenomenon of leading particle or jet sup-
pression observed in relativistic heavy ion collisions at
both RHIC and the LHC [3]. The same interaction also
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measurements can provide a comprehensive jet tomogra-
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dynamics in other processes such as nuclear Deep Inelas-
tic Scattering (DIS) can be studied through N-jettiness
distributions.
As a first step, in this paper, we consider a specific ap-

plication of N-jettiness: single jet production in lepton-
nucleus collisions. Inclusive production of a single jet
with a high transverse momentum (PJT ) and rapidity
(y) in lepton-nucleus collisions, `+ A(P ) ! J(PJ) +X,
is a well-defined observable and can be systematically
calculated in the QCD collinear factorization formalism
[5]. We set up a factorization formalism, based on the
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tion gives the 1-jettiness distribution for such processes.
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FIG. 1: Different situations for the application of N-jettiness.

As we discuss below, this definition of τN yields a fac-
torization formula with inclusive jet and beam functions
and allows the summation of logarithms to next-to-next-
to-leading logarithmic (NNLL) order. The sum over k
in Eq. (1) runs over the momenta pk of all measured
(pseudo-)particles in the final state excluding the signal
leptons or photons in L. (Any other leptons or photons,
e.g. from hadronic decays, are included in the sum.) For
simplicity we take all pk to be massless. The qa, qb, and
q1, ..., qN are a fixed set of massless reference momenta
for the two beams and the N signal jets,

qµa,b =
1

2
xa,bEcm nµ

a,b , nµ
a = (1, ẑ) , nµ

b = (1,−ẑ) ,

qµJ = EJ (1, n̂J) , J = {1, . . . , N} . (2)

The EJ and n̂J correspond to the energies and directions
of the N signal jets (for both massive and massless jets).
Their choice is discussed below. The beam reference mo-
menta qa and qb are the large momentum components of
the colliding partons along the beam axis (taken to be
the z axis). They are defined by

xaEcm = nb · (q1 + · · ·+ qN + q) , (3)

and analogously for xb with a ↔ b. Here, q is the to-
tal momentum of the non-hadronic signal L. In Eq. (1),
Q2 = xaxbE2

cm is the hard interaction scale, and the dis-
tance of a particle with momentum pk from the jets or
beams is measured by qm · pk. If L contains missing en-
ergy, so q and xa,b are not known, one can use a modified
distance measure as we discuss below Eq. (11).
The minimum for each k in Eq. (1) associates the par-

ticle with the closest beam or jet, appropriately dividing
the hadronic initial-state radiation (ISR) and final-state
radiation (FSR). Soft particles and energetic particles
near any jet or beam only give small contributions to the
sum. For 2 → N scattering of massless partons, τN = 0.
Energetic particles far away from all jets and beams give
large contributions. Hence, for τN $ 1 the final state has
N jets, two forward beam jets, and only soft radiation
between them. In this limit xa,b are the momentum frac-
tions of the annihilated partons, and Y = ln(xa/xb)/2 is
the boost of the partonic center-of-mass frame.

N = 2 for e+e− → jets. In e+e− collisions there is no
hadronic ISR, so we drop the qa,b · pk entries in Eq. (1).
NowQ2 is the total invariant mass of the leptons and Y =
0. In the two-jet limit, the jet directions are close to the
thrust axis t̂, defined by the thrust T = maxt̂

∑
i |t̂·"pi|/Q.

Hence we can choose

qµ1 =
1

2
Q (1, t̂ ) , qµ2 =

1

2
Q (1,−t̂ ) (4)

as reference momenta, and Eq. (1) becomes

τee2 =
1

Q

∑

k

Ek min
{
1− cos θk, 1 + cos θk

}
, (5)

where θk is the angle between "pk and t̂. The minimum
divides all particles into the two hemispheres perpendic-
ular to t̂ as shown in Fig. 1(a). For τee2 $ 1, the total
invariant mass in each hemisphere is much smaller than
Q, so the final state contains two narrow jets. In this
limit, τee2 = 1−T , and a factorization theorem exists for
dσ/dτee2 , which can be used to sum logarithms of τee2 [4].
For a given jet algorithm with resolution parameter y,
the value y23 marks the transition between 2 and 3 jets.
Thus requiring y23 $ 1 also vetoes events with > 2 jets.
N = 0 for Drell-Yan. Next, consider the isolated

Drell-Yan process, pp → X%+%− with no hard central
jets, shown in Fig. 1(b). We now have ISR from the in-
coming partons, but no FSR from jets. From Eq. (3) we
have

xaEcm = e+Y
√
q2 + "q 2

T , xbEcm = e−Y
√
q2 + "q 2

T , (6)

where q2 and "qT are the dilepton invariant mass and
transverse momentum, and Y equals the dilepton rapid-
ity. Now, Q2 = q2 + "q 2

T and Eq. (1) becomes

τ0 =
1

Q

∑

k

|"pkT |min
{
eY−ηk , e−Y+ηk

}
. (7)

where |"pkT | and ηk are the transverse momentum and
rapidity of pk. The qa and qb dependence in Eq. (1) ex-
plicitly accounts for the boost of the partonic center-of-
mass frame. For Y = 0, the minimum in Eq. (7) divides
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N-Jettiness

• Jet algorithm dependence is power suppressed.

(Stewart, Tackmann, Waalewijin)

• Implementation with a jet algorithm:

N-Jettiness as a probe of nuclear dynamics
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Event shape distributions have played a vital role in
advancing our understanding of various dynamical as-
pects of QCD. A new global event shape for exclusive
N -jet cross-sections, called N -jettiness (⌧N ) [1], was re-
cently introduced to veto additional jets in an inclusive
manner. The definition of ⌧N is given by

⌧N =
X

k

mini
n2qi · pk

Qi

o

, (1)

where qi denote reference four-vectors along the beam
and N jet directions, the sum over k runs over all the
hadronic final state particles of momentum pk, and the
Qi are normalization constants. The region of small ⌧N
constrains radiation between the N jets and the beam di-
rections, with limit ⌧N ! 0 corresponding to N infinitely
narrow jets.

For processes with nuclei in the initial state, N-jettiness
can provide a quantitative way to characterize the unique
pattern of radiation resulting from nuclear collisions
thereby probing nuclear medium e↵ects. Jet tomography
is known to be an important tool to diagnose properties
of the quark-gluon plasma (QGP) produced in relativis-
tic heavy ion collisions [2]. The interactions of an ener-
getic jet moving through a dense medium change the mo-
mentum spectrum of jets (jet-quenching) leading to the
spectacular phenomenon of leading particle or jet sup-
pression observed in relativistic heavy ion collisions at
both RHIC and the LHC [3]. The same interaction also
induces additional radiation to alter the radiation pat-
tern between the beam and jet directions and to change
the overall jet shape. Instead of varying jet shape pa-
rameters to observe such e↵ects [4], one can alternatively
use N-jettiness as a way to quantify the radiation pat-
tern. The combination of jet-quenching and N-jettiness
measurements can provide a comprehensive jet tomogra-

phy to diagnose the properties of a dense medium, such as
QGP or the medium of ordinary nuclei. Similarly, nuclear
dynamics in other processes such as nuclear Deep Inelas-
tic Scattering (DIS) can be studied through N-jettiness
distributions.
As a first step, in this paper, we consider a specific ap-

plication of N-jettiness: single jet production in lepton-
nucleus collisions. Inclusive production of a single jet
with a high transverse momentum (PJT ) and rapidity
(y) in lepton-nucleus collisions, `+ A(P ) ! J(PJ) +X,
is a well-defined observable and can be systematically
calculated in the QCD collinear factorization formalism
[5]. We set up a factorization formalism, based on the
Soft Collinear E↵ective Theory (SCET) [6], that in addi-
tion gives the 1-jettiness distribution for such processes.
The value of ⌧

1

constrains the amount of radiation be-
tween the jet and nuclear beam directions. By studying
the ⌧

1

distribution for a wide range of nuclei, one can
systematically probe the e↵ect of the nuclear environ-
ment on the observed pattern of radiation. For larger
nuclei, the ⌧

1

-distribution is expected to be broader with
the peak position shifted toward larger values of ⌧

1

cor-
responding to enhanced hadronic activity between the
jet and beam directions due to nuclear-medium e↵ects in
larger nuclei. Such a program can be carried out at the
proposed Electron-Ion Collider (EIC) where the use of a
wide range of nuclear targets are planned. In particular,
a measurement of the ratio of the cross-sections

d�(A, ⌧
1

, PJT , y)

d�(A = 1, ⌧
1

, PJT , y)
, (2)

between a larger nuclear target (A) and the nucleon
target (A=1) can isolate A-dependent nuclear medium
e↵ects in the three dimensional configuration space
(⌧

1

, PJT , y), allowing for detailed dynamical studies of
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⌧N =
X

k

mini
n2qi · pk

Qi

o

, (1)
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Qi are normalization constants. The region of small ⌧N
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rections, with limit ⌧N ! 0 corresponding to N infinitely
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can provide a quantitative way to characterize the unique
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is known to be an important tool to diagnose properties
of the quark-gluon plasma (QGP) produced in relativis-
tic heavy ion collisions [2]. The interactions of an ener-
getic jet moving through a dense medium change the mo-
mentum spectrum of jets (jet-quenching) leading to the
spectacular phenomenon of leading particle or jet sup-
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both RHIC and the LHC [3]. The same interaction also
induces additional radiation to alter the radiation pat-
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the overall jet shape. Instead of varying jet shape pa-
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measurements can provide a comprehensive jet tomogra-
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dynamics in other processes such as nuclear Deep Inelas-
tic Scattering (DIS) can be studied through N-jettiness
distributions.
As a first step, in this paper, we consider a specific ap-

plication of N-jettiness: single jet production in lepton-
nucleus collisions. Inclusive production of a single jet
with a high transverse momentum (PJT ) and rapidity
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is a well-defined observable and can be systematically
calculated in the QCD collinear factorization formalism
[5]. We set up a factorization formalism, based on the
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tion gives the 1-jettiness distribution for such processes.
The value of ⌧
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FIG. 1: Different situations for the application of N-jettiness.

As we discuss below, this definition of τN yields a fac-
torization formula with inclusive jet and beam functions
and allows the summation of logarithms to next-to-next-
to-leading logarithmic (NNLL) order. The sum over k
in Eq. (1) runs over the momenta pk of all measured
(pseudo-)particles in the final state excluding the signal
leptons or photons in L. (Any other leptons or photons,
e.g. from hadronic decays, are included in the sum.) For
simplicity we take all pk to be massless. The qa, qb, and
q1, ..., qN are a fixed set of massless reference momenta
for the two beams and the N signal jets,

qµa,b =
1

2
xa,bEcm nµ

a,b , nµ
a = (1, ẑ) , nµ

b = (1,−ẑ) ,

qµJ = EJ (1, n̂J) , J = {1, . . . , N} . (2)

The EJ and n̂J correspond to the energies and directions
of the N signal jets (for both massive and massless jets).
Their choice is discussed below. The beam reference mo-
menta qa and qb are the large momentum components of
the colliding partons along the beam axis (taken to be
the z axis). They are defined by

xaEcm = nb · (q1 + · · ·+ qN + q) , (3)

and analogously for xb with a ↔ b. Here, q is the to-
tal momentum of the non-hadronic signal L. In Eq. (1),
Q2 = xaxbE2

cm is the hard interaction scale, and the dis-
tance of a particle with momentum pk from the jets or
beams is measured by qm · pk. If L contains missing en-
ergy, so q and xa,b are not known, one can use a modified
distance measure as we discuss below Eq. (11).
The minimum for each k in Eq. (1) associates the par-

ticle with the closest beam or jet, appropriately dividing
the hadronic initial-state radiation (ISR) and final-state
radiation (FSR). Soft particles and energetic particles
near any jet or beam only give small contributions to the
sum. For 2 → N scattering of massless partons, τN = 0.
Energetic particles far away from all jets and beams give
large contributions. Hence, for τN $ 1 the final state has
N jets, two forward beam jets, and only soft radiation
between them. In this limit xa,b are the momentum frac-
tions of the annihilated partons, and Y = ln(xa/xb)/2 is
the boost of the partonic center-of-mass frame.

N = 2 for e+e− → jets. In e+e− collisions there is no
hadronic ISR, so we drop the qa,b · pk entries in Eq. (1).
NowQ2 is the total invariant mass of the leptons and Y =
0. In the two-jet limit, the jet directions are close to the
thrust axis t̂, defined by the thrust T = maxt̂

∑
i |t̂·"pi|/Q.

Hence we can choose

qµ1 =
1

2
Q (1, t̂ ) , qµ2 =

1

2
Q (1,−t̂ ) (4)

as reference momenta, and Eq. (1) becomes

τee2 =
1

Q

∑

k

Ek min
{
1− cos θk, 1 + cos θk

}
, (5)

where θk is the angle between "pk and t̂. The minimum
divides all particles into the two hemispheres perpendic-
ular to t̂ as shown in Fig. 1(a). For τee2 $ 1, the total
invariant mass in each hemisphere is much smaller than
Q, so the final state contains two narrow jets. In this
limit, τee2 = 1−T , and a factorization theorem exists for
dσ/dτee2 , which can be used to sum logarithms of τee2 [4].
For a given jet algorithm with resolution parameter y,
the value y23 marks the transition between 2 and 3 jets.
Thus requiring y23 $ 1 also vetoes events with > 2 jets.
N = 0 for Drell-Yan. Next, consider the isolated

Drell-Yan process, pp → X%+%− with no hard central
jets, shown in Fig. 1(b). We now have ISR from the in-
coming partons, but no FSR from jets. From Eq. (3) we
have

xaEcm = e+Y
√
q2 + "q 2

T , xbEcm = e−Y
√
q2 + "q 2

T , (6)

where q2 and "qT are the dilepton invariant mass and
transverse momentum, and Y equals the dilepton rapid-
ity. Now, Q2 = q2 + "q 2

T and Eq. (1) becomes

τ0 =
1

Q

∑

k

|"pkT |min
{
eY−ηk , e−Y+ηk

}
. (7)

where |"pkT | and ηk are the transverse momentum and
rapidity of pk. The qa and qb dependence in Eq. (1) ex-
plicitly accounts for the boost of the partonic center-of-
mass frame. For Y = 0, the minimum in Eq. (7) divides

- Use a standard jet algorithm to find N-jets.

- The momenta of the N-jets and the beam directions give reference vectors.

- Calculate value for the N-jettiness global event shape.

- Select events with N narrow well-separated jets and impose veto on 
  additional jets:

- The reference vectors are the only information used from the jet algorithm.

• Jet reference vectors can be obtained by minimizing:

• No jet algorithm dependence.
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As we discuss below, this definition of τN yields a fac-
torization formula with inclusive jet and beam functions
and allows the summation of logarithms to next-to-next-
to-leading logarithmic (NNLL) order. The sum over k
in Eq. (1) runs over the momenta pk of all measured
(pseudo-)particles in the final state excluding the signal
leptons or photons in L. (Any other leptons or photons,
e.g. from hadronic decays, are included in the sum.) For
simplicity we take all pk to be massless. The qa, qb, and
q1, ..., qN are a fixed set of massless reference momenta
for the two beams and the N signal jets,

qµa,b =
1

2
xa,bEcm nµ

a,b , nµ
a = (1, ẑ) , nµ

b = (1,−ẑ) ,

qµJ = EJ (1, n̂J) , J = {1, . . . , N} . (2)

The EJ and n̂J correspond to the energies and directions
of the N signal jets (for both massive and massless jets).
Their choice is discussed below. The beam reference mo-
menta qa and qb are the large momentum components of
the colliding partons along the beam axis (taken to be
the z axis). They are defined by

xaEcm = nb · (q1 + · · ·+ qN + q) , (3)

and analogously for xb with a ↔ b. Here, q is the to-
tal momentum of the non-hadronic signal L. In Eq. (1),
Q2 = xaxbE2

cm is the hard interaction scale, and the dis-
tance of a particle with momentum pk from the jets or
beams is measured by qm · pk. If L contains missing en-
ergy, so q and xa,b are not known, one can use a modified
distance measure as we discuss below Eq. (11).
The minimum for each k in Eq. (1) associates the par-

ticle with the closest beam or jet, appropriately dividing
the hadronic initial-state radiation (ISR) and final-state
radiation (FSR). Soft particles and energetic particles
near any jet or beam only give small contributions to the
sum. For 2 → N scattering of massless partons, τN = 0.
Energetic particles far away from all jets and beams give
large contributions. Hence, for τN $ 1 the final state has
N jets, two forward beam jets, and only soft radiation
between them. In this limit xa,b are the momentum frac-
tions of the annihilated partons, and Y = ln(xa/xb)/2 is
the boost of the partonic center-of-mass frame.

N = 2 for e+e− → jets. In e+e− collisions there is no
hadronic ISR, so we drop the qa,b · pk entries in Eq. (1).
NowQ2 is the total invariant mass of the leptons and Y =
0. In the two-jet limit, the jet directions are close to the
thrust axis t̂, defined by the thrust T = maxt̂

∑
i |t̂·"pi|/Q.

Hence we can choose

qµ1 =
1

2
Q (1, t̂ ) , qµ2 =

1

2
Q (1,−t̂ ) (4)

as reference momenta, and Eq. (1) becomes

τee2 =
1

Q

∑

k

Ek min
{
1− cos θk, 1 + cos θk

}
, (5)

where θk is the angle between "pk and t̂. The minimum
divides all particles into the two hemispheres perpendic-
ular to t̂ as shown in Fig. 1(a). For τee2 $ 1, the total
invariant mass in each hemisphere is much smaller than
Q, so the final state contains two narrow jets. In this
limit, τee2 = 1−T , and a factorization theorem exists for
dσ/dτee2 , which can be used to sum logarithms of τee2 [4].
For a given jet algorithm with resolution parameter y,
the value y23 marks the transition between 2 and 3 jets.
Thus requiring y23 $ 1 also vetoes events with > 2 jets.
N = 0 for Drell-Yan. Next, consider the isolated

Drell-Yan process, pp → X%+%− with no hard central
jets, shown in Fig. 1(b). We now have ISR from the in-
coming partons, but no FSR from jets. From Eq. (3) we
have

xaEcm = e+Y
√
q2 + "q 2

T , xbEcm = e−Y
√
q2 + "q 2

T , (6)

where q2 and "qT are the dilepton invariant mass and
transverse momentum, and Y equals the dilepton rapid-
ity. Now, Q2 = q2 + "q 2

T and Eq. (1) becomes

τ0 =
1

Q

∑

k

|"pkT |min
{
eY−ηk , e−Y+ηk

}
. (7)

where |"pkT | and ηk are the transverse momentum and
rapidity of pk. The qa and qb dependence in Eq. (1) ex-
plicitly accounts for the boost of the partonic center-of-
mass frame. For Y = 0, the minimum in Eq. (7) divides

N-Jettiness
(Stewart, Tackmann, Waalewijin)

• “Jet” momenta given by sum of momenta in jet regions

4

true event shape that does not depend on any auxiliary
input from a jet algorithm. The jet energy is then simply
given by summing over the particles in each jet region as
determined by TN .
For the beams we have

2qa · pk
Qa

=
Q

Qa
|!pkT | eY−ηk , (8)

with Y − ηk → −Y + ηk for a → b. Here two potential
choices for Qa,b are Qa,b = Q, giving the invariant-mass
distance measure, or Qa,b = Qe±Y = xa,bEcm, which
gives

2qa,b · pk
Qa,b

= |!pkT |e∓ηk . (9)

We will carry out our analysis and one-loop calcula-
tions keeping Qi arbitrary, enabling various choices to be
explored using our results. From an experimental point
of view certain choices will be more advantageous than
others. For example, the second choice above for Qa,b is
useful if the total rapidity cannot be measured because
there are missing-energy particles in the final state.
For convenience we define the dimensionless reference

momenta and their invariant products

q̂µi =
qµi
Qi

, ŝij = 2q̂i · q̂j . (10)

We can then rewrite Eq. (2) as follows,

TN =
∑

i

T i
N ≡

∑

i

2q̂i · Pi

Pµ
i =

∑

k

pµk
∏

j #=i

θ
(
q̂j · pk − q̂i · pk

)
, (11)

where Pµ
i is the total four-momentum in region i. The

T i
N are thus given by the small light-cone component of

the Pi measured along their respective collinear direc-
tions q̂i. In the next section we explore the factorization

theorem that is fully differential in the T i
N . The result-

ing fully differential soft function will be the focus of our
calculations.

B. N -Jettiness Differential in Jet Regions

The factorization theorem for dσ/dTN was given in
Ref. [12], and is derived in a straightforward manner from
SCET, see Refs. [6–8] (with an assumption so far implicit
in all N -jet factorization formulae about the cancellation
of Glauber gluons). Instead of measuring TN , the manip-
ulations leading to the factorization theorem are no more
difficult when we consider the fully differential cross sec-
tion, where we measure each individual T i

N . The value
of T i

N determines the transverse mass of region i relative
to the direction !ni since

M2
iT = P 2

i + !P 2
i⊥ = (n̄i · Pi)(ni · Pi)

= 2qi · Pi [1 +O(λ2)]

= QiT i
N [1 +O(λ2)] , (12)

where nµ
i = (1,!ni), n̄

µ
i = (1,−!ni). In the last line we

used n̄i · qi = n̄i · Pi +O(λ2), where λ2 ∼ T i
N/Q and the

power corrections depend on how the magnitude of qi is
fixed.
If the label vector !ni is chosen to be aligned with

the direction of the jet three-momentum !Pi such that
!ni · !Pi/|!Pi| ∼ 1 + O(λ4) then !P 2

i⊥ = 0 + O(λ4) and the
transverse mass is the same as the invariant mass.

M2
i = P 2

i = QiT i
N [1 +O(λ2)] . (13)

Thus the differential T i
N spectrum corresponds to the

spectrum in the invariant mass for jet i, where M2
i → 0

for a pencil like jet of massless partons.
The factorized form for the cross section in the limit

where all the T i
N are assumed to be parametrically com-

parable but small compared to Qi ∼ Q is

dσ

dT a
N dT b

N · · · dT N
N

=

∫
dxadxb

∫
d4q dΦL(q)

∫
dΦN ({qJ})MN (ΦN ,ΦL) (2π)

4δ4
(
qa + qb − q1 − · · ·− qN − q

)

×
∑

κ

∫
dta Bκa

(ta, xa, µ)

∫
dtb Bκb

(tb, xb, µ)
N∏

J=1

∫
dsJ JκJ

(sJ , µ) (14)

× !Cκ†
N (ΦN ,ΦL, µ) Ŝ

κ
N

(
T a
N −

ta
Qa

, T b
N −

tb
Qb

, T 1
N −

s1
Q1

, . . . , T N
N −

sN
QN

, {q̂i}, µ
)

!Cκ
N (ΦN ,ΦL, µ) .

Here, ΦN ({qJ}) denotes the N -body massless phase
space for the N reference jet momenta {qJ}, while ΦL(q)
is the “leptonic” phase space for any additional non-
hadronic particles in the final state, whose total momen-

tum is q. The measurement function MN(ΦN ,ΦL) en-
forces all N jets to be energetic and well enough sepa-
rated so that ŝij & TN/Q. The index κ runs over all
relevant partonic channels, with κa,κb, . . . ,κN denoting
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N-Jettiness
(Stewart, Tackmann, Waalewijin)

• Physics dominated by the soft-collinear limit of QCD. 

4

true event shape that does not depend on any auxiliary
input from a jet algorithm. The jet energy is then simply
given by summing over the particles in each jet region as
determined by TN .
For the beams we have

2qa · pk
Qa

=
Q
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|!pkT | eY−ηk , (8)

with Y − ηk → −Y + ηk for a → b. Here two potential
choices for Qa,b are Qa,b = Q, giving the invariant-mass
distance measure, or Qa,b = Qe±Y = xa,bEcm, which
gives
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tions keeping Qi arbitrary, enabling various choices to be
explored using our results. From an experimental point
of view certain choices will be more advantageous than
others. For example, the second choice above for Qa,b is
useful if the total rapidity cannot be measured because
there are missing-energy particles in the final state.
For convenience we define the dimensionless reference

momenta and their invariant products

q̂µi =
qµi
Qi

, ŝij = 2q̂i · q̂j . (10)

We can then rewrite Eq. (2) as follows,

TN =
∑

i

T i
N ≡

∑

i

2q̂i · Pi

Pµ
i =

∑

k

pµk
∏

j #=i

θ
(
q̂j · pk − q̂i · pk

)
, (11)

where Pµ
i is the total four-momentum in region i. The

T i
N are thus given by the small light-cone component of

the Pi measured along their respective collinear direc-
tions q̂i. In the next section we explore the factorization

theorem that is fully differential in the T i
N . The result-

ing fully differential soft function will be the focus of our
calculations.

B. N -Jettiness Differential in Jet Regions

The factorization theorem for dσ/dTN was given in
Ref. [12], and is derived in a straightforward manner from
SCET, see Refs. [6–8] (with an assumption so far implicit
in all N -jet factorization formulae about the cancellation
of Glauber gluons). Instead of measuring TN , the manip-
ulations leading to the factorization theorem are no more
difficult when we consider the fully differential cross sec-
tion, where we measure each individual T i

N . The value
of T i

N determines the transverse mass of region i relative
to the direction !ni since

M2
iT = P 2

i + !P 2
i⊥ = (n̄i · Pi)(ni · Pi)

= 2qi · Pi [1 +O(λ2)]

= QiT i
N [1 +O(λ2)] , (12)

where nµ
i = (1,!ni), n̄

µ
i = (1,−!ni). In the last line we

used n̄i · qi = n̄i · Pi +O(λ2), where λ2 ∼ T i
N/Q and the

power corrections depend on how the magnitude of qi is
fixed.
If the label vector !ni is chosen to be aligned with

the direction of the jet three-momentum !Pi such that
!ni · !Pi/|!Pi| ∼ 1 + O(λ4) then !P 2

i⊥ = 0 + O(λ4) and the
transverse mass is the same as the invariant mass.

M2
i = P 2

i = QiT i
N [1 +O(λ2)] . (13)

Thus the differential T i
N spectrum corresponds to the

spectrum in the invariant mass for jet i, where M2
i → 0

for a pencil like jet of massless partons.
The factorized form for the cross section in the limit

where all the T i
N are assumed to be parametrically com-

parable but small compared to Qi ∼ Q is

dσ

dT a
N dT b

N · · · dT N
N

=

∫
dxadxb

∫
d4q dΦL(q)

∫
dΦN ({qJ})MN (ΦN ,ΦL) (2π)

4δ4
(
qa + qb − q1 − · · ·− qN − q

)

×
∑

κ

∫
dta Bκa

(ta, xa, µ)

∫
dtb Bκb

(tb, xb, µ)
N∏

J=1

∫
dsJ JκJ

(sJ , µ) (14)

× !Cκ†
N (ΦN ,ΦL, µ) Ŝ

κ
N

(
T a
N −

ta
Qa

, T b
N −

tb
Qb

, T 1
N −

s1
Q1

, . . . , T N
N −

sN
QN

, {q̂i}, µ
)

!Cκ
N (ΦN ,ΦL, µ) .

Here, ΦN ({qJ}) denotes the N -body massless phase
space for the N reference jet momenta {qJ}, while ΦL(q)
is the “leptonic” phase space for any additional non-
hadronic particles in the final state, whose total momen-

tum is q. The measurement function MN(ΦN ,ΦL) en-
forces all N jets to be energetic and well enough sepa-
rated so that ŝij & TN/Q. The index κ runs over all
relevant partonic channels, with κa,κb, . . . ,κN denoting

• Factorization of soft and collinear regions
(Jouttenus,Stewart, Tackmann, Waalewijin)
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FIG. 1: Different situations for the application of N-jettiness.

As we discuss below, this definition of τN yields a fac-
torization formula with inclusive jet and beam functions
and allows the summation of logarithms to next-to-next-
to-leading logarithmic (NNLL) order. The sum over k
in Eq. (1) runs over the momenta pk of all measured
(pseudo-)particles in the final state excluding the signal
leptons or photons in L. (Any other leptons or photons,
e.g. from hadronic decays, are included in the sum.) For
simplicity we take all pk to be massless. The qa, qb, and
q1, ..., qN are a fixed set of massless reference momenta
for the two beams and the N signal jets,

qµa,b =
1

2
xa,bEcm nµ

a,b , nµ
a = (1, ẑ) , nµ

b = (1,−ẑ) ,

qµJ = EJ (1, n̂J) , J = {1, . . . , N} . (2)

The EJ and n̂J correspond to the energies and directions
of the N signal jets (for both massive and massless jets).
Their choice is discussed below. The beam reference mo-
menta qa and qb are the large momentum components of
the colliding partons along the beam axis (taken to be
the z axis). They are defined by

xaEcm = nb · (q1 + · · ·+ qN + q) , (3)

and analogously for xb with a ↔ b. Here, q is the to-
tal momentum of the non-hadronic signal L. In Eq. (1),
Q2 = xaxbE2

cm is the hard interaction scale, and the dis-
tance of a particle with momentum pk from the jets or
beams is measured by qm · pk. If L contains missing en-
ergy, so q and xa,b are not known, one can use a modified
distance measure as we discuss below Eq. (11).
The minimum for each k in Eq. (1) associates the par-

ticle with the closest beam or jet, appropriately dividing
the hadronic initial-state radiation (ISR) and final-state
radiation (FSR). Soft particles and energetic particles
near any jet or beam only give small contributions to the
sum. For 2 → N scattering of massless partons, τN = 0.
Energetic particles far away from all jets and beams give
large contributions. Hence, for τN $ 1 the final state has
N jets, two forward beam jets, and only soft radiation
between them. In this limit xa,b are the momentum frac-
tions of the annihilated partons, and Y = ln(xa/xb)/2 is
the boost of the partonic center-of-mass frame.

N = 2 for e+e− → jets. In e+e− collisions there is no
hadronic ISR, so we drop the qa,b · pk entries in Eq. (1).
NowQ2 is the total invariant mass of the leptons and Y =
0. In the two-jet limit, the jet directions are close to the
thrust axis t̂, defined by the thrust T = maxt̂

∑
i |t̂·"pi|/Q.

Hence we can choose

qµ1 =
1

2
Q (1, t̂ ) , qµ2 =

1

2
Q (1,−t̂ ) (4)

as reference momenta, and Eq. (1) becomes

τee2 =
1

Q

∑

k

Ek min
{
1− cos θk, 1 + cos θk

}
, (5)

where θk is the angle between "pk and t̂. The minimum
divides all particles into the two hemispheres perpendic-
ular to t̂ as shown in Fig. 1(a). For τee2 $ 1, the total
invariant mass in each hemisphere is much smaller than
Q, so the final state contains two narrow jets. In this
limit, τee2 = 1−T , and a factorization theorem exists for
dσ/dτee2 , which can be used to sum logarithms of τee2 [4].
For a given jet algorithm with resolution parameter y,
the value y23 marks the transition between 2 and 3 jets.
Thus requiring y23 $ 1 also vetoes events with > 2 jets.
N = 0 for Drell-Yan. Next, consider the isolated

Drell-Yan process, pp → X%+%− with no hard central
jets, shown in Fig. 1(b). We now have ISR from the in-
coming partons, but no FSR from jets. From Eq. (3) we
have

xaEcm = e+Y
√
q2 + "q 2

T , xbEcm = e−Y
√
q2 + "q 2

T , (6)

where q2 and "qT are the dilepton invariant mass and
transverse momentum, and Y equals the dilepton rapid-
ity. Now, Q2 = q2 + "q 2

T and Eq. (1) becomes

τ0 =
1

Q

∑

k

|"pkT |min
{
eY−ηk , e−Y+ηk

}
. (7)

where |"pkT | and ηk are the transverse momentum and
rapidity of pk. The qa and qb dependence in Eq. (1) ex-
plicitly accounts for the boost of the partonic center-of-
mass frame. For Y = 0, the minimum in Eq. (7) divides

Beam function: B

Jet function: JSoft Function: S

Hard Function: H

• Naturally described by the Soft-Collinear Effective Theory (SCET)
(Bauer, Fleming, Luke, Pirjol, Stewart,...)
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Two Applications
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

DIS with one jet

Gauge Boson Threshold 
Production with two jets

Background to new physics 
searches Probe of nuclear physics
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FIG. 1: Squark pair production illustrates a new physics process with the signature of two jets plus

MET. Here each squarks decays to a quark and the lightest neutralino; the escaping neutralinos

generate the missing transverse energy.

W production suffers from contamination from tt events, and could well be affected by the

same kinds of new physics the experiments are seeking in the METZJ sample. Reducing tt

contamination requires selection cuts that enhance the photon channel’s advantage.

Use of either the W or γ plus jets processes requires knowledge of their short-distance

strong-interaction dynamics, as they probe different combinations of the parton distributions

and somewhat different scales than Z plus jets. In the photon case, its masslessness also

affects distributions in important ways and requires theoretical input for any comparison

with massive boson production. The study of both processes is valuable, of course; the

use of different processes allows for cross checks and also presumably different sensitivity to

whatever new physics may be lurking in the data.

In this paper, we study the γ+ 2-jet and Z(→ νν̄)+ 2-jet production processes. The latter

process is a background to new physics, such as the squark pair-production process illustrated

in fig. 1. Our aim is to provide the necessary theoretical results, to next-to-leading order

(NLO) accuracy in the strong coupling αs, for using γ+ 2-jet production to estimate Z+ 2-jet

production. We use the same software tools as in our previous studies of W + n- and Z+ n-

jet production [3–6], the BlackHat library [7, 8] along with AMEGIC++ [9] within the

SHERPA [10] framework, to perform the leading-order (LO) and NLO calculations. We also

present results for a parton-shower calculation matched to fixed-order LO matrix elements

(ME+PS) [11], also within the SHERPA [10] framework. A key issue is the theoretical

uncertainty in the conversion from γ to Z. We use the difference between the ME+PS

3

• Gluino pair production in SUSY

• Signatures involve jets and missing energy.

• Reconstruction of invariant mass peak not possible.

New Physics Processes
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• Signatures involve jets and missing energy.

• Such signatures also appear through SM background processes.
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

1 Introduction

The production of gauge boson in association with jets is a dangerous background to searches
for new physics at the LHC. When the gauge boson in question is a W or Z that decays into
neutrinos, the resulting missing energy plus multi-jet final state is the dominant background
to searches for supersymmetry (SUSY) and other models with dark-matter candidates and
therefore missing energy signatures, such as Little Higgs with T-parity or universal extra
dimensions. Searches for SUSY and these other theories typically rely upon a shape di↵erence
between signal and background in the tail of the meff distribution, where meff is defined as
the scalar sum of the missing and jet transverse energies:

meff = 6ET +
X

j

pTj. (1)

The sum over jet transverse momenta may either be taken over only the leading 2, 3 or 4
jets, or may be taken over all identified jets in the event; ATLAS [1] follows the first of these
approaches, while CMS utilizes the second [2]. Considering di↵erent jet-multiplicity bins
may help probe non-standard SUSY theories, such as those with compressed spectra [3].

Motivated by its importance, numerous theoretical e↵orts have been devoted to calculat-
ing precisely gauge bosons produced in association with jets in the Standard Model. Recent
advances have allowed W,Z + 3 jets [4, 5, 6] and even W,Z + 4 jets [7, 8] to be calculated
to next-to-leading order (NLO) accuracy in perturbative QCD. These calculations substan-
tially reduce the residual scale uncertainty of the prediction. However, heavy supersymmetric
states will populate the tail of the meff distributions, where fixed-order perturbation theory
may miss important corrections appearing at higher orders. In particular, large logarithms of
the form ln(1�m2

eff/s), with s the center-of-mass energy squared of the hadronic collisions,
may be induced by the implicit restriction on soft gluons that comes from having nearly all
the energy go into the leading few jets and 6ET . Such e↵ects can be exacerbated for the gg
and qg partonic initial states, due to the steeply falling gluon distribution at high Bjorken x.
They would increase for high meff , potentially mimicking a SUSY signal. The resummation
of such soft-gluon logarithms has been previously studied for the related single-inclusive jet
production pT distribution at the Tevatron and RHIC [9]. The resummation e↵ects were
found to be moderate but increasing at high pT , generating the aforementioned shape di↵er-
ence. A study of threshold resummation of gauge boson plus multi-jet processes at the LHC
is therefore warranted.

We begin such a study in this manuscript by considering the threshold resummation of
the �+2 jets process at the LHC. This process represents a slightly simpler first step toward
a study of the W/Z+n jet process, but is also interesting on its own as a possible calibration
process for missing energy plus jet backgrounds. [10]. We utilize the Soft-Collinear E↵ective
Theory (SCET) [11, 12, 13] to study the e↵ect of threshold logarithms. A formulation of
threshold resummation within SCET applicable to multi-jet processes was given in Ref. [14],
and we follow the approach outlined there. In addition to our phenomenological studies, we
also incorporate the use of jettiness [15] to define the jets in our analysis, which allows us to

1
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Abstract

The ATLAS and CMS Collaborations at the CERN Large Hadron Collider
(LHC) have devoted considerable effort to the study of SUSY signatures and mea-
surements. This talk provides an overview of what can be learned at the LHC if
TeV-scale SUSY exists.

1 Introduction

SUSY is perhaps the most promising candidate for physics beyond the Standard Model;
it also provides a good test of detector performance. The ATLAS [1] and CMS [2] Col-
laborations at the CERN Large Hadron Collider (LHC) have therefore devoted a lot of
effort to studying SUSY signatures and measurements. This talk provides an overview of
that work with emphasis on new results since the overviews in Ref. 3 and 4.

The SUSY cross section at the LHC is dominated by the associated strong production
of gluinos and squarks. If R parity is conserved, these decay into the lightest SUSY
particle χ̃0

1, which escapes the detector, plus quarks, gluons, and perhaps other Standard
Model particles. Thus, SUSY provides signatures containing at least jets and large missing
transverse energy /ET . The LHC should be able to observe these signals for g̃ and q̃ masses
up to about 2 TeV with only 10 fb−1 of integrated luminosity.

The challenge at the LHC is not to discover TeV-scale SUSY (assuming it exists) but
to make precision measurements of masses and other quantities. Since the decay prod-
ucts of each SUSY particle contain an invisible χ̃0

1, no mass peaks can be reconstructed
directly. Instead, masses must be inferred [5] from kinematic endpoints and other prop-
erties of the events. Developing methods to do this has been a main emphasis of the
studies to date. Typically, events are simulated for a particular SUSY model and for
the Standard Model backgrounds using a parton shower Monte Carlo program such as
HERWIG [6], ISAJET [7], or PYTHIA [8], the detector response is simulated using a fast
parameterization, cuts are made to give a good signal/background, and various kinematic
distributions are reconstructed. A number of examples are presented below.

2 Search for SUSY

Since g̃ and q̃ are strongly produced, their cross sections are comparable to QCD at the
same Q2. If R parity is conserved, their decays produce distinctive events with large
/ET . A typical analysis requires at least four jets with ET > 100, 50, 50, 50 GeV and
/ET > 100 GeV and plots as a measure of Q2 the quantity

Meff = /ET +
∑

jets j

pTj .

For large Meff the Standard Model background is typically 10% of the signal.
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(a) HT distribution for the 1⌧ final state.
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(b) HT distribution for the 2⌧ final state.

Fig. 3 Distribution of HT for the (a) 1⌧ and (b) 2⌧ final
states after all analysis requirements. Data are represented
by the points, with statistical uncertainty only. The SM pre-
diction includes the data-driven corrections discussed in the
text. The band centred around the total SM background in-
dicates the uncertainty due to finite MC sample sizes on the
background expectation. Also shown is the expected signal
from two typical GMSB samples (⇤ = 50TeV, tan� = 40,
⇤ = 50TeV, tan� = 20).

ent samples in the various CRs are taken into account
by considering the matrix equation Ndata = A !,
where Ndata is the observed number of data events in
each of the CRs defined in Table 2, after subtracting the
expected number of multi-jet events and any remaining
sub-dominant background contribution, obtained from
MC simulation. The matrix A is obtained from the MC
expectation for the number of events originating from
each of the background contributions (top, W and Z).
The vector ! of scaling factors is then computed by
inverting the matrix A. To obtain the uncertainties for
the scaling factors, all contributing parameters are var-
ied according to their uncertainties, the procedure is re-
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(a) meff distribution for the ⌧+µ final state.
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(b) meff distribution for the ⌧+e final state.

Fig. 4 Distribution of meff for the (a) ⌧+µ and (b) ⌧+e final
states after all analysis requirements. Data are represented
by the points, with statistical uncertainty only. The SM pre-
diction includes the data-driven corrections discussed in the
text. The band centred around the total SM background in-
dicates the uncertainty due to finite MC sample sizes on the
background expectation. Also shown is the expected signal
from two typical GMSB samples (⇤ = 50TeV, tan� = 40,
⇤ = 50TeV, tan� = 20). In the top figure, the event in data
surviving all the analysis requirements is shown in the over-
flow bin.

peated and new scaling factors are obtained. The width
of the distribution of each resulting scaling factor is
used as its uncertainty. The typical scaling factors ob-
tained with this procedure are between 0.75 and 1 , with
uncertainty of order 40%. The multi-jet background ex-
pectation is computed in a multi-jet-dominated CR de-
fined by inverting the �(�

jet1,2�pmiss
T

) requirement and

not applying the m⌧1
T

+m⌧2
T

and H
T

selection. In addi-
tion, an upper limit is imposed on the ratio Emiss

T

/m
e↵

to increase the purity of this CR sample.

Meff Distributions
• New physics signals can appear as excesses in Meff distributions:
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Abstract

The ATLAS and CMS Collaborations at the CERN Large Hadron Collider
(LHC) have devoted considerable effort to the study of SUSY signatures and mea-
surements. This talk provides an overview of what can be learned at the LHC if
TeV-scale SUSY exists.

1 Introduction

SUSY is perhaps the most promising candidate for physics beyond the Standard Model;
it also provides a good test of detector performance. The ATLAS [1] and CMS [2] Col-
laborations at the CERN Large Hadron Collider (LHC) have therefore devoted a lot of
effort to studying SUSY signatures and measurements. This talk provides an overview of
that work with emphasis on new results since the overviews in Ref. 3 and 4.

The SUSY cross section at the LHC is dominated by the associated strong production
of gluinos and squarks. If R parity is conserved, these decay into the lightest SUSY
particle χ̃0

1, which escapes the detector, plus quarks, gluons, and perhaps other Standard
Model particles. Thus, SUSY provides signatures containing at least jets and large missing
transverse energy /ET . The LHC should be able to observe these signals for g̃ and q̃ masses
up to about 2 TeV with only 10 fb−1 of integrated luminosity.

The challenge at the LHC is not to discover TeV-scale SUSY (assuming it exists) but
to make precision measurements of masses and other quantities. Since the decay prod-
ucts of each SUSY particle contain an invisible χ̃0

1, no mass peaks can be reconstructed
directly. Instead, masses must be inferred [5] from kinematic endpoints and other prop-
erties of the events. Developing methods to do this has been a main emphasis of the
studies to date. Typically, events are simulated for a particular SUSY model and for
the Standard Model backgrounds using a parton shower Monte Carlo program such as
HERWIG [6], ISAJET [7], or PYTHIA [8], the detector response is simulated using a fast
parameterization, cuts are made to give a good signal/background, and various kinematic
distributions are reconstructed. A number of examples are presented below.

2 Search for SUSY

Since g̃ and q̃ are strongly produced, their cross sections are comparable to QCD at the
same Q2. If R parity is conserved, their decays produce distinctive events with large
/ET . A typical analysis requires at least four jets with ET > 100, 50, 50, 50 GeV and
/ET > 100 GeV and plots as a measure of Q2 the quantity

Meff = /ET +
∑

jets j

pTj .

For large Meff the Standard Model background is typically 10% of the signal.

SM

• Precise SM predictions for Meff distribution required for interpreting 
new physics.

SUSY
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Precise Predictions for Z + 4 Jets at Hadron Colliders
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We present the cross section for production of a Z boson in association with four jets at the Large
Hadron Collider, at next-to-leading order in the QCD coupling. When the Z decays to neutrinos,
this process is a key irreducible background to many searches for new physics. Its computation
has been made feasible through the development of the on-shell approach to perturbative quantum
field theory. We present the total cross section for pp collisions at

√
s = 7 TeV, after folding in the

decay of the Z boson, or virtual photon, to a charged-lepton pair. We also provide distributions
of the transverse momenta of the four jets, and we compare cross sections and distributions to the
corresponding ones for the production of a W boson with accompanying jets.

PACS numbers: 12.38.-t, 12.38.Bx, 13.87.-a, 14.70.Hp

The Large Hadron Collider (LHC) is currently ex-
tending the energy frontier into uncharted territory, in
the quest to identify new physics beyond the Standard
Model of particle physics. Many signals of new physics,
especially those containing dark matter candidates, lie
in broad distributions with significant Standard Model
backgrounds. A first-principles understanding of these
backgrounds is provided by quantum chromodynamics
(QCD) and the QCD-improved parton model. The lead-
ing perturbative order (LO) in the QCD coupling αs

gives a good qualitative prediction. Quantitatively re-
liable predictions require, at the least, next-to-leading-
order (NLO) accuracy in the QCD coupling. For pro-
cesses at a hadron collider with many-jet final states,
NLO computations have long been a formidable challenge
to particle theorists.

In this article we present the first NLO QCD results
for Z boson production in association with four jets at a
hadron collider, specifically at the LHC. We fold in the
decay of the Z boson to an e+e− pair (or equivalently
µ+µ−), and include contributions from virtual-photon
exchange (collectively denoted by Z, γ∗). This process,
containing identifiable charged leptons, is a benchmark
for the closely related process in which the Z decays into
neutrinos, which appear as missing transverse energy.
The Z → νν̄ decay mode generates a key background
process in the search for supersymmetry, as well as for
other models that lead to dark-matter particle produc-
tion at the end of a cascade of strongly-produced new
particles. Fig. 1 shows a typical signal process, leading
to the same signature of missing transverse energy with
four jets and no sharp resonance. We note that another
approach to estimating this process — combining a mea-
surement of prompt-photon production with a theoretical

p p
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LSP

g~

g~

FIG. 1: Gluino pair production illustrates a typical signature
of new physics scenarios: four jets plus a pair of lightest super-
symmetric particles (LSPs) that escape the detector, yielding
missing transverse energy.
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FIG. 2: Sample diagrams for the seven-point loop amplitudes
for qg → Zqggg and qQ̄ → ZqQ′Q̄′Q̄, followed by Z → e+e−.
There are also small contributions where the Z boson is re-
placed by a photon. This process is very similar theoretically
to the case Z → νν̄ with missing transverse energy.

estimate of the Z-to-photon ratio [1–3] — also benefits
from NLO cross sections [4].
Recent years have witnessed a growing number of

NLO QCD results using both traditional and on-shell
approaches [5–11]. On-shell methods [12–15] exploit the
analytic properties that all scattering amplitudes must
satisfy, and generate new amplitudes from previously-
computed ones. Computationally, they scale modestly
with increasing numbers of external partons. We used
these methods to compute the production of a W or Z

Fixed Order Calculations
• W,Z +2,3,4 jets known at NLO (Ellis, Campbell; Ellis, Melnikov,Zanderighi,Dixon; 

Berger, Bern, Dixon, Febres Cordero,Forde, 
Gleisberg,Ita, Kosower, Maitre,...)

• NLO results reduce scale uncertainty
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FIG. 3: A comparison of the pT distributions of the leading four jets in Z, γ∗ + 4-jet production at the LHC. In the upper
panels the NLO distribution is the solid (black) histogram and the LO predictions are shown as dashed (blue) lines. The thin
vertical line in the center of each bin (where visible) gives its numerical (Monte Carlo) integration error. The middle panels
show the LO distribution and LO and NLO scale-dependence bands normalized to the central NLO prediction. The bands are
shaded (gray) for NLO and cross-hatched (brown) for LO. In the bottom panel, the dotted (red) line is the LO Z/W− ratio,
the dot-longer-dash (cyan) line the NLO Z/W− ratio, the dot-shorter-dash (brown) line the LO Z/W+ ratio and the solid
(green) line the NLO Z/W+ ratio.

experiments. Here we present results for size parameter
R = 0.5. We order the jets in pT . In comparisons to W -
boson cross sections we follow exactly the cuts of ref. [11];
the jet cuts are identical. We use the CTEQ6M [29] par-
ton distribution functions at NLO, and the CTEQ6L1
set at LO. Electroweak boson masses and couplings are
chosen as in refs. [7, 9]. We also use the SHERPA six-
flavor implementation of αs(µ) and the value of αs(MZ)
provided by CTEQ.

In table I, we give LO and NLO parton-level inclusive
cross sections for e+e− production via a Z, γ∗ boson, and
accompanied by zero through four jets. The NLO results
exhibit a markedly reduced scale dependence compared
to LO; the improvement becomes stronger as the num-
ber of jets increases. We also display the ratios of the
Z to W+ cross sections, and the “jet-production” ratios
of Z + n-jet to Z + (n−1)-jet cross sections. Ratios to
W−-boson cross sections can be obtained using the re-
sults of ref. [11]. Both kinds of ratios should be less sen-
sitive to theoretical systematics than the absolute cross
sections. Indeed, the Z/W ratios show relatively little
difference between LO and NLO. This ratio changes very
little under correlated variations of µ in numerator and
denominator; hence we do not exhibit such scale varia-
tion. Varying the R parameter in the jet algorithm, we

find very similar behavior as in the W case [11].

It has generally been expected that the jet-production
ratio is roughly independent of the number of jets [30].
Other than the Z+ 1-jet/Z+ 0-jet ratio, which is smaller
because of the restricted kinematics of the leading con-
tribution to Z + 0-jet production, the results shown in
table I are consistent with this expectation. The ratios
are, however, rather sensitive to the experimental cuts:
for example, imposing large vector-boson pT cuts makes
them depend strongly on the number of jets [9].

In fig. 3, we show the pT distributions of the leading
four jets in Z, γ∗+ 4-jet production at LO and NLO. The
predictions are normalized to the central NLO prediction
in the middle panels. The NLO distributions display a
much smaller dependence on the unphysical renormaliza-
tion and factorization scales. For our central scale choice,
the distributions for the first three leading jets soften no-
ticeably from LO to NLO, while the fourth-jet distribu-
tion is virtually unchanged. The NLO corrections to the
behavior of Z, γ∗ + 4-jet and W + 4-jet production are
quite similar in this respect [11].

The bottom panels in fig. 3 show the ratio of Z/W+

and Z/W− production both at LO and at NLO. The
Z/W− ratio rises with rising pT while the Z/W+ ratio is
roughly flat. Both ratios reflect the rising dominance of
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• Diboson+1-jet at NLO
(Campbell,Hartanto,Williams)
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• Soft radiation between jets is restricted for large Meff.
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Abstract

The ATLAS and CMS Collaborations at the CERN Large Hadron Collider
(LHC) have devoted considerable effort to the study of SUSY signatures and mea-
surements. This talk provides an overview of what can be learned at the LHC if
TeV-scale SUSY exists.

1 Introduction

SUSY is perhaps the most promising candidate for physics beyond the Standard Model;
it also provides a good test of detector performance. The ATLAS [1] and CMS [2] Col-
laborations at the CERN Large Hadron Collider (LHC) have therefore devoted a lot of
effort to studying SUSY signatures and measurements. This talk provides an overview of
that work with emphasis on new results since the overviews in Ref. 3 and 4.

The SUSY cross section at the LHC is dominated by the associated strong production
of gluinos and squarks. If R parity is conserved, these decay into the lightest SUSY
particle χ̃0

1, which escapes the detector, plus quarks, gluons, and perhaps other Standard
Model particles. Thus, SUSY provides signatures containing at least jets and large missing
transverse energy /ET . The LHC should be able to observe these signals for g̃ and q̃ masses
up to about 2 TeV with only 10 fb−1 of integrated luminosity.

The challenge at the LHC is not to discover TeV-scale SUSY (assuming it exists) but
to make precision measurements of masses and other quantities. Since the decay prod-
ucts of each SUSY particle contain an invisible χ̃0

1, no mass peaks can be reconstructed
directly. Instead, masses must be inferred [5] from kinematic endpoints and other prop-
erties of the events. Developing methods to do this has been a main emphasis of the
studies to date. Typically, events are simulated for a particular SUSY model and for
the Standard Model backgrounds using a parton shower Monte Carlo program such as
HERWIG [6], ISAJET [7], or PYTHIA [8], the detector response is simulated using a fast
parameterization, cuts are made to give a good signal/background, and various kinematic
distributions are reconstructed. A number of examples are presented below.

2 Search for SUSY

Since g̃ and q̃ are strongly produced, their cross sections are comparable to QCD at the
same Q2. If R parity is conserved, their decays produce distinctive events with large
/ET . A typical analysis requires at least four jets with ET > 100, 50, 50, 50 GeV and
/ET > 100 GeV and plots as a measure of Q2 the quantity

Meff = /ET +
∑

jets j

pTj .

For large Meff the Standard Model background is typically 10% of the signal.
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

1 Introduction

The production of gauge boson in association with jets is a dangerous background to searches
for new physics at the LHC. When the gauge boson in question is a W or Z that decays into
neutrinos, the resulting missing energy plus multi-jet final state is the dominant background
to searches for supersymmetry (SUSY) and other models with dark-matter candidates and
therefore missing energy signatures, such as Little Higgs with T-parity or universal extra
dimensions. Searches for SUSY and these other theories typically rely upon a shape di↵erence
between signal and background in the tail of the meff distribution, where meff is defined as
the scalar sum of the missing and jet transverse energies:

meff = 6ET +
X

j

pTj. (1)

The sum over jet transverse momenta may either be taken over only the leading 2, 3 or 4
jets, or may be taken over all identified jets in the event; ATLAS [1] follows the first of these
approaches, while CMS utilizes the second [2]. Considering di↵erent jet-multiplicity bins
may help probe non-standard SUSY theories, such as those with compressed spectra [3].

Motivated by its importance, numerous theoretical e↵orts have been devoted to calculat-
ing precisely gauge bosons produced in association with jets in the Standard Model. Recent
advances have allowed W,Z + 3 jets [4, 5, 6] and even W,Z + 4 jets [7, 8] to be calculated
to next-to-leading order (NLO) accuracy in perturbative QCD. These calculations substan-
tially reduce the residual scale uncertainty of the prediction. However, heavy supersymmetric
states will populate the tail of the meff distributions, where fixed-order perturbation theory
may miss important corrections appearing at higher orders. In particular, large logarithms of
the form ln(1�m2

eff/s), with s the center-of-mass energy squared of the hadronic collisions,
may be induced by the implicit restriction on soft gluons that comes from having nearly all
the energy go into the leading few jets and 6ET . Such e↵ects can be exacerbated for the gg
and qg partonic initial states, due to the steeply falling gluon distribution at high Bjorken x.
They would increase for high meff , potentially mimicking a SUSY signal. The resummation
of such soft-gluon logarithms has been previously studied for the related single-inclusive jet
production pT distribution at the Tevatron and RHIC [9]. The resummation e↵ects were
found to be moderate but increasing at high pT , generating the aforementioned shape di↵er-
ence. A study of threshold resummation of gauge boson plus multi-jet processes at the LHC
is therefore warranted.

We begin such a study in this manuscript by considering the threshold resummation of
the �+2 jets process at the LHC. This process represents a slightly simpler first step toward
a study of the W/Z+n jet process, but is also interesting on its own as a possible calibration
process for missing energy plus jet backgrounds. [10]. We utilize the Soft-Collinear E↵ective
Theory (SCET) [11, 12, 13] to study the e↵ect of threshold logarithms. A formulation of
threshold resummation within SCET applicable to multi-jet processes was given in Ref. [14],
and we follow the approach outlined there. In addition to our phenomenological studies, we
also incorporate the use of jettiness [15] to define the jets in our analysis, which allows us to

1

Restricted
Radiation between

jets
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SUSY is perhaps the most promising candidate for physics beyond the Standard Model;
it also provides a good test of detector performance. The ATLAS [1] and CMS [2] Col-
laborations at the CERN Large Hadron Collider (LHC) have therefore devoted a lot of
effort to studying SUSY signatures and measurements. This talk provides an overview of
that work with emphasis on new results since the overviews in Ref. 3 and 4.

The SUSY cross section at the LHC is dominated by the associated strong production
of gluinos and squarks. If R parity is conserved, these decay into the lightest SUSY
particle χ̃0

1, which escapes the detector, plus quarks, gluons, and perhaps other Standard
Model particles. Thus, SUSY provides signatures containing at least jets and large missing
transverse energy /ET . The LHC should be able to observe these signals for g̃ and q̃ masses
up to about 2 TeV with only 10 fb−1 of integrated luminosity.

The challenge at the LHC is not to discover TeV-scale SUSY (assuming it exists) but
to make precision measurements of masses and other quantities. Since the decay prod-
ucts of each SUSY particle contain an invisible χ̃0

1, no mass peaks can be reconstructed
directly. Instead, masses must be inferred [5] from kinematic endpoints and other prop-
erties of the events. Developing methods to do this has been a main emphasis of the
studies to date. Typically, events are simulated for a particular SUSY model and for
the Standard Model backgrounds using a parton shower Monte Carlo program such as
HERWIG [6], ISAJET [7], or PYTHIA [8], the detector response is simulated using a fast
parameterization, cuts are made to give a good signal/background, and various kinematic
distributions are reconstructed. A number of examples are presented below.

2 Search for SUSY

Since g̃ and q̃ are strongly produced, their cross sections are comparable to QCD at the
same Q2. If R parity is conserved, their decays produce distinctive events with large
/ET . A typical analysis requires at least four jets with ET > 100, 50, 50, 50 GeV and
/ET > 100 GeV and plots as a measure of Q2 the quantity

Meff = /ET +
∑

jets j

pTj .

For large Meff the Standard Model background is typically 10% of the signal.
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

1 Introduction

The production of gauge boson in association with jets is a dangerous background to searches
for new physics at the LHC. When the gauge boson in question is a W or Z that decays into
neutrinos, the resulting missing energy plus multi-jet final state is the dominant background
to searches for supersymmetry (SUSY) and other models with dark-matter candidates and
therefore missing energy signatures, such as Little Higgs with T-parity or universal extra
dimensions. Searches for SUSY and these other theories typically rely upon a shape di↵erence
between signal and background in the tail of the meff distribution, where meff is defined as
the scalar sum of the missing and jet transverse energies:

meff = 6ET +
X

j

pTj. (1)

The sum over jet transverse momenta may either be taken over only the leading 2, 3 or 4
jets, or may be taken over all identified jets in the event; ATLAS [1] follows the first of these
approaches, while CMS utilizes the second [2]. Considering di↵erent jet-multiplicity bins
may help probe non-standard SUSY theories, such as those with compressed spectra [3].

Motivated by its importance, numerous theoretical e↵orts have been devoted to calculat-
ing precisely gauge bosons produced in association with jets in the Standard Model. Recent
advances have allowed W,Z + 3 jets [4, 5, 6] and even W,Z + 4 jets [7, 8] to be calculated
to next-to-leading order (NLO) accuracy in perturbative QCD. These calculations substan-
tially reduce the residual scale uncertainty of the prediction. However, heavy supersymmetric
states will populate the tail of the meff distributions, where fixed-order perturbation theory
may miss important corrections appearing at higher orders. In particular, large logarithms of
the form ln(1�m2

eff/s), with s the center-of-mass energy squared of the hadronic collisions,
may be induced by the implicit restriction on soft gluons that comes from having nearly all
the energy go into the leading few jets and 6ET . Such e↵ects can be exacerbated for the gg
and qg partonic initial states, due to the steeply falling gluon distribution at high Bjorken x.
They would increase for high meff , potentially mimicking a SUSY signal. The resummation
of such soft-gluon logarithms has been previously studied for the related single-inclusive jet
production pT distribution at the Tevatron and RHIC [9]. The resummation e↵ects were
found to be moderate but increasing at high pT , generating the aforementioned shape di↵er-
ence. A study of threshold resummation of gauge boson plus multi-jet processes at the LHC
is therefore warranted.

We begin such a study in this manuscript by considering the threshold resummation of
the �+2 jets process at the LHC. This process represents a slightly simpler first step toward
a study of the W/Z+n jet process, but is also interesting on its own as a possible calibration
process for missing energy plus jet backgrounds. [10]. We utilize the Soft-Collinear E↵ective
Theory (SCET) [11, 12, 13] to study the e↵ect of threshold logarithms. A formulation of
threshold resummation within SCET applicable to multi-jet processes was given in Ref. [14],
and we follow the approach outlined there. In addition to our phenomenological studies, we
also incorporate the use of jettiness [15] to define the jets in our analysis, which allows us to
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(e) Isolated dijet production.

FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

only the channels (ij) = (qq̄), (q̄q) contribute, while at NLO (∼ αs) one must include (ij) =
(qq̄), (q̄q), (qg), (gq), (q̄g), (gq̄) in the sum.

It will be useful for our purposes to introduce the ratios

τ =
M2

s
, z =

M2

ŝ
=

τ

x1x2
, (2)

where ŝ = x1x2s is the center-of-mass energy squared of the partonic subprocess that creates
the lepton pair. This determines the maximum energy transferred to the leptons and the
maximum invariant mass M they can have. In [5] the coefficient functions C̃ij are expressed
in terms of the variable z and a second quantity

y =
x1

x2
e−2Y − z

(1 − z)(1 + x1

x2
e−2Y )

. (3)

These variables take values on the intervals 0 ≤ y ≤ 1 and τ ≤ z ≤ 1 subject to the condition
that the parton momentum fractions

x1 =

√
τ

z

1 − (1 − y)(1 − z)

1 − y(1 − z)
eY , x2 =

√
τ

z

1 − y(1 − z)

1 − (1 − y)(1 − z)
e−Y (4)

do not exceed 1. The allowed range for the rapidity is such that 2|Y | ≤ ln(1/τ). We then
define new kernels via

C̃ij(x1, x2, s, M, µf) =

∣∣∣∣
dz dy

dx1 dx2

∣∣∣∣
Cij(z, y, M, µf)

[1 − y(1 − z)][1 − (1 − y)(1 − z)]
. (5)

At NLO the explicit results for these functions can be written in the form (with αs ≡ αs(µf)
and eq denoting the electric charges of the quarks in units of e) [5]
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effects could be important even if τ ! 1 has been given in Refs. [19, 20]. The idea is that
the sharp fall-off of the parton luminosity at large x dynamically enhances the contribution
of the partonic threshold region z = M2/ŝ → 1, i.e., the region where the center-of-mass
energy

√
ŝ of the initial-state partons is just sufficiently large to produce the Drell-Yan pair.

It could then be important to resum logarithms of the form ln(1 − z) in the hard partonic
cross section. However, since (1− z) is not related to a small ratio of external physical scales,
it is not obvious how to give a formal justification of this argument.

To study this question quantitatively and to assess the importance of resummation effects
for the Drell-Yan rapidity distribution were the main motivations for the present work. To
do so, we use a recent approach to Sudakov resummation based on effective field theory [21,
22]. Contrary to the standard treatment in Mellin moment space, this framework completely
separates the effects associated with different scales in the problem, thereby avoiding the
Landau-pole ambiguities inherent in the standard approach. It then uses renormalization-
group (RG) evolution to resum logarithms of scale ratios. The resummation is performed
directly in momentum space, which makes it simpler to compare to and match onto fixed-
order calculations. Our framework is particularly well suited to study the resummed rapidity
distribution, for which we derive an exact analytic expression as a one-dimensional integral over
PDFs. Using the convergence properties of the perturbative expansion after scale separation
as the primary criterion, we study in detail how and under which circumstances an effective
physical scale µs ! M emerges, which is associated with the soft emission in the process. Our
approach resums logarithms of the ratio M/µs to all orders in perturbation theory.

Our main findings can be summarized as follows:

i. In the true endpoint region τ → 1, the effective soft scale µs is an order of magnitude
smaller than the naive guess M(1 − τ). For PDFs behaving like fi/N (x) ∼ (1 − x)bi

near x → 1, we find µs ≈ λ−1M(1 − τ) with λ ≈ 2 + bq + bq̄ = O(10). This result pro-
vides a formal justification to the argument of a dynamical enhancement of the partonic
threshold region due to the fall-off of parton densities.

ii. The dynamical enhancement of the threshold contributions remains effective down to
moderate values τ ≈ 0.2, while at very small τ values the parameter λ decreases to
about 2. This reflects the fact that for small x values the fall-off of the PDFs is much
weaker than for large x.

iii. Even far away from the true threshold the Drell-Yan cross section receives its dominant
contributions from those terms in the hard partonic cross section that are leading in
the limit z → 1. Assuming this is true for other processes as well, the evaluation
of virtual corrections plus soft emissions provides a simple and efficient way to obtain
useful approximations for higher-order perturbative corrections.

iv. With the appropriate choice of the effective soft scale µs, the convergence of the pertur-
bative expansion is greatly improved by the resummation. However, for small Drell-Yan
masses the terms beyond O(α2

s) in the resummed expression for the cross section are
numerically unimportant. We thus do not confirm the large impact of threshold resum-
mation on the Drell-Yan rapidity distribution reported in [15]. For larger masses the
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effects can be significant. For instance, the experiment E866/NuSea has reported data
up to M = 16.85 GeV (corresponding to τ ≈ 0.19) [18]. We find that at M = 16GeV
resummation effects enhance the fixed-order predictions for the cross section by about
25% at NLO, and 7% at NNLO.

v. For the case of the integrated cross-section dσ/dM2, we perform a detailed comparison
with the traditional resummation approach in moment space. Similar to the case of
deep-inelastic scattering (DIS) in the region x → 1, we find that the two approaches are
equivalent up to power corrections, which turn out to be numerically small. An impor-
tant conceptual difference is that in the effective-theory approach the running coupling
is evaluated at physical short-distance scales depending only on the external variables s
and M (and perhaps the rapidity Y ). In this way, the Landau-pole ambiguities inherent
in the standard approach are avoided.

We begin our analysis discussing the structure of the hard-scattering kernels relevant for
the Drell-Yan rapidity distribution in fixed-order perturbative QCD. In Section 3 we use
the framework of soft-collinear effective theory (SCET) [23, 24, 25] to derive the standard
factorization formula for the partonic cross section in the limit z → 1 in terms of hard and soft
functions, which we define in terms of Wilson coefficients of operators in the effective theory.
The solutions to the RG equations obeyed by these coefficients are derived in Section 4. With
these results at hand, we present exact analytic expressions for the resummed Drell-Yan cross
section and rapidity distribution. A detailed numerical analysis of our results is presented
in Section 5. After choosing the hard and soft matching scales in the effective theory by
analyzing the perturbative expansions of the Wilson coefficient functions, we investigate the
stability of the results under scale variations and discuss the impact of the resummation.
Before concluding, we discuss the connection with the conventional moment-space approach.

2 Fixed-order calculation and the threshold region

We consider the production of a lepton pair with invariant mass M in hadron-hadron collisions
at center-of-mass energy

√
s (Drell-Yan process), focusing for simplicity on the reaction N1 +

N2 → γ∗ + X followed by γ∗(q) → l− + l+. Our goal is to calculate the double differential

cross section in the variables M2 = q2 and Y = 1
2 ln q0+q3

q0−q3 , where Y denotes the rapidity of
the lepton pair in the center-of-mass frame. Up to power corrections this cross section can
be calculated in perturbative QCD and expressed in terms of convolutions of short-distance
partonic cross sections with PDFs:

d2σ

dM2dY
=

4πα2

3NcM2s

∑

i,j

∫
dx1 dx2 C̃ij(x1, x2, s, M, µf) fi/N1

(x1, µf) fj/N2
(x2, µf) . (1)

Here fi/N (x, µf) is the probability of finding a parton i with longitudinal momentum fraction

x inside the hadron N , and µf is the factorization scale. The hard-scattering kernels C̃ij

have an expansion in powers of the strong coupling αs. The sum extends over all possible
partonic channels contributing at a given order in this expansion. At leading order (∼ α0

s)
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effects can be significant. For instance, the experiment E866/NuSea has reported data
up to M = 16.85 GeV (corresponding to τ ≈ 0.19) [18]. We find that at M = 16GeV
resummation effects enhance the fixed-order predictions for the cross section by about
25% at NLO, and 7% at NNLO.

v. For the case of the integrated cross-section dσ/dM2, we perform a detailed comparison
with the traditional resummation approach in moment space. Similar to the case of
deep-inelastic scattering (DIS) in the region x → 1, we find that the two approaches are
equivalent up to power corrections, which turn out to be numerically small. An impor-
tant conceptual difference is that in the effective-theory approach the running coupling
is evaluated at physical short-distance scales depending only on the external variables s
and M (and perhaps the rapidity Y ). In this way, the Landau-pole ambiguities inherent
in the standard approach are avoided.

We begin our analysis discussing the structure of the hard-scattering kernels relevant for
the Drell-Yan rapidity distribution in fixed-order perturbative QCD. In Section 3 we use
the framework of soft-collinear effective theory (SCET) [23, 24, 25] to derive the standard
factorization formula for the partonic cross section in the limit z → 1 in terms of hard and soft
functions, which we define in terms of Wilson coefficients of operators in the effective theory.
The solutions to the RG equations obeyed by these coefficients are derived in Section 4. With
these results at hand, we present exact analytic expressions for the resummed Drell-Yan cross
section and rapidity distribution. A detailed numerical analysis of our results is presented
in Section 5. After choosing the hard and soft matching scales in the effective theory by
analyzing the perturbative expansions of the Wilson coefficient functions, we investigate the
stability of the results under scale variations and discuss the impact of the resummation.
Before concluding, we discuss the connection with the conventional moment-space approach.

2 Fixed-order calculation and the threshold region

We consider the production of a lepton pair with invariant mass M in hadron-hadron collisions
at center-of-mass energy

√
s (Drell-Yan process), focusing for simplicity on the reaction N1 +

N2 → γ∗ + X followed by γ∗(q) → l− + l+. Our goal is to calculate the double differential

cross section in the variables M2 = q2 and Y = 1
2 ln q0+q3

q0−q3 , where Y denotes the rapidity of
the lepton pair in the center-of-mass frame. Up to power corrections this cross section can
be calculated in perturbative QCD and expressed in terms of convolutions of short-distance
partonic cross sections with PDFs:

d2σ

dM2dY
=

4πα2

3NcM2s

∑

i,j

∫
dx1 dx2 C̃ij(x1, x2, s, M, µf) fi/N1

(x1, µf) fj/N2
(x2, µf) . (1)

Here fi/N (x, µf) is the probability of finding a parton i with longitudinal momentum fraction

x inside the hadron N , and µf is the factorization scale. The hard-scattering kernels C̃ij

have an expansion in powers of the strong coupling αs. The sum extends over all possible
partonic channels contributing at a given order in this expansion. At leading order (∼ α0

s)

3

only the channels (ij) = (qq̄), (q̄q) contribute, while at NLO (∼ αs) one must include (ij) =
(qq̄), (q̄q), (qg), (gq), (q̄g), (gq̄) in the sum.

It will be useful for our purposes to introduce the ratios

τ =
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=

τ

x1x2
, (2)

where ŝ = x1x2s is the center-of-mass energy squared of the partonic subprocess that creates
the lepton pair. This determines the maximum energy transferred to the leptons and the
maximum invariant mass M they can have. In [5] the coefficient functions C̃ij are expressed
in terms of the variable z and a second quantity
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define new kernels via

C̃ij(x1, x2, s, M, µf) =

∣∣∣∣
dz dy

dx1 dx2

∣∣∣∣
Cij(z, y, M, µf)

[1 − y(1 − z)][1 − (1 − y)(1 − z)]
. (5)

At NLO the explicit results for these functions can be written in the form (with αs ≡ αs(µf)
and eq denoting the electric charges of the quarks in units of e) [5]
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Dynamical Enhancement of Threshold Effects

• Threshold effects can be important even away from hadronic threshold

only the channels (ij) = (qq̄), (q̄q) contribute, while at NLO (∼ αs) one must include (ij) =
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,

Upon performing the integration over y, the leading singular terms in (9) give rise to the
following contribution to the cross section:

d2σthresh

dM2dY
=

4πα2

3NcM2s

∑

q

e2
q

∫
dz

z
C(z, M, µf) (10)

×
[
fq/N1

(
√
τ eY , µf) fq̄/N2

(
√
τ/z e−Y , µf) + fq/N1

(
√
τ/z eY , µf) fq̄/N2

(
√
τ e−Y , µf)

2
+ (q ↔ q̄)

]
.

The lower limit of the z integral is
√
τ e∓Y , as appropriate for the two terms. At tree level,

we recover the parton-model result

d2σ

dM2dY
=

4πα2

3NcM2s

∑

q

e2
q

[
fq/N1

(
√
τ eY , µf) fq̄/N2

(
√
τ e−Y , µf) + (q ↔ q̄)

]
. (11)

We also note that integrating over rapidity, we obtain for the leading singular terms in the
single-differential cross section

dσthresh
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=

4πα2

3NcM2s

∑

q

e2
q

∫
dx1
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x2
C(z, M, µf)

[
fq/N1

(x1, µf) fq̄/N2
(x2, µf) + (q ↔ q̄)

]
,

(12)
where z = τ/(x1x2), and the integration is restricted to the region where x1x2 ≥ τ . This
result can be rewritten in the more convenient form

dσthresh

dM2
=

4πα2

3NcM2s

∫ 1

τ

dz

z
C(z, M, µf) ff(τ/z, µf) , (13)

where

ff(y, µf) =
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q
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∫ 1

y

dx

x

[
fq/N1

(x, µf) fq̄/N2
(y/x, µf) + (q ↔ q̄)

]
(14)

denotes the Mellin convolution of the PDFs.
In the following section we will derive a factorization formula for the coefficient C(z, M2, µf)

using methods of effective field theory. The result is

C(z, M, µf) = H(M, µf) S(
√

ŝ (1 − z), µf ) , (15)

where H and S will be referred to as hard and soft functions, respectively, and will be defined
in terms of Wilson coefficients of operators in SCET. The calculation of the components H
and S at any order in perturbation theory is much simpler than the calculation of the Drell-
Yan cross section at the same order. Eq. (15) thus provides an approximation to the cross
section that requires a minimal amount of calculational work. The all-order resummation of
the partonic threshold logarithms is then achieved by solving RG equations.

It must be emphasized at this point that the variable z is not set by external kinematics,
but instead is integrated over the interval between τ = M2/s and 1. It is therefore necessary
to specify under which conditions the partonic threshold region requires special attention. For
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instance, also in inclusive processes such as e−e− → hadrons there are kinematical situations
where scales much smaller than the center-of-mass energy are important, such as the emission
of a soft gluon into the final state. It is a well-known fact, however, that upon integration over
the entire phase space the perturbation series is insensitive to scales lower than

√
s at leading

power.
There are two limits in which the threshold contributions are parametrically enhanced.

First, if the invariant mass of the lepton pair is near the kinematic limit set by the total
center-of-mass energy of the hadron-hadron collision, then τ ≈ 1 and hence z ≥ τ is always
near 1. Threshold resummation is necessary in this case and proceeds in close analogy to the
resummation of threshold logarithms for the DIS structure functions for x → 1 [9, 10, 11, 12].
In practice, the region τ ≈ 1 is irrelevant for phenomenology, since the strong suppression of
the PDFs near the endpoint implies a very low parton luminosity in this case.

A second way in which the threshold contributions can be enhanced arises dynamically,
if the weight function multiplying the hard-scattering kernel under the z-integral is steeply
falling with (1 − z) [19, 20]. In this case threshold resummation can be justified even if τ is
much less than 1. In practice, such a behavior has to result from the fall-off of the parton
densities with increasing x. Consider for simplicity the total cross section dσ/dM2, for which
the relevant combination of PDFs is given by the function ff(y, µf) in (14). Figure 1 shows
that this function is indeed very steeply falling with y. Taking µf = 8GeV, one finds that
ff(y, µf) ∝ ya for y → 0 and ff(y, µf) ∝ (1 − y)b for y → 1, where a ≈ −1.8 and b ≈ 11. The
figure shows that the first form reasonably well describes the behavior for y < 0.05, while
the second form holds for y > 0.3. Using these asymptotic forms for the parton luminosity
function, we find that for τ < 0.05

dσthresh

dM2
≈

4πα2

3NcM2s
ff(τ, µf)

∫ 1

τ

dz

z
z−a C(z, M, µf) , (16)
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

only the channels (ij) = (qq̄), (q̄q) contribute, while at NLO (∼ αs) one must include (ij) =
(qq̄), (q̄q), (qg), (gq), (q̄g), (gq̄) in the sum.

It will be useful for our purposes to introduce the ratios

τ =
M2

s
, z =

M2

ŝ
=

τ

x1x2
, (2)

where ŝ = x1x2s is the center-of-mass energy squared of the partonic subprocess that creates
the lepton pair. This determines the maximum energy transferred to the leptons and the
maximum invariant mass M they can have. In [5] the coefficient functions C̃ij are expressed
in terms of the variable z and a second quantity

y =
x1

x2
e−2Y − z

(1 − z)(1 + x1

x2
e−2Y )

. (3)

These variables take values on the intervals 0 ≤ y ≤ 1 and τ ≤ z ≤ 1 subject to the condition
that the parton momentum fractions

x1 =

√
τ

z

1 − (1 − y)(1 − z)

1 − y(1 − z)
eY , x2 =

√
τ

z

1 − y(1 − z)

1 − (1 − y)(1 − z)
e−Y (4)

do not exceed 1. The allowed range for the rapidity is such that 2|Y | ≤ ln(1/τ). We then
define new kernels via

C̃ij(x1, x2, s, M, µf) =

∣∣∣∣
dz dy

dx1 dx2

∣∣∣∣
Cij(z, y, M, µf)

[1 − y(1 − z)][1 − (1 − y)(1 − z)]
. (5)

At NLO the explicit results for these functions can be written in the form (with αs ≡ αs(µf)
and eq denoting the electric charges of the quarks in units of e) [5]

Cqq̄

e2
q

= δ(1 − z)
δ(y) + δ(1 − y)

2

[

1 +
CFαs

π

(
3

2
ln

M2

µ2
f

+
2π2

3
− 4

)]

+
CFαs

π

{
δ(y) + δ(1 − y)

2

[
(1 + z2)

[
1

1 − z
ln

M2(1 − z)2

µ2
fz

]

+

+ 1 − z

]

+
1

2

[
1 +

(1 − z)2

z
y(1 − y)

][
1 + z2

1 − z

([
1

y

]

+

+

[
1

1 − y

]

+

)
− 2(1 − z)

]}

,

Cqg

e2
q

=
TFαs

2π

{

δ(y)

[
(
z2 + (1 − z)2

)
ln

M2(1 − z)2

µ2
fz

+ 2z(1 − z)

]
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[
1 +

(1 − z)2

z
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) [1
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]}

. (6)
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• Factorization of hard and soft scales
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Upon performing the integration over y, the leading singular terms in (9) give rise to the
following contribution to the cross section:

d2σthresh

dM2dY
=

4πα2

3NcM2s

∑

q

e2
q

∫
dz

z
C(z, M, µf) (10)

×
[
fq/N1

(
√
τ eY , µf) fq̄/N2

(
√
τ/z e−Y , µf) + fq/N1

(
√
τ/z eY , µf) fq̄/N2

(
√
τ e−Y , µf)

2
+ (q ↔ q̄)

]
.

The lower limit of the z integral is
√
τ e∓Y , as appropriate for the two terms. At tree level,

we recover the parton-model result

d2σ

dM2dY
=

4πα2

3NcM2s

∑

q

e2
q

[
fq/N1

(
√
τ eY , µf) fq̄/N2

(
√
τ e−Y , µf) + (q ↔ q̄)

]
. (11)

We also note that integrating over rapidity, we obtain for the leading singular terms in the
single-differential cross section

dσthresh

dM2
=

4πα2

3NcM2s

∑

q

e2
q

∫
dx1

x1

dx2

x2
C(z, M, µf)

[
fq/N1

(x1, µf) fq̄/N2
(x2, µf) + (q ↔ q̄)

]
,

(12)
where z = τ/(x1x2), and the integration is restricted to the region where x1x2 ≥ τ . This
result can be rewritten in the more convenient form

dσthresh

dM2
=

4πα2

3NcM2s

∫ 1

τ

dz

z
C(z, M, µf) ff(τ/z, µf) , (13)

where

ff(y, µf) =
∑

q

e2
q

∫ 1

y

dx

x

[
fq/N1

(x, µf) fq̄/N2
(y/x, µf) + (q ↔ q̄)

]
(14)

denotes the Mellin convolution of the PDFs.
In the following section we will derive a factorization formula for the coefficient C(z, M2, µf)

using methods of effective field theory. The result is

C(z, M, µf) = H(M, µf) S(
√

ŝ (1 − z), µf ) , (15)

where H and S will be referred to as hard and soft functions, respectively, and will be defined
in terms of Wilson coefficients of operators in SCET. The calculation of the components H
and S at any order in perturbation theory is much simpler than the calculation of the Drell-
Yan cross section at the same order. Eq. (15) thus provides an approximation to the cross
section that requires a minimal amount of calculational work. The all-order resummation of
the partonic threshold logarithms is then achieved by solving RG equations.

It must be emphasized at this point that the variable z is not set by external kinematics,
but instead is integrated over the interval between τ = M2/s and 1. It is therefore necessary
to specify under which conditions the partonic threshold region requires special attention. For
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The µf -dependent terms can be derived from the fact that the cross section in (1) is scale
independent, while the PDFs obey the DGLAP evolution equations [26, 27, 28]. The remaining
functions follow from the symmetry relations

Cq̄q = Cqq̄ , Cq̄g = Cqg , Cgq = Cgq̄ = Cqg|y→1−y . (7)

The hard-scattering kernels at NNLO have been calculated in [5, 6] and are available in the
form of a computer program [29].

The explicit expressions for the coefficient functions given above contain terms that are
singular in the “partonic threshold region” z → 1, in which the center-of-mass energy of the
parton subprocess is just large enough to create a lepton pair with invariant mass M . Indeed,
the arguments of the logarithms in (6) suggest the relevance of two mass scales: a “hard” scale
µh ∼ M , and a “soft” scale µs ∼ M(1 − z)/

√
z =

√
ŝ (1 − z). Physically, the hard scale is set

by the invariant mass of the lepton pair, while the soft scale is of the order of the energy of
the remnant jet X produced in the collision. In the region of parton kinematics where z → 1
these scales are separated, µh % µs, in which case the coefficient functions contain large
logarithms irrespective of the choice of the factorization scale µf . Threshold resummation for
the Drell-Yan cross section [9, 10, 11, 12] aims at resumming these logarithms to all orders in
perturbation theory.

Let us return to the structure of the relations (6) and identify the leading singular terms in
the partonic threshold region. They are contained in Cqq̄ and up to NLO multiply δ-functions
in the variable y. Beyond NLO some of the leading singular terms in the expressions obtained
in [5] multiply nontrivial functions of y, but since the y-dependence of the parton variables x1

and x2 in (4) is subleading in the z → 1 limit one can always rearrange the expressions in such
a way that the leading singular terms multiply δ-functions in y. Explicitly, we then obtain

Cqq̄ =
δ(y) + δ(1 − y)

2
e2

q C(z, M, µf ) + Csubl
qq̄ , (8)

where

C(z, M, µf ) = δ(1 − z) +
CFαs

π

{
δ(1 − z)

(
3

2
L +

2π2

3
− 4

)
+ 2

[
Lz

1 − z

]

+

}

+ CF

(αs

π

)2 [
CFPF (z) + CAPA(z) + TF nfPf(z)

]
, (9)

and we have defined L = ln(M2/µ2
f) and Lz = ln[M2(1 − z)2/µ2

fz]. The terms in the first
line can be readily read off from (6). The two-loop coefficients Pi(z) are given in Appendix A.
Note that the factor z in the argument of the logarithm Lz could be set to 1 at leading order,
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Dynamic Soft Scale

Q2 = −q2, which has been derived in [21] and reads

K(Q2, x) = |CV (Q2, µh)|2 U(Q, µh, µs, µf) exp
[
−2aγφ(µs, µf)

]

×(1 − x)η j̃DIS

(
ln

Q2(1 − x)

µ2
s

+ ∂η, µs

) e−γEη Γ(1 + bu)

Γ(1 + bu + η)
, (56)

where in this case the dominant contribution comes from the valence up-quark, which has
the smallest bq parameter, bu ≈ 4.0 at µf = 3 GeV [51]. Obviously the structure of threshold
logarithms is very similar in the two cases once we consider equal hard scales (Q2 = M2)
and compare the small parameter (1− x) in DIS near the endpoint with the small parameter
(1 − τ)2 in Drell-Yan production. Differences arise from the following facts: (i) Drell-Yan
production has time-like kinematics, whereas DIS probes the nucleon at space-like momentum
transfer. This gives rise to a difference in the hard matching coefficients |CV |2 starting at
one-loop order. (ii) The soft/jet functions in the two cases are different starting from one-loop
order. (iii) The Drell-Yan cross section involves a convolution with two PDFs, whereas in DIS
a single parton density appears. This explains the different coefficients in front of aγφ and η in
the expressions for the K-factors. (iv) For the same reason, the resulting convolution integrals
over the PDFs give rise to different expressions involving the bq and bq̄ exponents.

There is one more important piece of information that we can extract from the result (55)
for the Drell-Yan K-factor. As we have seen, the exponents bq and bq̄ take rather large values.
Therefore, the arguments of the Γ-functions in (55) contain the large quantity (2+bd+bd̄) ≈ 13.
It is straightforward to show that the derivative with respect to η in the argument of the soft
function has the effect of changing the argument of the logarithm as follows:

ln
M2(1 − τ)2

µ2
s

+ ∂η → ln
M2(1 − τ)2

µ2
s(2 + bd + bd̄)2

, (57)

up to O(1) factors. It follows that a proper choice for the soft matching scale near τ → 1 is

µs ≈
M(1 − τ)

(2 + bd + bd̄)
≈

M(1 − τ)

13
, (58)

which is an order of magnitude less than the naive choice M(1−τ). The fact that the fall-off of
the parton densities strongly favors the large-z region leads to a strong additional suppression
of the effective soft scale.

5 Phenomenological analysis

In this section we perform a detailed numerical analysis of our results. One of our goals is
to study to what extent threshold resummation is important (or even justified) in processes
where the invariant mass of the Drell-Yan pair is not very close to the center-of-mass energy.
We have seen in Section 2 that for very small values of the ratio τ = M2/s the threshold
contributions are not parametrically enhanced. Even though empirically these terms still
give rise to the dominant contributions to the cross section, there is no need to perform a
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Figure 5: Relative contributions to the Drell-Yan cross section dσ/dM2 at M = 20 GeV arising
from the one-loop (left) and two-loop (right) corrections to the soft function s̃DY, as a function
of the soft matching scale µs. The curves are labeled by the corresponding values of τ = M2/s.

calculations can be done in fixed-order perturbation theory, and use the renormalization group
to perform the evolution (“running”) between the different matching scales.

We begin by applying this criterion to the hard function

H(M, µh) = |CV (−M2, µh)|2 = 1 +
∞∑

n=1

cn

(µh

M

)
[αs(µh)]

n . (59)

Figure 4 shows the dependence of the expansion coefficients c1 and c2 on the ratio µh/M . The
one-loop coefficient c1 vanishes for µh/M ≈ 1.569 and µh/M ≈ 0.142. The second solution
is in a region of very small µh, where the expansion coefficients vary strongly and where the
ln2(M2/µ2

h) and ln(M2/µ2
h) terms have opposite sign. We will thus discard it. In the region

around the first solution the two-loop coefficient c2 is stable and positive. In our numerical
analysis we will vary µh between M and 2M , taking µh = 3M/2 as the default choice.

The matching scale µs must be determined separately for each process, since it is sensitive
to the integration range of the z variable (which depends on τ and Y ) and to the shape of the
PDFs. In Figure 5, we plot the relative contributions to the cross section dσ/dM2 (normalized
to the total cross section) arising from the one- and two-loop terms in the soft function s̃DY as
a function of µs. We choose M = 20 GeV and consider different values of τ = M2/s between
0.01 and 0.7. The plots have been obtained by setting the factorization scale equal to M and
using MRST2004NNLO parton densities [30]. We have checked that virtually indistinguishable
results are obtained when µf is varied by a factor of 2. Notice that with increasing τ values
the regions where the one- and two-loop contributions are of modest size shift toward lower
µs values. To be specific, we consider two criteria for a good convergence of the perturbative
expansion (see the left plot in the figure):

I. Starting from a high scale, we determine the value of µs at which the one-loop correction
drops below 15%.

II. We choose the value of µs for which the one-loop contribution is minimal.
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where in this case the dominant contribution comes from the valence up-quark, which has
the smallest bq parameter, bu ≈ 4.0 at µf = 3 GeV [51]. Obviously the structure of threshold
logarithms is very similar in the two cases once we consider equal hard scales (Q2 = M2)
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over the PDFs give rise to different expressions involving the bq and bq̄ exponents.
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It is straightforward to show that the derivative with respect to η in the argument of the soft
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ln
M2(1 − τ)2

µ2
s

+ ∂η → ln
M2(1 − τ)2

µ2
s(2 + bd + bd̄)2

, (57)

up to O(1) factors. It follows that a proper choice for the soft matching scale near τ → 1 is
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(2 + bd + bd̄)
≈

M(1 − τ)
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, (58)

which is an order of magnitude less than the naive choice M(1−τ). The fact that the fall-off of
the parton densities strongly favors the large-z region leads to a strong additional suppression
of the effective soft scale.

5 Phenomenological analysis

In this section we perform a detailed numerical analysis of our results. One of our goals is
to study to what extent threshold resummation is important (or even justified) in processes
where the invariant mass of the Drell-Yan pair is not very close to the center-of-mass energy.
We have seen in Section 2 that for very small values of the ratio τ = M2/s the threshold
contributions are not parametrically enhanced. Even though empirically these terms still
give rise to the dominant contributions to the cross section, there is no need to perform a
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Figure 5: Relative contributions to the Drell-Yan cross section dσ/dM2 at M = 20 GeV arising
from the one-loop (left) and two-loop (right) corrections to the soft function s̃DY, as a function
of the soft matching scale µs. The curves are labeled by the corresponding values of τ = M2/s.

calculations can be done in fixed-order perturbation theory, and use the renormalization group
to perform the evolution (“running”) between the different matching scales.

We begin by applying this criterion to the hard function

H(M, µh) = |CV (−M2, µh)|2 = 1 +
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Figure 4 shows the dependence of the expansion coefficients c1 and c2 on the ratio µh/M . The
one-loop coefficient c1 vanishes for µh/M ≈ 1.569 and µh/M ≈ 0.142. The second solution
is in a region of very small µh, where the expansion coefficients vary strongly and where the
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h) and ln(M2/µ2
h) terms have opposite sign. We will thus discard it. In the region

around the first solution the two-loop coefficient c2 is stable and positive. In our numerical
analysis we will vary µh between M and 2M , taking µh = 3M/2 as the default choice.

The matching scale µs must be determined separately for each process, since it is sensitive
to the integration range of the z variable (which depends on τ and Y ) and to the shape of the
PDFs. In Figure 5, we plot the relative contributions to the cross section dσ/dM2 (normalized
to the total cross section) arising from the one- and two-loop terms in the soft function s̃DY as
a function of µs. We choose M = 20 GeV and consider different values of τ = M2/s between
0.01 and 0.7. The plots have been obtained by setting the factorization scale equal to M and
using MRST2004NNLO parton densities [30]. We have checked that virtually indistinguishable
results are obtained when µf is varied by a factor of 2. Notice that with increasing τ values
the regions where the one- and two-loop contributions are of modest size shift toward lower
µs values. To be specific, we consider two criteria for a good convergence of the perturbative
expansion (see the left plot in the figure):

I. Starting from a high scale, we determine the value of µs at which the one-loop correction
drops below 15%.

II. We choose the value of µs for which the one-loop contribution is minimal.
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Threshold Resummation for Drell Yan

• Resummation known to NNNLL accuracy.
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Figure 8: Resummed (solid lines) versus fixed-order results (dashed lines) for the K-factor as
a function of M . The light, medium, and dark lines correspond to LO, NLO, and NNLO,
respectively. Default values are used for all scales.

large values of M .

5.3 Rapidity distribution and cross section at
√

s = 38.76 GeV

As a final application, we now return to the rapidity distribution in Drell-Yan production at√
s = 38.76 GeV. As mentioned in the Introduction, in this case large resummation effects

were found for M = 8 GeV [15] even though τ ≈ 0.04 is very small. These effects were claimed
to reduce the NLO fixed-order cross section by about 30%. Fixed-order predictions for the
rapidity distribution up to NNLO were discussed in [5, 6]. Here we present results for the two
cases M = 8 and 16GeV. In order to obtain the best possible predictions we combine our
resummed result for the cross section with the power-suppressed terms calculated in fixed-order
perturbation theory. In our approach this matching can be implemented in a straightforward
way as follows:

dσcombined

dM2dY
=

dσthresh

dM2dY

∣∣∣∣
µh,µs,µf

+

(
dσfixed order

dM2dY

∣∣∣∣
µf

−
dσthresh

dM2dY

∣∣∣∣
µh=µs=µf

)

. (61)

In Figure 9, we compare our RG-improved results with the fixed-order results, varying the
scales over the ranges M/2 < µf < 2M , M < µh < 2M , and µI

s < µs < µII
s . The bands

reflect the variations about the default value. In the fixed-order case only the first variation
is relevant, while in the resummed case we add the individual variations in quadrature.

We observe again that resummation significantly accelerates the convergence of the per-
turbative expansion. Moreover, even though in the resummed case we include the scale de-
pendence from the variation of three different scales, the combined uncertainty at NLO and
NNLO is significantly smaller than in the fixed-order case. Also, given the better overlap of
the bands in the resummed case, our error estimates appear to be more conservative. As a
final comment, we note that for M = 8GeV the resummed results at NLO and NNLO are
consistent within errors with the fixed-order results, indicating that threshold resummation
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(Becher,Neubert)

(Mukherjee, Vogelsang; Bolzoni; Ravindran,Smith,van Neervan;Becher,Neubert)

for threshold resummation is justified parametrically (see the discussion in Section 2). In this
case the convolution integrals in formula (12) for the Drell-Yan cross section can be performed
analytically if a reasonably simple model for the PDFs near the endpoint is adopted. We
parameterize the behavior near x = 1 as

fq/N(x, µf)
∣∣
x→1

= Nq(µf) (1 − x)bq(µf )
[
1 + O(1 − x)

]
, (52)

and similarly for the anti-quark distribution. It then follows that at leading power in (1 − y)
the parton luminosity function defined in (14) is given by

ff(y, µf) = 2
∑

q

e2
q Nq(µf) Nq̄(µf) (1 − y)1+bq+bq̄

Γ(1 + bq) Γ(1 + bq̄)

Γ(2 + bq + bq̄)
. (53)

Furthermore, the sum over flavors is dominated by the terms with the smallest exponent
(bq + bq̄). For example, in pp collisions at one finds bu + bū ≈ 14.4, bd + bd̄ ≈ 10.8, and
bs + bs̄ ≈ 16.0 at µ0 = 3 GeV [51]. These exponents increase by a flavor-independent amount
2aΓ(µf , µ0) when µf is raised to larger values, e.g., by about 0.4 at µf = 8 GeV [22]. It follows
that the leading behavior near the endpoint is due to the down-quark contribution.

Introducing the Drell-Yan K-factor as the ratio

dσ

dM2
= K(M2, τ)

dσ

dM2

∣∣∣∣
LO

, (54)

we then obtain at leading power

K(M2, τ) = |CV (−M2, µh)|2 U(M, µh, µs, µf)

×(1 − τ)2η s̃DY

(
ln

M2(1 − τ)2

µ2
s

+ ∂η, µs

) e−2γEη Γ(2 + bd + bd̄)

Γ(2 + bd + bd̄ + 2η)
. (55)

This may be compared with the K-factor for DIS at large Bjorken x and momentum transfer
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Jet Production Near Threshold
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

1 Introduction

The production of gauge boson in association with jets is a dangerous background to searches
for new physics at the LHC. When the gauge boson in question is a W or Z that decays into
neutrinos, the resulting missing energy plus multi-jet final state is the dominant background
to searches for supersymmetry (SUSY) and other models with dark-matter candidates and
therefore missing energy signatures, such as Little Higgs with T-parity or universal extra
dimensions. Searches for SUSY and these other theories typically rely upon a shape di↵erence
between signal and background in the tail of the meff distribution, where meff is defined as
the scalar sum of the missing and jet transverse energies:

meff = 6ET +
X

j

pTj. (1)

The sum over jet transverse momenta may either be taken over only the leading 2, 3 or 4
jets, or may be taken over all identified jets in the event; ATLAS [1] follows the first of these
approaches, while CMS utilizes the second [2]. Considering di↵erent jet-multiplicity bins
may help probe non-standard SUSY theories, such as those with compressed spectra [3].

Motivated by its importance, numerous theoretical e↵orts have been devoted to calculat-
ing precisely gauge bosons produced in association with jets in the Standard Model. Recent
advances have allowed W,Z + 3 jets [4, 5, 6] and even W,Z + 4 jets [7, 8] to be calculated
to next-to-leading order (NLO) accuracy in perturbative QCD. These calculations substan-
tially reduce the residual scale uncertainty of the prediction. However, heavy supersymmetric
states will populate the tail of the meff distributions, where fixed-order perturbation theory
may miss important corrections appearing at higher orders. In particular, large logarithms of
the form ln(1�m2

eff/s), with s the center-of-mass energy squared of the hadronic collisions,
may be induced by the implicit restriction on soft gluons that comes from having nearly all
the energy go into the leading few jets and 6ET . Such e↵ects can be exacerbated for the gg
and qg partonic initial states, due to the steeply falling gluon distribution at high Bjorken x.
They would increase for high meff , potentially mimicking a SUSY signal. The resummation
of such soft-gluon logarithms has been previously studied for the related single-inclusive jet
production pT distribution at the Tevatron and RHIC [9]. The resummation e↵ects were
found to be moderate but increasing at high pT , generating the aforementioned shape di↵er-
ence. A study of threshold resummation of gauge boson plus multi-jet processes at the LHC
is therefore warranted.

We begin such a study in this manuscript by considering the threshold resummation of
the �+2 jets process at the LHC. This process represents a slightly simpler first step toward
a study of the W/Z+n jet process, but is also interesting on its own as a possible calibration
process for missing energy plus jet backgrounds. [10]. We utilize the Soft-Collinear E↵ective
Theory (SCET) [11, 12, 13] to study the e↵ect of threshold logarithms. A formulation of
threshold resummation within SCET applicable to multi-jet processes was given in Ref. [14],
and we follow the approach outlined there. In addition to our phenomenological studies, we
also incorporate the use of jettiness [15] to define the jets in our analysis, which allows us to

1

• Factorization and NLL resummation has been studied for dijet production.

• The structure of factorization with jet algorithms was studied in SCET.
(Bauer,Dunn,Hornig)

(Kidonakis,Oderda,Sterman)

• The treatment of multiple jets usually requires jet algorithms to be 
implemented. 

• Dijet production at machine threshold was recently studied using event-
  shapes. (Kelley,Schwartz)
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

1 Introduction

The production of gauge boson in association with jets is a dangerous background to searches
for new physics at the LHC. When the gauge boson in question is a W or Z that decays into
neutrinos, the resulting missing energy plus multi-jet final state is the dominant background
to searches for supersymmetry (SUSY) and other models with dark-matter candidates and
therefore missing energy signatures, such as Little Higgs with T-parity or universal extra
dimensions. Searches for SUSY and these other theories typically rely upon a shape di↵erence
between signal and background in the tail of the meff distribution, where meff is defined as
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The sum over jet transverse momenta may either be taken over only the leading 2, 3 or 4
jets, or may be taken over all identified jets in the event; ATLAS [1] follows the first of these
approaches, while CMS utilizes the second [2]. Considering di↵erent jet-multiplicity bins
may help probe non-standard SUSY theories, such as those with compressed spectra [3].

Motivated by its importance, numerous theoretical e↵orts have been devoted to calculat-
ing precisely gauge bosons produced in association with jets in the Standard Model. Recent
advances have allowed W,Z + 3 jets [4, 5, 6] and even W,Z + 4 jets [7, 8] to be calculated
to next-to-leading order (NLO) accuracy in perturbative QCD. These calculations substan-
tially reduce the residual scale uncertainty of the prediction. However, heavy supersymmetric
states will populate the tail of the meff distributions, where fixed-order perturbation theory
may miss important corrections appearing at higher orders. In particular, large logarithms of
the form ln(1�m2

eff/s), with s the center-of-mass energy squared of the hadronic collisions,
may be induced by the implicit restriction on soft gluons that comes from having nearly all
the energy go into the leading few jets and 6ET . Such e↵ects can be exacerbated for the gg
and qg partonic initial states, due to the steeply falling gluon distribution at high Bjorken x.
They would increase for high meff , potentially mimicking a SUSY signal. The resummation
of such soft-gluon logarithms has been previously studied for the related single-inclusive jet
production pT distribution at the Tevatron and RHIC [9]. The resummation e↵ects were
found to be moderate but increasing at high pT , generating the aforementioned shape di↵er-
ence. A study of threshold resummation of gauge boson plus multi-jet processes at the LHC
is therefore warranted.

We begin such a study in this manuscript by considering the threshold resummation of
the �+2 jets process at the LHC. This process represents a slightly simpler first step toward
a study of the W/Z+n jet process, but is also interesting on its own as a possible calibration
process for missing energy plus jet backgrounds. [10]. We utilize the Soft-Collinear E↵ective
Theory (SCET) [11, 12, 13] to study the e↵ect of threshold logarithms. A formulation of
threshold resummation within SCET applicable to multi-jet processes was given in Ref. [14],
and we follow the approach outlined there. In addition to our phenomenological studies, we
also incorporate the use of jettiness [15] to define the jets in our analysis, which allows us to
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also study the e↵ect of logarithms associated with vetoing additional jets in a controllable
way.

Our paper is organized as follows.

2 Kinematics

In this section we describe the dynamics and relevant degrees of freedom for the production
of N-jets near threshold. We closely follow the work of Ref. [14] and adapt their formalism
to an event shape based analysis using N-jettiness [15] instead of jet algorithms. Each of
the N-jets is characterized by its transverse momentum (pTJ ) and pseudorapidity (⌘J) and
we demand a minimum partonic center of mass energy (ŝmin) defined as

ŝmin = (q +
NX

i=1

piJ)
2, (2)

where the massless momenta piJ are defined as

pJ ⌘ (pTJ cosh ⌘J ,p
T
J , p

T
J sinh ⌘J). (3)

The ratio between ŝmin and the partonic and hadronic center of mass energies ŝ and s are
characterized by the variables z and ⌧ as

z =
ŝmin

ŝ
, ⌧ =

ŝmin

s
, ⌧  z  1. (4)

The limit of hadronic threshold ⌧ ! 1 automatically forces the partonic threshold z ! 1.
However, other dynamical e↵ects [?] such as the steepness of parton luminosities can force
the partonic threshold limit z ! 1 even away from hadronic threshold.

In the limit of partonic threshold, the initial state collinear patrons can emit only soft
gluons. Additional collinear radiation arises from emissions o↵ the final state hard patrons
that form the final state jets. Thus, the relevant degrees of freedom in the limit of partonic
threshold correspond to soft and collinear modes with momentum scalings

collinear: pc ⇠
p
ŝ(�2, 1,�), soft: ks ⇠

p
ŝ(�2,�2,�2), (5)

where � ⇠ p
1� z. The momenta are decomposed in terms of light-cone coordinates as

p = (p+, p�, p?) and the collinear modes along each jet are decomposed in terms of light-
cone coordinates where the spatial components of the light-cone vector are aligned with the
jet direction.

Momentum conservation at the partonic level is given by

pI = q + ks +
NX

i

pci , (6)
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ŝmin

ŝ
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• Hadronic threshold

effects could be important even if τ ! 1 has been given in Refs. [19, 20]. The idea is that
the sharp fall-off of the parton luminosity at large x dynamically enhances the contribution
of the partonic threshold region z = M2/ŝ → 1, i.e., the region where the center-of-mass
energy

√
ŝ of the initial-state partons is just sufficiently large to produce the Drell-Yan pair.

It could then be important to resum logarithms of the form ln(1 − z) in the hard partonic
cross section. However, since (1− z) is not related to a small ratio of external physical scales,
it is not obvious how to give a formal justification of this argument.

To study this question quantitatively and to assess the importance of resummation effects
for the Drell-Yan rapidity distribution were the main motivations for the present work. To
do so, we use a recent approach to Sudakov resummation based on effective field theory [21,
22]. Contrary to the standard treatment in Mellin moment space, this framework completely
separates the effects associated with different scales in the problem, thereby avoiding the
Landau-pole ambiguities inherent in the standard approach. It then uses renormalization-
group (RG) evolution to resum logarithms of scale ratios. The resummation is performed
directly in momentum space, which makes it simpler to compare to and match onto fixed-
order calculations. Our framework is particularly well suited to study the resummed rapidity
distribution, for which we derive an exact analytic expression as a one-dimensional integral over
PDFs. Using the convergence properties of the perturbative expansion after scale separation
as the primary criterion, we study in detail how and under which circumstances an effective
physical scale µs ! M emerges, which is associated with the soft emission in the process. Our
approach resums logarithms of the ratio M/µs to all orders in perturbation theory.

Our main findings can be summarized as follows:

i. In the true endpoint region τ → 1, the effective soft scale µs is an order of magnitude
smaller than the naive guess M(1 − τ). For PDFs behaving like fi/N (x) ∼ (1 − x)bi

near x → 1, we find µs ≈ λ−1M(1 − τ) with λ ≈ 2 + bq + bq̄ = O(10). This result pro-
vides a formal justification to the argument of a dynamical enhancement of the partonic
threshold region due to the fall-off of parton densities.

ii. The dynamical enhancement of the threshold contributions remains effective down to
moderate values τ ≈ 0.2, while at very small τ values the parameter λ decreases to
about 2. This reflects the fact that for small x values the fall-off of the PDFs is much
weaker than for large x.

iii. Even far away from the true threshold the Drell-Yan cross section receives its dominant
contributions from those terms in the hard partonic cross section that are leading in
the limit z → 1. Assuming this is true for other processes as well, the evaluation
of virtual corrections plus soft emissions provides a simple and efficient way to obtain
useful approximations for higher-order perturbative corrections.

iv. With the appropriate choice of the effective soft scale µs, the convergence of the pertur-
bative expansion is greatly improved by the resummation. However, for small Drell-Yan
masses the terms beyond O(α2

s) in the resummed expression for the cross section are
numerically unimportant. We thus do not confirm the large impact of threshold resum-
mation on the Drell-Yan rapidity distribution reported in [15]. For larger masses the
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

1 Introduction

The production of gauge boson in association with jets is a dangerous background to searches
for new physics at the LHC. When the gauge boson in question is a W or Z that decays into
neutrinos, the resulting missing energy plus multi-jet final state is the dominant background
to searches for supersymmetry (SUSY) and other models with dark-matter candidates and
therefore missing energy signatures, such as Little Higgs with T-parity or universal extra
dimensions. Searches for SUSY and these other theories typically rely upon a shape di↵erence
between signal and background in the tail of the meff distribution, where meff is defined as
the scalar sum of the missing and jet transverse energies:

meff = 6ET +
X

j

pTj. (1)

The sum over jet transverse momenta may either be taken over only the leading 2, 3 or 4
jets, or may be taken over all identified jets in the event; ATLAS [1] follows the first of these
approaches, while CMS utilizes the second [2]. Considering di↵erent jet-multiplicity bins
may help probe non-standard SUSY theories, such as those with compressed spectra [3].

Motivated by its importance, numerous theoretical e↵orts have been devoted to calculat-
ing precisely gauge bosons produced in association with jets in the Standard Model. Recent
advances have allowed W,Z + 3 jets [4, 5, 6] and even W,Z + 4 jets [7, 8] to be calculated
to next-to-leading order (NLO) accuracy in perturbative QCD. These calculations substan-
tially reduce the residual scale uncertainty of the prediction. However, heavy supersymmetric
states will populate the tail of the meff distributions, where fixed-order perturbation theory
may miss important corrections appearing at higher orders. In particular, large logarithms of
the form ln(1�m2

eff/s), with s the center-of-mass energy squared of the hadronic collisions,
may be induced by the implicit restriction on soft gluons that comes from having nearly all
the energy go into the leading few jets and 6ET . Such e↵ects can be exacerbated for the gg
and qg partonic initial states, due to the steeply falling gluon distribution at high Bjorken x.
They would increase for high meff , potentially mimicking a SUSY signal. The resummation
of such soft-gluon logarithms has been previously studied for the related single-inclusive jet
production pT distribution at the Tevatron and RHIC [9]. The resummation e↵ects were
found to be moderate but increasing at high pT , generating the aforementioned shape di↵er-
ence. A study of threshold resummation of gauge boson plus multi-jet processes at the LHC
is therefore warranted.

We begin such a study in this manuscript by considering the threshold resummation of
the �+2 jets process at the LHC. This process represents a slightly simpler first step toward
a study of the W/Z+n jet process, but is also interesting on its own as a possible calibration
process for missing energy plus jet backgrounds. [10]. We utilize the Soft-Collinear E↵ective
Theory (SCET) [11, 12, 13] to study the e↵ect of threshold logarithms. A formulation of
threshold resummation within SCET applicable to multi-jet processes was given in Ref. [14],
and we follow the approach outlined there. In addition to our phenomenological studies, we
also incorporate the use of jettiness [15] to define the jets in our analysis, which allows us to
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also study the e↵ect of logarithms associated with vetoing additional jets in a controllable
way.

Our paper is organized as follows.

2 Kinematics

In this section we describe the dynamics and relevant degrees of freedom for the production
of N-jets near threshold. We closely follow the work of Ref. [14] and adapt their formalism
to an event shape based analysis using N-jettiness [15] instead of jet algorithms. Each of
the N-jets is characterized by its transverse momentum (pTJ ) and pseudorapidity (⌘J) and
we demand a minimum partonic center of mass energy (ŝmin) defined as

ŝmin = (q +
NX

i=1

piJ)
2, (2)

where the massless momenta piJ are defined as

pJ ⌘ (pTJ cosh ⌘J ,p
T
J , p

T
J sinh ⌘J). (3)

The ratio between ŝmin and the partonic and hadronic center of mass energies ŝ and s are
characterized by the variables z and ⌧ as

z =
ŝmin

ŝ
, ⌧ =

ŝmin

s
, ⌧  z  1. (4)

The limit of hadronic threshold ⌧ ! 1 automatically forces the partonic threshold z ! 1.
However, other dynamical e↵ects [?] such as the steepness of parton luminosities can force
the partonic threshold limit z ! 1 even away from hadronic threshold.

In the limit of partonic threshold, the initial state collinear patrons can emit only soft
gluons. Additional collinear radiation arises from emissions o↵ the final state hard patrons
that form the final state jets. Thus, the relevant degrees of freedom in the limit of partonic
threshold correspond to soft and collinear modes with momentum scalings

collinear: pc ⇠
p
ŝ(�2, 1,�), soft: ks ⇠

p
ŝ(�2,�2,�2), (5)

where � ⇠ p
1� z. The momenta are decomposed in terms of light-cone coordinates as

p = (p+, p�, p?) and the collinear modes along each jet are decomposed in terms of light-
cone coordinates where the spatial components of the light-cone vector are aligned with the
jet direction.

Momentum conservation at the partonic level is given by

pI = q + ks +
NX

i

pci , (6)
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which is equivalent to the condition

1� z =
2

ŝ

h
pI · kout + p0I

NX

i

(pc+i + k+
i )

i
+O(�4). (13)

Thus, the limit of partonic threshold constrains the energy component of soft radiation
outside the jets (kout) and the null components of the total jet momenta (pc+i +k+

i ). We note
that the threshold variable z must be defined carefully in order to avoid the appearance of
non-global logarithms [24]; the definition above is expected to not contain such terms [18].

We note that there can be configurations consistent with Eq. (1) where one or more of the
N-jets becomes soft, so that there is a hierarchy between the di↵erent transverse momenta
pTJ . However, the inclusive nature of the observable we consider forces such configurations to
occupy a small corner of phase space. They are consequently phase-space suppressed. This is
the same phase-space suppression that makes fully inclusive Drell-Yan processes insensitive
to special exclusive jet configurations. In our case, we are interested in the tail of the meff

distribution so that meff > 1 TeV. Following the experimental studies, we further restrict
pTJ > pTmin with pTmin ⇡ 100 GeV, and impose standard cuts demanding that the photon and
jets are well separated. Two types of regions can be identified. In the first region, all the jet
momenta are of the same order so that |pTJi | ⇠ |pTJj |. A second type of region can arise where

one or more of the jets becomes soft so that hierarchies such as |pTJi | � |pTJj | can arise. This

second type of region is suppressed for several reasons. First, since pTmin ⌧ meff , events with
widely disparate jet momenta populate only a small corner of the full phase space. This can
be understood by noting that if one of the jets is soft, then the integration measure over the
corresponding jet transverse momentum scales like (pTmin/meff )2. Similarly, the integration
measure over its rapidity is also suppressed in order to maintain the requirement that the
jet is soft. The allowed phase space of the remaining hard jets is also further restricted to
the high transverse-momentum region by the requirement that the event have large meff ,
which must now be accomplished with a fewer number of states. In other words, since we
are inclusively integrating over each jet transverse momentum up to the maximum allowed
valued determined by meff , we are not sensitive to special configurations that occupy a
small corner of phase space. Another source of suppression comes from the hard production
amplitude. One or more low-pT jets require that the remaining jets and gauge boson have
very high pT in order to produce a large meff . This configuration is suppressed by the steep
fall-o↵ of the matrix elements at high transverse momentum of the leading jets.

For illustration we show numerically the suppression of these configurations for the pro-
cess pp ! � + 2 jets in Fig. 1. In the left panel the average ratio of the sub-leading jet
pT over the leading jet pT is plotted. This ratio is approximately 0.7 in the high meff

region, indicating that the jets have roughly the same pT on average. Further evidence
is shown in the right panel, where a soft-jet region of phase space is defined by requiring
100GeV  pT2  0.2 ⇥ meff/2. The contribution of one soft jet and one hard jet to the
high-meff distribution is about 5% of the contribution from two hard jets, indicating that
it contributes only a small amount to the cross section. These numerical results are in fact
a conservative estimate of the suppression of the one soft-jet region, since a portion of the
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SCET, is given by

d� = �0
X

q,i

e2q

Z 1

0
dx

Z 1

x

dz

z

Z

dsJ

Z

dta

�
⇥

x� e�YJPJT /Q

1� eYJPJT /Q

⇤

H(x QPJT e
YJ , µJ ;µQ)

⇥ Jq(sJ , µJ)Iqi(
x

z
, ta, µJ)f

i
A(z, µJ)

S(⌧1 �
ta
Qa

� sJ
QJ

, µJ ;µs) (9)

where �0 is defined by the tree-level cross-
section in Eq.(10) below. The above formula
is the detailed version of the schematic formu-
las in Eqs.(3) and (5). The last two arguments
of the hard function H above denote that RG
evolution between the scales µQ and µJ is in-
cluded. Similarly, the soft function is evolved
between the scales µs and µJ . The jet func-
tion Jq, the beam function to PDF matching
coe�cient Iqi, and the nuclear PDF f i

A are all
evaluated at the common jet scale µJ . The var-
ious functions have tree level expressions given
by H = 1, Jq = �(sJ), Iqi = �qi�(ta)�(1 � x/z)
and S = �(⌧1� ta

Qa
� sJ

QJ
). Thus, at tree level the

di↵erential cross-section takes the simple form

d�(0) = �0 �(⌧1)

Z 1

0
dx

X

q

e2qf
q
A(x, µJ)

�
⇥

x� e�YJPJT /Q

1� eYJPJT /Q

⇤

, (10)

so that the ⌧1 distribution is just a delta func-
tion peaked at ⌧1 = 0 corresponding to the
perturbative calculation for the production of
a single quark and a recoiling lepton in the fi-
nal state. The distribution in ⌧1 is smeared by
parton showering encoded by the RG evolution
of the various objects in the factorization theo-
rem. For ⌧1 ⇠ ⇤QCD, the distribution is further
smeared by non-perturbative e↵ects in the soft
function.

d� = H ⌦ J1 ⌦ J2 · · ·⌦ JN ⌦ S ⌦ f ⌦ f (11)

In Fig. 1 we show the result for the ⌧1 distri-
bution, after dividing by �0 to normalize against
the tree-level result, for a proton target in the
center of mass frame with a center of mass en-
ergy of 300 GeV, PJT = 80 GeV and YJ = 0. The
shaded band corresponds to Leading Log (LL)
resummation with tree level results for the hard,

0 2 4 6 8 10
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FIG. 1: d�/�0 is in units of GeV�3 as a function ⌧1
in units of GeV in center of mass frame with a proton
target with

p
s = 300 GeV, PJT = 80 GeV, YJ = 0.

The shaded band corresponds to LL resummation
with scale variation as explained in the text. Also,
shown is the singular part of the fixed order NLO
cross-section.

jet, soft and beam functions and using scale vari-
ation of µH = rPJT , µJ = r

p

PJT ⌧1, µs = r⌧1 for
the range r = {1/2, 2}. The curve in the mid-
dle of the band corresponds to r = 1. Fig. 1
also shows the result for the most singular part
of the NLO cross-section without resummation.
This corresponds to the curve that lies partially
outside the shaded band. Note that the e↵ect
of resummation is to tame the singular behav-
ior of the fixed order cross-section in the ⌧1 ! 0
limit. For the kinematics chosen this e↵ect is
not strong enough to to produce a peak in the
perturbative ⌧1 region. This is in contrast to
LHC kinematics where for large PJT the peak
can occur in the perturbative ⌧1 region due to a
much larger Sudakov suppression. In Fig. 2 we
show the LL resumed result for typical HERA
kinematics compared to typical EIC kinematics.

The peak in the ⌧1 distribution for typical
DIS kinematics occurs in the region of non-
perturbative ⌧1 values and is thus determined by
the dynamics of the non-perturbative soft func-
tion. We employ a model for the soft function
in the non-perturbative region ⌧1 ⇠ ⇤QCD. The
results for di↵erent parameter choices in the soft
function model are shown in Fig. 3. We see that
the di↵erent models exhibit di↵erent behavior
for ⌧1 ⇠ ⇤QCD but converge to the perturbative
result for larger values of ⌧1 as required.

We now briefly explain soft function model
used in Fig. 3. The soft function can be
written as S(⌧1, µ) =

R

dka
R

dkJ�(⌧1 � ka �
kJ)S(ka, kJ , µ), where S(ka, kJ , µ) is the gen-
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

1 Introduction

The production of gauge boson in association with jets is a dangerous background to searches
for new physics at the LHC. When the gauge boson in question is a W or Z that decays into
neutrinos, the resulting missing energy plus multi-jet final state is the dominant background
to searches for supersymmetry (SUSY) and other models with dark-matter candidates and
therefore missing energy signatures, such as Little Higgs with T-parity or universal extra
dimensions. Searches for SUSY and these other theories typically rely upon a shape di↵erence
between signal and background in the tail of the meff distribution, where meff is defined as
the scalar sum of the missing and jet transverse energies:

meff = 6ET +
X

j

pTj. (1)

The sum over jet transverse momenta may either be taken over only the leading 2, 3 or 4
jets, or may be taken over all identified jets in the event; ATLAS [1] follows the first of these
approaches, while CMS utilizes the second [2]. Considering di↵erent jet-multiplicity bins
may help probe non-standard SUSY theories, such as those with compressed spectra [3].

Motivated by its importance, numerous theoretical e↵orts have been devoted to calculat-
ing precisely gauge bosons produced in association with jets in the Standard Model. Recent
advances have allowed W,Z + 3 jets [4, 5, 6] and even W,Z + 4 jets [7, 8] to be calculated
to next-to-leading order (NLO) accuracy in perturbative QCD. These calculations substan-
tially reduce the residual scale uncertainty of the prediction. However, heavy supersymmetric
states will populate the tail of the meff distributions, where fixed-order perturbation theory
may miss important corrections appearing at higher orders. In particular, large logarithms of
the form ln(1�m2

eff/s), with s the center-of-mass energy squared of the hadronic collisions,
may be induced by the implicit restriction on soft gluons that comes from having nearly all
the energy go into the leading few jets and 6ET . Such e↵ects can be exacerbated for the gg
and qg partonic initial states, due to the steeply falling gluon distribution at high Bjorken x.
They would increase for high meff , potentially mimicking a SUSY signal. The resummation
of such soft-gluon logarithms has been previously studied for the related single-inclusive jet
production pT distribution at the Tevatron and RHIC [9]. The resummation e↵ects were
found to be moderate but increasing at high pT , generating the aforementioned shape di↵er-
ence. A study of threshold resummation of gauge boson plus multi-jet processes at the LHC
is therefore warranted.

We begin such a study in this manuscript by considering the threshold resummation of
the �+2 jets process at the LHC. This process represents a slightly simpler first step toward
a study of the W/Z+n jet process, but is also interesting on its own as a possible calibration
process for missing energy plus jet backgrounds. [10]. We utilize the Soft-Collinear E↵ective
Theory (SCET) [11, 12, 13] to study the e↵ect of threshold logarithms. A formulation of
threshold resummation within SCET applicable to multi-jet processes was given in Ref. [14],
and we follow the approach outlined there. In addition to our phenomenological studies, we
also incorporate the use of jettiness [15] to define the jets in our analysis, which allows us to
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• Schematic factorization formula

which is equivalent to the condition

1� z =
2

ŝ

h
pI · kout + p0I

NX

i

(pc+i + k+

i )
i
+O(�4). (11)

Thus, the limit of partonic threshold constrains the energy component of soft radiation
outside the jets (kout) and the null components of the total jet momenta (pc+i + k+

i ).

3 Factorization

We are interested in computing the N-jet cross-section near threshold (z ! 1) as a function
of meff

meff = 6ET +
NX

j

pTj, (12)

where 6ET denotes the missing transverse energy and pTj is the transverse momentum of
the jth jet. In this paper, in order to establish and test the formalism we focus on the
canonical process pp ! �+ 2-jets. In this case 6ET is replaced by the transverse momentum
of the photon denoted by qT . The results for pp ! �+ 2-jets can be easily adapted to the
production of the W,Z gauge bosons (which can give missing energy signals) with N -jets.

The factorization formula takes the schematic form

d� ⇠ H ⌦ J
1

⌦ · · ·⌦ JN ⌦ S ⌦ f ⌦ f, (13)

where ⌦ denotes a convolution structure, H denotes the hard function encoding the physics
of the hard partonic interaction, Ji denote the jet functions, S denotes the soft function
which describes the dynamics of soft radiation inside and outside the jets, and f denotes the
initial state nucleon PDF. The relevant scales in the problem can be characterized by

meff � meff

p
1� z � meff (1� z) � ⇤QCD, (14)

so that the hard function, the jet functions, and the soft function are evaluated at the typical
scales µH ⇠ meff , µJ ⇠ meff (1 � z), and µS ⇠ meff (1 � z) respectively. The PDFs are
evaluated at the jet scale µJ . The optimal choice of scales for the most stable resummation
can be a↵ected by the shape of the luminosity function [?] and this is discussed in the next
section.

In the N-jettiness formalism, another scale that appears is related to ⌧N . This scale is
chosen to be on the order of the soft scale. In particular, we give a factorization formula
that is di↵erential in the
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Abstract

The ATLAS and CMS Collaborations at the CERN Large Hadron Collider
(LHC) have devoted considerable effort to the study of SUSY signatures and mea-
surements. This talk provides an overview of what can be learned at the LHC if
TeV-scale SUSY exists.

1 Introduction

SUSY is perhaps the most promising candidate for physics beyond the Standard Model;
it also provides a good test of detector performance. The ATLAS [1] and CMS [2] Col-
laborations at the CERN Large Hadron Collider (LHC) have therefore devoted a lot of
effort to studying SUSY signatures and measurements. This talk provides an overview of
that work with emphasis on new results since the overviews in Ref. 3 and 4.

The SUSY cross section at the LHC is dominated by the associated strong production
of gluinos and squarks. If R parity is conserved, these decay into the lightest SUSY
particle χ̃0

1, which escapes the detector, plus quarks, gluons, and perhaps other Standard
Model particles. Thus, SUSY provides signatures containing at least jets and large missing
transverse energy /ET . The LHC should be able to observe these signals for g̃ and q̃ masses
up to about 2 TeV with only 10 fb−1 of integrated luminosity.

The challenge at the LHC is not to discover TeV-scale SUSY (assuming it exists) but
to make precision measurements of masses and other quantities. Since the decay prod-
ucts of each SUSY particle contain an invisible χ̃0

1, no mass peaks can be reconstructed
directly. Instead, masses must be inferred [5] from kinematic endpoints and other prop-
erties of the events. Developing methods to do this has been a main emphasis of the
studies to date. Typically, events are simulated for a particular SUSY model and for
the Standard Model backgrounds using a parton shower Monte Carlo program such as
HERWIG [6], ISAJET [7], or PYTHIA [8], the detector response is simulated using a fast
parameterization, cuts are made to give a good signal/background, and various kinematic
distributions are reconstructed. A number of examples are presented below.

2 Search for SUSY

Since g̃ and q̃ are strongly produced, their cross sections are comparable to QCD at the
same Q2. If R parity is conserved, their decays produce distinctive events with large
/ET . A typical analysis requires at least four jets with ET > 100, 50, 50, 50 GeV and
/ET > 100 GeV and plots as a measure of Q2 the quantity

Meff = /ET +
∑

jets j

pTj .

For large Meff the Standard Model background is typically 10% of the signal.
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kout is defined as the total momentum of soft particles that are grouped with one of the two
beam directions.

It is useful to decompose the total final-state momentum into two parts. The first part
corresponds to the minimum momentum needed to create the color neutral sector with
momentum qµ and N-jets with massless momenta pJ as in Eq. (4). This minimum total
momentum leads to a partonic center of mass energy given by ŝmin of Eq. (3). The remaining
part of the total momentum leads to the actual partonic center of mass energy ŝ � ŝmin.
This decomposition can be made explicit by noting that any four momentum pµ can be
written in terms of the massless momentum pJ of Eq. (4) as

pµ = pµJ + p+vµ, (10)

where vµ = (1,0) and p+ = p0�|p|. This follows from p0 = p0J+(p0�p0J) and p0J = |pJ| = |p|.
Thus, the partonic momentum conservation can be written as

pµI = qµ + kµ
out +

NX

i

pµJi + vµ
⇥ NX

i

(pc+i + k+
i )

⇤
, (11)

which is equivalent to the condition

1� z =
2

ŝ

h
pI · kout + p0I

NX

i

(pc+i + k+
i )

i
+O(�4). (12)

Thus, the limit of partonic threshold constrains the energy component of soft radiation
outside the jets (kout) and the null components of the total jet momenta (pc+i + k+

i ).

3 SCET operator basis

The process pp ! �+2 jets receives contributions from various partonic channels, which we
enumerate here. The channels with four participating quarks or antiquarks are given by

qq0 ! qq0�, q̄q̄0 ! q̄q̄0�, qq̄0 ! qq̄0�, (13)

and the channels with two quarks or antiquarks and two gluons are given by

qg ! qg�, q̄g ! q̄g�, qq̄ ! gg�, gg ! qq̄�. (14)

These processes are mediated by operators in SCET with Wilson coe�cients determined by
a matching calculation from QCD to SCET. The SCET operators can be decomposed in
terms of their color structures. There are two color structures for the four-quark operators,
given by

✓↵���1 = (�̄↵
2 ta ��

1 ) (�̄
�
4 t

a ��
3),

✓↵���2 = (�̄↵
2 1 ��

1 ) (�̄
�
4 1 ��

3). (15)
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• Partonic channels

• Color structure of  SCET operators 
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There are three color structures for the operators with two quark fields and two gluon fields:

⇥↵�
1,µ⌫ = (�̄↵

2 ta1ta3 ��
4 ) A

a1
µ Aa3

⌫

⇥↵�
2,µ⌫ = (�̄↵

2 ta3ta1 ��
4 ) A

a1
µ Aa3

⌫

⇥↵�
3,µ⌫ = (�̄↵

2 �a1a3 ��
4 ) A

a1
µ Aa3

⌫ . (16)

The Dirac indices are denoted by {↵, �, �, �}, with the remaining Greek indices denoting
Lorentz indices. The amplitudes for the four-quark processes take the form

M✓ =
2X

I=1

✏⇤µ C
I,µ
↵��� h✓↵���I i, (17)

where ✏µ is the photon polarization vector, CI,µ
↵��� is the QCD to SCET matching coe�cient

that also includes the spin structure, and h✓↵���I i denotes the matrix element of the corre-
sponding SCET operator. Similarly, the amplitude for the channels with two gluons is given
by

M⇥ =
3X

I=1

✏⇤⇢ C
I,⇢µ⌫
↵� h⇥↵�

I,µ⌫i. (18)

The Wilson coe�cients in Eqs. (17) and (18) depend on the specific partonic channel in
Eqs. (13) and (14) under consideration.

4 Factorization

In the threshold limit, the process pp ! �+N-jets is characterized by N narrow jets and only
soft radiation outside these jets. The dynamics of such a process can be described in terms
of collinear degrees of freedom along the jet directions, soft degrees of freedom throughout
the event, and the initial state PDFs. The factorization formula takes the schematic form

d� ⇠ HIJ ⌦ SJI ⌦ J1 ⌦ · · ·⌦ JN ⌦ f ⌦ f, (19)

where ⌦ denotes a convolution structure, HIJ denotes the hard function and SJI denotes
the soft function with the indices I, J running over the color structure basis in Eqs. (15) and
(16). The factors of Ji correspond to the collinear jet functions and f denotes the standard
initial state PDF. The hard function encodes the physics of the hard partonic interaction,
the jet functions describe the dynamics of the collinear momenta in the jet regions, and the
soft function describes the soft radiation in the event which is either grouped in one of the
jet regions or outside of the jet regions as in Eq.(9). The momentum scaling of the soft and
collinear degrees of freedom in the threshold limit are given in Eq.(6).

The relevant scales in the problem can be characterized by

ŝ � ŝ
p
1� z � ŝ(1� z) � ⇤QCD, (20)

5

(Kelley,Schwartz)
• RG evolution of these SCET operators was studied at NNLL
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

so that the hard function, the jet functions, and the soft function are evaluated at the typical
scales µH ⇠ ŝ, µJ ⇠ ŝ(1 � z), and µS ⇠ ŝ(1 � z) respectively. The optimal choice of scales
for the most stable resummation can be a↵ected by the shape of the luminosity function [?]
and this is discussed in the next section.

In the N-jettiness formalism, another scale that appears is related to ⌧N or the ⌧ iN in
Eq.(8). The ⌧ iN correspond to the contribution to ⌧N from region i in the event. For the
process pp ! �+2-jets is divided into four distinct regions as shown in Fig. ??. Regions 1
and 3 correspond to the two beam directions and regions 2 and 4 correspond to the two jet
regions. We give a factorization formula that is di↵erential in the quantity

⌧̂2 ⌘ ⌧J22 + ⌧J42 . (21)

where ⌧J22 and ⌧J42 correspond to the contribution to the 2-jettiness ⌧2 from the region of
jet-2 and jet-4 respectively. Note that ⌧̂2 is distinct from ⌧2 since it does not include the
contributions from the soft radiation in regions 1 and 3 which lie outside the two jet regions.
In the threshold limit, ⌧̂2 ⇠ ŝ�2 corresponding to the size of the jet invariant masses. Thus,
⌧̂ has a size that corresponds to the typical soft or residual momenta in the event. The
factorization formula takes the general form

d�

d�qJ2
d�qJ4

d�qd⌧̂2
=

1

Ns

(2⇡)4

Q4⌧

Z 1

⌧

dz

Z 1
2 ln z

⌧

� 1
2 ln z

⌧

dy

Z
dsJ2 dsJ4

Z
dk0

out

Z
d⌧ 22,s d⌧

4
2,s

⇥�2(qTJ2 + qTJ4 + qT ) �

✓
y � tanh�1

✓
qzJ2 + qzJ4 + qz

q0J2 + q0J4 + q0

◆◆

⇥�

✓
1� z � 2 cosh yp

ŝ
⌧̂2 � 2p

ŝ
k0
out

◆
�

✓
⌧̂2 � sJ2

q̄J2
� sJ4

q̄J4
� ⌧J22,s � ⌧J42,s

◆

⇥HIJ(q̄i, ni, µS;µH)SJI(k
0
out, ⌧

J2
s , ⌧J4s , µS)

⇥f(xa, µS) f(xb, µS) JJ2(sJ2 , µS;µJ) JJ4(sJ4 , µS;µJ) ,

(22)

where Ns denotes the number of spin states in the initial partonic state. The cross-section
above is fully di↵erential in the massless jet momenta (qJ2 , qJ4) defined in Eq.(4), the photon
momentum (q), and ⌧̂2. The initial partonic momentum fractions xa,b are given by

xa =

r
⌧

z
ey , xb =

r
⌧

z
e�y . (23)

This factorization formula can be easily generalized for processes with more than two jets.
As shown in the schematic form given in Eq.(19), for the case of N-jets the above formula
will be modified to have an appropriately generalized soft function convoluted with N jet
functions. The meff distribution can be obtained from the factorization formula above by
performing the integrations over the remaining phase space factors and over ⌧̂2 after inserting
the delta function constraint �[meff � qTJ2 � qTJ4 � qT ].

6

so that the hard function, the jet functions, and the soft function are evaluated at the typical
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• Factorization formula differential in phase space and jettiness
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momentum (q), and ⌧̂2. The initial partonic momentum fractions xa,b are given by

xa =

r
⌧

z
ey , xb =

r
⌧

z
e�y . (23)

This factorization formula can be easily generalized for processes with more than two jets.
As shown in the schematic form given in Eq.(19), for the case of N-jets the above formula
will be modified to have an appropriately generalized soft function convoluted with N jet
functions. The meff distribution can be obtained from the factorization formula above by
performing the integrations over the remaining phase space factors and over ⌧̂2 after inserting
the delta function constraint �[meff � qTJ2 � qTJ4 � qT ].
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which is equivalent to the condition

1� z =
2

ŝ

h
pI · kout + p0I

NX

i

(pc+i + k+

i )
i
+O(�4). (11)

Thus, the limit of partonic threshold constrains the energy component of soft radiation
outside the jets (kout) and the null components of the total jet momenta (pc+i + k+

i ).

3 Factorization

We are interested in computing the N-jet cross-section near threshold (z ! 1) as a function
of meff

meff = 6ET +
NX

j

pTj, (12)

where 6ET denotes the missing transverse energy and pTj is the transverse momentum of
the jth jet. In this paper, in order to establish and test the formalism we focus on the
canonical process pp ! �+ 2-jets. In this case 6ET is replaced by the transverse momentum
of the photon denoted by qT . The results for pp ! �+ 2-jets can be easily adapted to the
production of the W,Z gauge bosons (which can give missing energy signals) with N -jets.

The factorization formula takes the schematic form

d� ⇠ H ⌦ J
1

⌦ · · ·⌦ JN ⌦ S ⌦ f ⌦ f, (13)

where ⌦ denotes a convolution structure, H denotes the hard function encoding the physics
of the hard partonic interaction, Ji denote the jet functions, S denotes the soft function
which describes the dynamics of soft radiation inside and outside the jets, and f denotes the
initial state nucleon PDF. The relevant scales in the problem can be characterized by

meff � meff

p
1� z � meff (1� z) � ⇤QCD, (14)

so that the hard function, the jet functions, and the soft function are evaluated at the typical
scales µH ⇠ meff , µJ ⇠ meff (1 � z), and µS ⇠ meff (1 � z) respectively. The PDFs are
evaluated at the jet scale µJ . The optimal choice of scales for the most stable resummation
can be a↵ected by the shape of the luminosity function [?] and this is discussed in the next
section.

In the N-jettiness formalism, another scale that appears is related to ⌧N . This scale is
chosen to be on the order of the soft scale. In particular, we give a factorization formula
that is di↵erential in the
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

so that the hard function, the jet functions, and the soft function are evaluated at the typical
scales µH ⇠ ŝ, µJ ⇠ ŝ(1 � z), and µS ⇠ ŝ(1 � z) respectively. The optimal choice of scales
for the most stable resummation can be a↵ected by the shape of the luminosity function [?]
and this is discussed in the next section.

In the N-jettiness formalism, another scale that appears is related to ⌧N or the ⌧ iN in
Eq.(8). The ⌧ iN correspond to the contribution to ⌧N from region i in the event. For the
process pp ! �+2-jets is divided into four distinct regions as shown in Fig. ??. Regions 1
and 3 correspond to the two beam directions and regions 2 and 4 correspond to the two jet
regions. We give a factorization formula that is di↵erential in the quantity

⌧̂2 ⌘ ⌧J22 + ⌧J42 . (21)

where ⌧J22 and ⌧J42 correspond to the contribution to the 2-jettiness ⌧2 from the region of
jet-2 and jet-4 respectively. Note that ⌧̂2 is distinct from ⌧2 since it does not include the
contributions from the soft radiation in regions 1 and 3 which lie outside the two jet regions.
In the threshold limit, ⌧̂2 ⇠ ŝ�2 corresponding to the size of the jet invariant masses. Thus,
⌧̂ has a size that corresponds to the typical soft or residual momenta in the event. The
factorization formula takes the general form
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⇥f(xa, µS) f(xb, µS) JJ2(sJ2 , µS;µJ) JJ4(sJ4 , µS;µJ) ,

(22)

where Ns denotes the number of spin states in the initial partonic state. The cross-section
above is fully di↵erential in the massless jet momenta (qJ2 , qJ4) defined in Eq.(4), the photon
momentum (q), and ⌧̂2. The initial partonic momentum fractions xa,b are given by

xa =

r
⌧

z
ey , xb =

r
⌧

z
e�y . (23)

This factorization formula can be easily generalized for processes with more than two jets.
As shown in the schematic form given in Eq.(19), for the case of N-jets the above formula
will be modified to have an appropriately generalized soft function convoluted with N jet
functions. The meff distribution can be obtained from the factorization formula above by
performing the integrations over the remaining phase space factors and over ⌧̂2 after inserting
the delta function constraint �[meff � qTJ2 � qTJ4 � qT ].
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scales µH ⇠ ŝ, µJ ⇠ ŝ(1 � z), and µS ⇠ ŝ(1 � z) respectively. The optimal choice of scales
for the most stable resummation can be a↵ected by the shape of the luminosity function [?]
and this is discussed in the next section.
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Eq.(8). The ⌧ iN correspond to the contribution to ⌧N from region i in the event. For the
process pp ! �+2-jets is divided into four distinct regions as shown in Fig. ??. Regions 1
and 3 correspond to the two beam directions and regions 2 and 4 correspond to the two jet
regions. We give a factorization formula that is di↵erential in the quantity
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(22)

where Ns denotes the number of spin states in the initial partonic state. The cross-section
above is fully di↵erential in the massless jet momenta (qJ2 , qJ4) defined in Eq.(4), the photon
momentum (q), and ⌧̂2. The initial partonic momentum fractions xa,b are given by

xa =

r
⌧

z
ey , xb =

r
⌧

z
e�y . (23)

This factorization formula can be easily generalized for processes with more than two jets.
As shown in the schematic form given in Eq.(19), for the case of N-jets the above formula
will be modified to have an appropriately generalized soft function convoluted with N jet
functions. The meff distribution can be obtained from the factorization formula above by
performing the integrations over the remaining phase space factors and over ⌧̂2 after inserting
the delta function constraint �[meff � qTJ2 � qTJ4 � qT ].
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so that the hard function, the jet functions, and the soft function are evaluated at the typical
scales µH ⇠ ŝ, µJ ⇠ ŝ(1 � z), and µS ⇠ ŝ(1 � z) respectively. The optimal choice of scales
for the most stable resummation can be a↵ected by the shape of the luminosity function [?]
and this is discussed in the next section.

In the N-jettiness formalism, another scale that appears is related to ⌧N or the ⌧ iN in
Eq.(8). The ⌧ iN correspond to the contribution to ⌧N from region i in the event. For the
process pp ! �+2-jets is divided into four distinct regions as shown in Fig. ??. Regions 1
and 3 correspond to the two beam directions and regions 2 and 4 correspond to the two jet
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contributions from the soft radiation in regions 1 and 3 which lie outside the two jet regions.
In the threshold limit, ⌧̂2 ⇠ ŝ�2 corresponding to the size of the jet invariant masses. Thus,
⌧̂ has a size that corresponds to the typical soft or residual momenta in the event. The
factorization formula takes the general form
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(22)

where Ns denotes the number of spin states in the initial partonic state. The cross-section
above is fully di↵erential in the massless jet momenta (qJ2 , qJ4) defined in Eq.(4), the photon
momentum (q), and ⌧̂2. The initial partonic momentum fractions xa,b are given by

xa =

r
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z
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⌧
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This factorization formula can be easily generalized for processes with more than two jets.
As shown in the schematic form given in Eq.(19), for the case of N-jets the above formula
will be modified to have an appropriately generalized soft function convoluted with N jet
functions. The meff distribution can be obtained from the factorization formula above by
performing the integrations over the remaining phase space factors and over ⌧̂2 after inserting
the delta function constraint �[meff � qTJ2 � qTJ4 � qT ].
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• Factorization formula differential in phase space and jettiness

so that the hard function, the jet functions, and the soft function are evaluated at the typical
scales µH ⇠ ŝ, µJ ⇠ ŝ(1 � z), and µS ⇠ ŝ(1 � z) respectively. The optimal choice of scales
for the most stable resummation can be a↵ected by the shape of the luminosity function [?]
and this is discussed in the next section.

In the N-jettiness formalism, another scale that appears is related to ⌧N or the ⌧ iN in
Eq.(8). The ⌧ iN correspond to the contribution to ⌧N from region i in the event. For the
process pp ! �+2-jets is divided into four distinct regions as shown in Fig. ??. Regions 1
and 3 correspond to the two beam directions and regions 2 and 4 correspond to the two jet
regions. We give a factorization formula that is di↵erential in the quantity

⌧̂2 ⌘ ⌧J22 + ⌧J42 . (21)

where ⌧J22 and ⌧J42 correspond to the contribution to the 2-jettiness ⌧2 from the region of
jet-2 and jet-4 respectively. Note that ⌧̂2 is distinct from ⌧2 since it does not include the
contributions from the soft radiation in regions 1 and 3 which lie outside the two jet regions.
In the threshold limit, ⌧̂2 ⇠ ŝ�2 corresponding to the size of the jet invariant masses. Thus,
⌧̂ has a size that corresponds to the typical soft or residual momenta in the event. The
factorization formula takes the general form
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(22)

where Ns denotes the number of spin states in the initial partonic state. The cross-section
above is fully di↵erential in the massless jet momenta (qJ2 , qJ4) defined in Eq.(4), the photon
momentum (q), and ⌧̂2. The initial partonic momentum fractions xa,b are given by

xa =

r
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z
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e�y . (23)

This factorization formula can be easily generalized for processes with more than two jets.
As shown in the schematic form given in Eq.(19), for the case of N-jets the above formula
will be modified to have an appropriately generalized soft function convoluted with N jet
functions. The meff distribution can be obtained from the factorization formula above by
performing the integrations over the remaining phase space factors and over ⌧̂2 after inserting
the delta function constraint �[meff � qTJ2 � qTJ4 � qT ].
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

the beam. The colliding partons emit collinear radiation
along the beams that can be observed in the final state,
shown by the green lines labeled “Jet a” and “Jet b” in
Fig. 2(c). This radiation cannot be neglected in the fac-
torization theorem and necessitates the beam functions.
In the threshold case, these jets are not allowed by the
limit τ → 1, which forces all available energy into the
leptons and leaves only soft hadronic radiation.1 In the
inclusive case there are no restrictions on additional hard
emissions, in which case initial-state radiation is included
in the partonic cross section in H incl

ij .

Also shown in Fig. 2(c) is the fact that the leptons
in isolated Drell-Yan need not be back-to-back, though
they are still back-to-back in the transverse plane [see
Sec. IVB]. In this regard, isolated Drell-Yan is in-

1 Note that the proof of factorization for the partonic cross section
in the partonic threshold limit z → 1 is not sufficient to establish
the factorization of the hadronic cross section, unless one takes
the limit τ → 1. The hadronic factorization theorem assumes
that all real radiation is soft with only virtual hard radiation
in the hard function. The weaker limit z → 1 still allows the
incoming partons to emit energetic real radiation that cannot
be described by the threshold soft function. Only the τ → 1
limit forces the radiation to be soft. This point is not related to
whether or not the threshold terms happen to dominate numer-
ically away from τ → 1 due to the shape of the PDFs or other
reasons.

between the threshold case, where the leptons are fully
back-to-back with Y ≈ 0, and the inclusive case, where
they are unrestricted.

In Figs. 2(d) and 2(e) we show analogs of threshold
Drell-Yan and isolated Drell-Yan where the leptons are
replaced by final-state jets. We will discuss the extension
to jets in Sec. IIG below.

To formulate isolated Drell-Yan we must first discuss
how to veto hard emissions in the central region. For this
purpose, it is important to use an observable that covers
the full phase space. Jet algorithms are good tools to
identify jets, but not necessarily to veto them. Imagine
we use a jet algorithm and require that it does not find
any jets in the central region. Although this procedure
covers the full phase space, the restrictions it imposes
on the final state depend in detail on the algorithm and
its criteria to decide if something is considered a jet or
not. It is very hard to incorporate such restrictions into
explicit theoretical calculations, and in particular into a
rigorous factorization theorem. Even if possible in prin-
ciple, the resulting beam and soft functions would be
very complicated objects, and it would be difficult to sys-
tematically resum the large logarithms arising at higher
orders from the phase-space restrictions. Therefore, to
achieve the best theoretical precision, it is important to
implement the central jet veto using an inclusive kine-
matic variable. This allows us to derive a factorization
theorem with analytically manageable ingredients, which

so that the hard function, the jet functions, and the soft function are evaluated at the typical
scales µH ⇠ ŝ, µJ ⇠ ŝ(1 � z), and µS ⇠ ŝ(1 � z) respectively. The optimal choice of scales
for the most stable resummation can be a↵ected by the shape of the luminosity function [?]
and this is discussed in the next section.

In the N-jettiness formalism, another scale that appears is related to ⌧N or the ⌧ iN in
Eq.(8). The ⌧ iN correspond to the contribution to ⌧N from region i in the event. For the
process pp ! �+2-jets is divided into four distinct regions as shown in Fig. ??. Regions 1
and 3 correspond to the two beam directions and regions 2 and 4 correspond to the two jet
regions. We give a factorization formula that is di↵erential in the quantity

⌧̂2 ⌘ ⌧J22 + ⌧J42 . (21)

where ⌧J22 and ⌧J42 correspond to the contribution to the 2-jettiness ⌧2 from the region of
jet-2 and jet-4 respectively. Note that ⌧̂2 is distinct from ⌧2 since it does not include the
contributions from the soft radiation in regions 1 and 3 which lie outside the two jet regions.
In the threshold limit, ⌧̂2 ⇠ ŝ�2 corresponding to the size of the jet invariant masses. Thus,
⌧̂ has a size that corresponds to the typical soft or residual momenta in the event. The
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where Ns denotes the number of spin states in the initial partonic state. The cross-section
above is fully di↵erential in the massless jet momenta (qJ2 , qJ4) defined in Eq.(4), the photon
momentum (q), and ⌧̂2. The initial partonic momentum fractions xa,b are given by
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This factorization formula can be easily generalized for processes with more than two jets.
As shown in the schematic form given in Eq.(19), for the case of N-jets the above formula
will be modified to have an appropriately generalized soft function convoluted with N jet
functions. The meff distribution can be obtained from the factorization formula above by
performing the integrations over the remaining phase space factors and over ⌧̂2 after inserting
the delta function constraint �[meff � qTJ2 � qTJ4 � qT ].
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so that the hard function, the jet functions, and the soft function are evaluated at the typical
scales µH ⇠ ŝ, µJ ⇠ ŝ(1 � z), and µS ⇠ ŝ(1 � z) respectively. The optimal choice of scales
for the most stable resummation can be a↵ected by the shape of the luminosity function [?]
and this is discussed in the next section.

In the N-jettiness formalism, another scale that appears is related to ⌧N or the ⌧ iN in
Eq.(8). The ⌧ iN correspond to the contribution to ⌧N from region i in the event. For the
process pp ! �+2-jets is divided into four distinct regions as shown in Fig. ??. Regions 1
and 3 correspond to the two beam directions and regions 2 and 4 correspond to the two jet
regions. We give a factorization formula that is di↵erential in the quantity

⌧̂2 ⌘ ⌧J22 + ⌧J42 . (21)

where ⌧J22 and ⌧J42 correspond to the contribution to the 2-jettiness ⌧2 from the region of
jet-2 and jet-4 respectively. Note that ⌧̂2 is distinct from ⌧2 since it does not include the
contributions from the soft radiation in regions 1 and 3 which lie outside the two jet regions.
In the threshold limit, ⌧̂2 ⇠ ŝ�2 corresponding to the size of the jet invariant masses. Thus,
⌧̂ has a size that corresponds to the typical soft or residual momenta in the event. The
factorization formula takes the general form
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where Ns denotes the number of spin states in the initial partonic state. The cross-section
above is fully di↵erential in the massless jet momenta (qJ2 , qJ4) defined in Eq.(4), the photon
momentum (q), and ⌧̂2. The initial partonic momentum fractions xa,b are given by
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This factorization formula can be easily generalized for processes with more than two jets.
As shown in the schematic form given in Eq.(19), for the case of N-jets the above formula
will be modified to have an appropriately generalized soft function convoluted with N jet
functions. The meff distribution can be obtained from the factorization formula above by
performing the integrations over the remaining phase space factors and over ⌧̂2 after inserting
the delta function constraint �[meff � qTJ2 � qTJ4 � qT ].
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scales µH ⇠ ŝ, µJ ⇠ ŝ(1 � z), and µS ⇠ ŝ(1 � z) respectively. The optimal choice of scales
for the most stable resummation can be a↵ected by the shape of the luminosity function [?]
and this is discussed in the next section.

In the N-jettiness formalism, another scale that appears is related to ⌧N or the ⌧ iN in
Eq.(8). The ⌧ iN correspond to the contribution to ⌧N from region i in the event. For the
process pp ! �+2-jets is divided into four distinct regions as shown in Fig. ??. Regions 1
and 3 correspond to the two beam directions and regions 2 and 4 correspond to the two jet
regions. We give a factorization formula that is di↵erential in the quantity

⌧̂2 ⌘ ⌧J22 + ⌧J42 . (21)

where ⌧J22 and ⌧J42 correspond to the contribution to the 2-jettiness ⌧2 from the region of
jet-2 and jet-4 respectively. Note that ⌧̂2 is distinct from ⌧2 since it does not include the
contributions from the soft radiation in regions 1 and 3 which lie outside the two jet regions.
In the threshold limit, ⌧̂2 ⇠ ŝ�2 corresponding to the size of the jet invariant masses. Thus,
⌧̂ has a size that corresponds to the typical soft or residual momenta in the event. The
factorization formula takes the general form
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where Ns denotes the number of spin states in the initial partonic state. The cross-section
above is fully di↵erential in the massless jet momenta (qJ2 , qJ4) defined in Eq.(4), the photon
momentum (q), and ⌧̂2. The initial partonic momentum fractions xa,b are given by

xa =
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This factorization formula can be easily generalized for processes with more than two jets.
As shown in the schematic form given in Eq.(19), for the case of N-jets the above formula
will be modified to have an appropriately generalized soft function convoluted with N jet
functions. The meff distribution can be obtained from the factorization formula above by
performing the integrations over the remaining phase space factors and over ⌧̂2 after inserting
the delta function constraint �[meff � qTJ2 � qTJ4 � qT ].
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• Factorization formula differential in phase space and jettiness

so that the hard function, the jet functions, and the soft function are evaluated at the typical
scales µH ⇠ ŝ, µJ ⇠ ŝ(1 � z), and µS ⇠ ŝ(1 � z) respectively. The optimal choice of scales
for the most stable resummation can be a↵ected by the shape of the luminosity function [?]
and this is discussed in the next section.

In the N-jettiness formalism, another scale that appears is related to ⌧N or the ⌧ iN in
Eq.(8). The ⌧ iN correspond to the contribution to ⌧N from region i in the event. For the
process pp ! �+2-jets is divided into four distinct regions as shown in Fig. ??. Regions 1
and 3 correspond to the two beam directions and regions 2 and 4 correspond to the two jet
regions. We give a factorization formula that is di↵erential in the quantity

⌧̂2 ⌘ ⌧J22 + ⌧J42 . (21)

where ⌧J22 and ⌧J42 correspond to the contribution to the 2-jettiness ⌧2 from the region of
jet-2 and jet-4 respectively. Note that ⌧̂2 is distinct from ⌧2 since it does not include the
contributions from the soft radiation in regions 1 and 3 which lie outside the two jet regions.
In the threshold limit, ⌧̂2 ⇠ ŝ�2 corresponding to the size of the jet invariant masses. Thus,
⌧̂ has a size that corresponds to the typical soft or residual momenta in the event. The
factorization formula takes the general form
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where Ns denotes the number of spin states in the initial partonic state. The cross-section
above is fully di↵erential in the massless jet momenta (qJ2 , qJ4) defined in Eq.(4), the photon
momentum (q), and ⌧̂2. The initial partonic momentum fractions xa,b are given by

xa =

r
⌧

z
ey , xb =

r
⌧

z
e�y . (23)

This factorization formula can be easily generalized for processes with more than two jets.
As shown in the schematic form given in Eq.(19), for the case of N-jets the above formula
will be modified to have an appropriately generalized soft function convoluted with N jet
functions. The meff distribution can be obtained from the factorization formula above by
performing the integrations over the remaining phase space factors and over ⌧̂2 after inserting
the delta function constraint �[meff � qTJ2 � qTJ4 � qT ].
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where �0 is defined by the tree-level cross-
section in Eq.(10) below. The above formula
is the detailed version of the schematic formu-
las in Eqs.(3) and (5). The last two arguments
of the hard function H above denote that RG
evolution between the scales µQ and µJ is in-
cluded. Similarly, the soft function is evolved
between the scales µs and µJ . The jet func-
tion Jq, the beam function to PDF matching
coe�cient Iqi, and the nuclear PDF f i

A are all
evaluated at the common jet scale µJ . The var-
ious functions have tree level expressions given
by H = 1, Jq = �(sJ), Iqi = �qi�(ta)�(1 � x/z)
and S = �(⌧1� ta
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). Thus, at tree level the

di↵erential cross-section takes the simple form
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so that the ⌧1 distribution is just a delta func-
tion peaked at ⌧1 = 0 corresponding to the
perturbative calculation for the production of
a single quark and a recoiling lepton in the fi-
nal state. The distribution in ⌧1 is smeared by
parton showering encoded by the RG evolution
of the various objects in the factorization theo-
rem. For ⌧1 ⇠ ⇤QCD, the distribution is further
smeared by non-perturbative e↵ects in the soft
function.

d� = H ⌦ J1 ⌦ J2 · · ·⌦ JN ⌦ S ⌦ f ⌦ f (11)

In Fig. 1 we show the result for the ⌧1 distri-
bution, after dividing by �0 to normalize against
the tree-level result, for a proton target in the
center of mass frame with a center of mass en-
ergy of 300 GeV, PJT = 80 GeV and YJ = 0. The
shaded band corresponds to Leading Log (LL)
resummation with tree level results for the hard,
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FIG. 1: d�/�0 is in units of GeV�3 as a function ⌧1
in units of GeV in center of mass frame with a proton
target with

p
s = 300 GeV, PJT = 80 GeV, YJ = 0.

The shaded band corresponds to LL resummation
with scale variation as explained in the text. Also,
shown is the singular part of the fixed order NLO
cross-section.

jet, soft and beam functions and using scale vari-
ation of µH = rPJT , µJ = r

p

PJT ⌧1, µs = r⌧1 for
the range r = {1/2, 2}. The curve in the mid-
dle of the band corresponds to r = 1. Fig. 1
also shows the result for the most singular part
of the NLO cross-section without resummation.
This corresponds to the curve that lies partially
outside the shaded band. Note that the e↵ect
of resummation is to tame the singular behav-
ior of the fixed order cross-section in the ⌧1 ! 0
limit. For the kinematics chosen this e↵ect is
not strong enough to to produce a peak in the
perturbative ⌧1 region. This is in contrast to
LHC kinematics where for large PJT the peak
can occur in the perturbative ⌧1 region due to a
much larger Sudakov suppression. In Fig. 2 we
show the LL resumed result for typical HERA
kinematics compared to typical EIC kinematics.

The peak in the ⌧1 distribution for typical
DIS kinematics occurs in the region of non-
perturbative ⌧1 values and is thus determined by
the dynamics of the non-perturbative soft func-
tion. We employ a model for the soft function
in the non-perturbative region ⌧1 ⇠ ⇤QCD. The
results for di↵erent parameter choices in the soft
function model are shown in Fig. 3. We see that
the di↵erent models exhibit di↵erent behavior
for ⌧1 ⇠ ⇤QCD but converge to the perturbative
result for larger values of ⌧1 as required.

We now briefly explain soft function model
used in Fig. 3. The soft function can be
written as S(⌧1, µ) =

R

dka
R

dkJ�(⌧1 � ka �
kJ)S(ka, kJ , µ), where S(ka, kJ , µ) is the gen-

• Optimal scale choices can be 
determined by minimizing the 
NLO contributions of the hard 
function, jet function, and soft 
function.
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so that the ⌧1 distribution is just a delta func-
tion peaked at ⌧1 = 0 corresponding to the
perturbative calculation for the production of
a single quark and a recoiling lepton in the fi-
nal state. The distribution in ⌧1 is smeared by
parton showering encoded by the RG evolution
of the various objects in the factorization theo-
rem. For ⌧1 ⇠ ⇤QCD, the distribution is further
smeared by non-perturbative e↵ects in the soft
function.

d� = H ⌦ J1 ⌦ J2 · · ·⌦ JN ⌦ S ⌦ f ⌦ f (11)

In Fig. 1 we show the result for the ⌧1 distri-
bution, after dividing by �0 to normalize against
the tree-level result, for a proton target in the
center of mass frame with a center of mass en-
ergy of 300 GeV, PJT = 80 GeV and YJ = 0. The
shaded band corresponds to Leading Log (LL)
resummation with tree level results for the hard,
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FIG. 1: d�/�0 is in units of GeV�3 as a function ⌧1
in units of GeV in center of mass frame with a proton
target with

p
s = 300 GeV, PJT = 80 GeV, YJ = 0.

The shaded band corresponds to LL resummation
with scale variation as explained in the text. Also,
shown is the singular part of the fixed order NLO
cross-section.

jet, soft and beam functions and using scale vari-
ation of µH = rPJT , µJ = r

p

PJT ⌧1, µs = r⌧1 for
the range r = {1/2, 2}. The curve in the mid-
dle of the band corresponds to r = 1. Fig. 1
also shows the result for the most singular part
of the NLO cross-section without resummation.
This corresponds to the curve that lies partially
outside the shaded band. Note that the e↵ect
of resummation is to tame the singular behav-
ior of the fixed order cross-section in the ⌧1 ! 0
limit. For the kinematics chosen this e↵ect is
not strong enough to to produce a peak in the
perturbative ⌧1 region. This is in contrast to
LHC kinematics where for large PJT the peak
can occur in the perturbative ⌧1 region due to a
much larger Sudakov suppression. In Fig. 2 we
show the LL resumed result for typical HERA
kinematics compared to typical EIC kinematics.

The peak in the ⌧1 distribution for typical
DIS kinematics occurs in the region of non-
perturbative ⌧1 values and is thus determined by
the dynamics of the non-perturbative soft func-
tion. We employ a model for the soft function
in the non-perturbative region ⌧1 ⇠ ⇤QCD. The
results for di↵erent parameter choices in the soft
function model are shown in Fig. 3. We see that
the di↵erent models exhibit di↵erent behavior
for ⌧1 ⇠ ⇤QCD but converge to the perturbative
result for larger values of ⌧1 as required.

We now briefly explain soft function model
used in Fig. 3. The soft function can be
written as S(⌧1, µ) =

R

dka
R

dkJ�(⌧1 � ka �
kJ)S(ka, kJ , µ), where S(ka, kJ , µ) is the gen-• We made the scale choice
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where �0 is defined by the tree-level cross-
section in Eq.(10) below. The above formula
is the detailed version of the schematic formu-
las in Eqs.(3) and (5). The last two arguments
of the hard function H above denote that RG
evolution between the scales µQ and µJ is in-
cluded. Similarly, the soft function is evolved
between the scales µs and µJ . The jet func-
tion Jq, the beam function to PDF matching
coe�cient Iqi, and the nuclear PDF f i

A are all
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so that the ⌧1 distribution is just a delta func-
tion peaked at ⌧1 = 0 corresponding to the
perturbative calculation for the production of
a single quark and a recoiling lepton in the fi-
nal state. The distribution in ⌧1 is smeared by
parton showering encoded by the RG evolution
of the various objects in the factorization theo-
rem. For ⌧1 ⇠ ⇤QCD, the distribution is further
smeared by non-perturbative e↵ects in the soft
function.

d� = H ⌦ J1 ⌦ J2 · · ·⌦ JN ⌦ S ⌦ f ⌦ f (11)

In Fig. 1 we show the result for the ⌧1 distri-
bution, after dividing by �0 to normalize against
the tree-level result, for a proton target in the
center of mass frame with a center of mass en-
ergy of 300 GeV, PJT = 80 GeV and YJ = 0. The
shaded band corresponds to Leading Log (LL)
resummation with tree level results for the hard,
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FIG. 1: d�/�0 is in units of GeV�3 as a function ⌧1
in units of GeV in center of mass frame with a proton
target with

p
s = 300 GeV, PJT = 80 GeV, YJ = 0.

The shaded band corresponds to LL resummation
with scale variation as explained in the text. Also,
shown is the singular part of the fixed order NLO
cross-section.

jet, soft and beam functions and using scale vari-
ation of µH = rPJT , µJ = r

p

PJT ⌧1, µs = r⌧1 for
the range r = {1/2, 2}. The curve in the mid-
dle of the band corresponds to r = 1. Fig. 1
also shows the result for the most singular part
of the NLO cross-section without resummation.
This corresponds to the curve that lies partially
outside the shaded band. Note that the e↵ect
of resummation is to tame the singular behav-
ior of the fixed order cross-section in the ⌧1 ! 0
limit. For the kinematics chosen this e↵ect is
not strong enough to to produce a peak in the
perturbative ⌧1 region. This is in contrast to
LHC kinematics where for large PJT the peak
can occur in the perturbative ⌧1 region due to a
much larger Sudakov suppression. In Fig. 2 we
show the LL resumed result for typical HERA
kinematics compared to typical EIC kinematics.

The peak in the ⌧1 distribution for typical
DIS kinematics occurs in the region of non-
perturbative ⌧1 values and is thus determined by
the dynamics of the non-perturbative soft func-
tion. We employ a model for the soft function
in the non-perturbative region ⌧1 ⇠ ⇤QCD. The
results for di↵erent parameter choices in the soft
function model are shown in Fig. 3. We see that
the di↵erent models exhibit di↵erent behavior
for ⌧1 ⇠ ⇤QCD but converge to the perturbative
result for larger values of ⌧1 as required.

We now briefly explain soft function model
used in Fig. 3. The soft function can be
written as S(⌧1, µ) =

R

dka
R

dkJ�(⌧1 � ka �
kJ)S(ka, kJ , µ), where S(ka, kJ , µ) is the gen-

• Soft scale determined by see-saw relation:
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SCET, is given by
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where �0 is defined by the tree-level cross-
section in Eq.(10) below. The above formula
is the detailed version of the schematic formu-
las in Eqs.(3) and (5). The last two arguments
of the hard function H above denote that RG
evolution between the scales µQ and µJ is in-
cluded. Similarly, the soft function is evolved
between the scales µs and µJ . The jet func-
tion Jq, the beam function to PDF matching
coe�cient Iqi, and the nuclear PDF f i

A are all
evaluated at the common jet scale µJ . The var-
ious functions have tree level expressions given
by H = 1, Jq = �(sJ), Iqi = �qi�(ta)�(1 � x/z)
and S = �(⌧1� ta

Qa
� sJ

QJ
). Thus, at tree level the

di↵erential cross-section takes the simple form
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so that the ⌧1 distribution is just a delta func-
tion peaked at ⌧1 = 0 corresponding to the
perturbative calculation for the production of
a single quark and a recoiling lepton in the fi-
nal state. The distribution in ⌧1 is smeared by
parton showering encoded by the RG evolution
of the various objects in the factorization theo-
rem. For ⌧1 ⇠ ⇤QCD, the distribution is further
smeared by non-perturbative e↵ects in the soft
function.

d� = H ⌦ J1 ⌦ J2 · · ·⌦ JN ⌦ S ⌦ f ⌦ f (11)

In Fig. 1 we show the result for the ⌧1 distri-
bution, after dividing by �0 to normalize against
the tree-level result, for a proton target in the
center of mass frame with a center of mass en-
ergy of 300 GeV, PJT = 80 GeV and YJ = 0. The
shaded band corresponds to Leading Log (LL)
resummation with tree level results for the hard,
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FIG. 1: d�/�0 is in units of GeV�3 as a function ⌧1
in units of GeV in center of mass frame with a proton
target with

p
s = 300 GeV, PJT = 80 GeV, YJ = 0.

The shaded band corresponds to LL resummation
with scale variation as explained in the text. Also,
shown is the singular part of the fixed order NLO
cross-section.

jet, soft and beam functions and using scale vari-
ation of µH = rPJT , µJ = r

p

PJT ⌧1, µs = r⌧1 for
the range r = {1/2, 2}. The curve in the mid-
dle of the band corresponds to r = 1. Fig. 1
also shows the result for the most singular part
of the NLO cross-section without resummation.
This corresponds to the curve that lies partially
outside the shaded band. Note that the e↵ect
of resummation is to tame the singular behav-
ior of the fixed order cross-section in the ⌧1 ! 0
limit. For the kinematics chosen this e↵ect is
not strong enough to to produce a peak in the
perturbative ⌧1 region. This is in contrast to
LHC kinematics where for large PJT the peak
can occur in the perturbative ⌧1 region due to a
much larger Sudakov suppression. In Fig. 2 we
show the LL resumed result for typical HERA
kinematics compared to typical EIC kinematics.

The peak in the ⌧1 distribution for typical
DIS kinematics occurs in the region of non-
perturbative ⌧1 values and is thus determined by
the dynamics of the non-perturbative soft func-
tion. We employ a model for the soft function
in the non-perturbative region ⌧1 ⇠ ⇤QCD. The
results for di↵erent parameter choices in the soft
function model are shown in Fig. 3. We see that
the di↵erent models exhibit di↵erent behavior
for ⌧1 ⇠ ⇤QCD but converge to the perturbative
result for larger values of ⌧1 as required.

We now briefly explain soft function model
used in Fig. 3. The soft function can be
written as S(⌧1, µ) =

R

dka
R

dkJ�(⌧1 � ka �
kJ)S(ka, kJ , µ), where S(ka, kJ , µ) is the gen-
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Figure 4: The dependence of the ratio RJ on the choice of the jet scale µJ for various
kinematic points. From the right to the left, are the curves used to determine the jet scales
for meff = 1 TeV, 2 TeV and 4 TeV, respectively.

particles are required to be separated by �Rij > 0.4 with �R2
ij = (⌘i � ⌘j)2 + (�1 � �2)2.

CTEQ6 LO PDFs [31] have been used to produce these numerical results. In order to obtain
the LO curves we choose the scales

µH = µJ = µS =
q
qTJ2q

T
J4
, (33)

e↵ectively removing the resummation. This dynamical scale is similar to scales found to
reduce the e↵ect of higher-order corrections in fixed-order calculations of W+multi-jet pro-

duction [5]. For the NLL curves, we choose the hard scale as µH =
q

qTJ2q
T
J4
. The soft

scale is set by the see-saw relation µS = µ2
H/µJ . The jet scale µJ is determined numerically

by minimizing the contribution of the logarithmic terms in the NLO jet function to the
cross-section. In particular, we minimiz the quantity

RJ =
d�NLOjet�logs(µH = µS = µJ)

d�LO(µH = µJ = µS =
q
qTJ2q

T
J4
)

(34)

with respect to µJ . The numerator is defined as the contribution to the cross-section only
from the logarithmic terms in the NLO jet functions. In Fig. 4, we show the dependence of
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Figure 3: The solid and dashed lines correspond to the meff distributions with NLL resum-
mation and at LO, respectively. The qg initial state is shown in red while the q1q2 initial
state, with qi representing any quark or anti-quark, is shown in blue.

cross section at the NLL level of accuracy is given by

d�NLL(pp ! � + 2 jets)

d�qJ2
d�qJ4

d�q
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fa(xa)fb(xb) , (28)

where the dependence of ⌧̂ cut2 is implicit in the definition of zmin. We have used the result of
Eq. (71) to include the RG evolution of the jet functions in the above expression. We now
explain the various parts of the above formula. The matrix H̃NLL(µS;µH) denotes the tree-
level hard function in a color-rotated basis with NLL RG evolution between µH and µS. In
this color-rotated basis, the evolution of the hard function matrix elements is multiplicative,
as seen in Eq. (43). The relation between the original hard-function matrix H obtained
from matching QCD onto SCET operators is related to the function H̃ in the rotated basis
as shown in Eq. (44). Similarly, S̃(0) denotes the tree-level soft function in the same color-
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the ratio RJ on µJ for several representative values of meff . We see that clearly identifiable
minima occur for specific choices of µJ . As meff increases the ratio µJ/µH becomes smaller,
indicating a growing hierarchy between the hard and jet scales. As meff decreases, we see
that the ratio µJ/µH becomes comparable to one, indicating that there is no longer a large
hierarchy. In this case the e↵ect of threshold resummation becomes smaller, and one can
rely on fixed-order perturbation theory. For the numerical results presented in this section,
the jet scale is determined numerically for each value of meff . We have tested that choosing
other values of the hard scale, such as µH = meff/3, leads to negligible numerical di↵erences.

Figure 5: A plot of the K-factor, defined as the ratio of the cross section with NLL resumma-
tion over the LO result, for the important partonic channels. The curves from top to bottom
correspond to the qg and q1q2 initial states, where qi denotes any quark or anti-quark.

From Fig. 3 we see that the e↵ect of resummation becomes more important in the region
of large meff , which is dominated by threshold kinematics. This is further illustrated in
Fig. 5, where we show the K-factor for the same partonic channels as a function of meff .
The K-factor is defined as the ratio of the cross-section with NLL resummation over the LO
cross-section. Finally, in Fig. 6 we show the total K-factor and the uncertainties associated
with scale variation. The solid red curve shows the total K-factor as a function of meff . The
wider green band is obtained by setting µH = µJ = µS = µ and varying the scale µ in the
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I. INTRODUCTION

pT > 100 GeV

In this paper, we study electrons scattering o↵ a nucleus N(A,Z), with atomic weight

and number A and Z respectively, in the deep inelastic regime with one final state jet

e� +N(A,Z) ! J +X. (1)

In addition we consider the process while being di↵erential in ⌧1. The leading order factor-
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I. INTRODUCTION

p
s = 7 TeV

In this paper, we study electrons scattering o↵ a nucleus N(A,Z), with atomic weight

and number A and Z respectively, in the deep inelastic regime with one final state jet

e� +N(A,Z) ! J +X. (1)

In addition we consider the process while being di↵erential in ⌧1. The leading order factor-
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kinematic points. From the right to the left, are the curves used to determine the jet scales
for meff = 1 TeV, 2 TeV and 4 TeV, respectively.
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ij = (⌘i � ⌘j)2 + (�1 � �2)2.

CTEQ6 LO PDFs [31] have been used to produce these numerical results. In order to obtain
the LO curves we choose the scales

µH = µJ = µS =
q
qTJ2q

T
J4
, (33)

e↵ectively removing the resummation. This dynamical scale is similar to scales found to
reduce the e↵ect of higher-order corrections in fixed-order calculations of W+multi-jet pro-

duction [5]. For the NLL curves, we choose the hard scale as µH =
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T
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. The soft

scale is set by the see-saw relation µS = µ2
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by minimizing the contribution of the logarithmic terms in the NLO jet function to the
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Numerical Results: NLL Resummation

Meff Distribution

1 Introduction

The production of gauge bosons in association with jets is a dangerous background to searches
for new physics at the LHC. When the gauge boson in question is a Z-boson that decays into
neutrinos, the resulting missing energy plus multi-jet final state is a dominant background
to searches for supersymmetry (SUSY) and other models with dark-matter candidates, such
as Little Higgs with T-parity or universal extra dimensions. Searches for SUSY and these
other theories in the multi-jet plus missing energy channel typically utilize a shape di↵erence
between signal and background in the tail of the meff distribution, where meff is defined as
the scalar sum of the missing transverse energies and jet transverse momenta:

meff = 6ET +
X

J

pTJ . (1)

We do not distinguish between the transverse energy and momentum of a jet. The sum over
jet transverse momenta may be taken either over only the leading 2, 3 or 4 jets, or may be
taken over all identified jets in the event; ATLAS [1] follows the first of these approaches,
while CMS utilizes the second [2]. Considering di↵erent jet-multiplicity bins may help probe
non-standard SUSY theories, such as those with compressed spectra [3].

Motivated by its importance, numerous theoretical e↵orts have been devoted to calculat-
ing precisely gauge bosons produced in association with jets in the Standard Model. Recent
advances have allowed W,Z + 3 jets [4, 5, 6] and even W,Z + 4 jets [7, 8] to be calculated
to next-to-leading order (NLO) accuracy in perturbative QCD. These calculations substan-
tially reduce the residual scale uncertainty of the prediction. However, heavy supersymmetric
states will populate the tail of the meff distributions, where fixed-order perturbation theory
at NLO may miss important corrections appearing at higher orders. In particular, large log-
arithms of the schematic form ln(1 �m2

eff/s), with s the center-of-mass energy squared of
the hadronic collisions, may be induced by the implicit restriction on soft gluons that comes
from having nearly all the energy go into the leading few jets and 6ET . Such e↵ects can be
exacerbated for gluonic initial states, due to the steeply falling gluon distribution at high
Bjorken x. They would increase for high meff , potentially mimicking a SUSY signal. The
resummation of such soft-gluon logarithms following the approach of Refs. [9, 10] has been
previously studied for the related single-inclusive jet production pT distribution [11], and
numerical results for the Tevatron and RHIC were presented in Ref. [12]. The resummation
e↵ects were found to be moderate but increasing at high pT , generating the aforementioned
shape di↵erence. In the 2011 data set, both ATLAS and CMS saw events with meff near
2 TeV, and with the higher-luminosity run of 2012, events even closer to machine threshold
will be observed. A study of threshold resummation of gauge boson plus multi-jet processes
at the LHC is therefore warranted.

We begin a study of large logarithmic corrections to gauge boson plus multi-jet pro-
duction in this manuscript by considering the next-to-leading logarithmic (NLL) threshold
resummation for

pp ! � + 2 jets (2)

1
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Figure 6: Plot showing the total K-factor defined as the ratio of the NLL and LO cross-
section as a function of meff . Also shown are the scale dependences of the LO and NLL
results. The range of variation is defined in the text.

in this process could then be determined. Our study defines jets via the N-jettiness event-
shape variable, which is theoretically convenient since logarithms associated with jet vetoes
can be controlled to all orders in perturbation theory. LHC experimental studies typically
define jets via the anti-kT algorithm, and it is an open question as to the quantitative e↵ect
of this di↵erence. Since N-jettiness jets are geometrically similar to anti-kT ones assuming
the correct distance measure is chosen when defining jettiness [30], we expect the di↵erence
to be small. However, this point is worth further investigation.

In the future we plan to extend these results to include W and Z production in asso-
ciation with two and more jets, and combine the resummation with the known fixed-order
results to provide a best prediction for use in experimental studies. We also plan to study
the production of other color-neutral objects in association with jets, such as the Higgs bo-
son. Since the Higgs is produced primarily through the gluon-gluon partonic channel, the
threshold region can be enhanced even for a moderately energetic final state. In addition,
experimental Higgs searches often divide the signal into exclusive jet bins, and control over
jet-veto logarithms is needed. Our formalism handles both sources of logarithmic corrections,
making for an interesting phenomenological application.
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range {1/2, 2} around the central value µ =
q
qTJ2q

T
J4

for the ratio

KLO =
d�LO(µ)

d�LO(µc =
q

qTJ2q
T
J4
)
. (35)

The narrower blue band is the result of scale variation of the NLL resumed cross-section.
In this case, we vary the scales µH , µJ , µS in the range {1/2, 2} around their central values.

The central value of the hard scale is taken as µH =
q
qTJ2q

T
J4
. The determination of the jet

and soft-scale central values was described earlier. More explicitly, the NLL scale variation
band is determined by varying the scales µH , µJ , µS in the ratio

KNLL =
d�NLL(µH , µJ , µS)

d�NLL(µc
H =

q
qTJ2q

T
J4
, µc

J , µ
c
S)
, (36)

where again we have normalized with the NLL cross-section evaluated at the central scale
choices µc

H , µ
c
J , µ

c
S. We see from Fig. 6 that scale variation uncertainty is significantly reduced

when NLL resummation is included.

6 Conclusions

In this manuscript we have begun an investigation of the e↵ect of threshold logarithms in
gauge boson plus multi-jet production at the LHC. Such processes serve as backgrounds to
supersymmetric particle production and to other forms of new physics that contain missing
energy signatures. We have focused on pp ! � + 2 jet production, which is used as a
calibration process for the production of missing energy in association with jets, as a first
example. We have derived a factorization theorem using SCET that enables the resummation
of large threshold logarithms. In our derivation we have used the global event shape N-
jettiness to define the final-state jets. N-jettiness also allows for the resummation of large
logarithms associated with vetoing additional jets, further extending the usefulness of our
results. Numerical results comparing the leading-order meff distribution to the next-to-
leading logarithmic resummed result have been presented. We find corrections ranging from
50% to 100%. The logarithmic corrections increase with meff , potentially mimicking SUSY
signatures, and should be accounted for in experimental analyses.

Several future directions remain to be pursued. A next-to-leading order calculation of
the soft function appearing in the factorization theorem would allow for an extension of
the resummation accuracy to the NNLL level. The extent to which logarithmic corrections
beyond NLO a↵ect the high-meff tail could be determined. The resummed result could then
be combined with the fixed-order NLO calculation to better predict these backgrounds. An
NLO calculation of the soft function would also allow the soft scale µS to be determined by
minimizing the contribution of the associated logarithmic terms to the cross section, as was
done for the jet function. The degree to which the threshold region is dynamically enhanced
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gauge boson plus multi-jet production at the LHC. Such processes serve as backgrounds to
supersymmetric particle production and to other forms of new physics that contain missing
energy signatures. We have focused on pp ! � + 2 jet production, which is used as a
calibration process for the production of missing energy in association with jets, as a first
example. We have derived a factorization theorem using SCET that enables the resummation
of large threshold logarithms. In our derivation we have used the global event shape N-
jettiness to define the final-state jets. N-jettiness also allows for the resummation of large
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results. Numerical results comparing the leading-order meff distribution to the next-to-
leading logarithmic resummed result have been presented. We find corrections ranging from
50% to 100%. The logarithmic corrections increase with meff , potentially mimicking SUSY
signatures, and should be accounted for in experimental analyses.
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the soft function appearing in the factorization theorem would allow for an extension of
the resummation accuracy to the NNLL level. The extent to which logarithmic corrections
beyond NLO a↵ect the high-meff tail could be determined. The resummed result could then
be combined with the fixed-order NLO calculation to better predict these backgrounds. An
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Improved Scale uncertainties

Meff Distribution

1 Introduction

The production of gauge bosons in association with jets is a dangerous background to searches
for new physics at the LHC. When the gauge boson in question is a Z-boson that decays into
neutrinos, the resulting missing energy plus multi-jet final state is a dominant background
to searches for supersymmetry (SUSY) and other models with dark-matter candidates, such
as Little Higgs with T-parity or universal extra dimensions. Searches for SUSY and these
other theories in the multi-jet plus missing energy channel typically utilize a shape di↵erence
between signal and background in the tail of the meff distribution, where meff is defined as
the scalar sum of the missing transverse energies and jet transverse momenta:

meff = 6ET +
X

J

pTJ . (1)

We do not distinguish between the transverse energy and momentum of a jet. The sum over
jet transverse momenta may be taken either over only the leading 2, 3 or 4 jets, or may be
taken over all identified jets in the event; ATLAS [1] follows the first of these approaches,
while CMS utilizes the second [2]. Considering di↵erent jet-multiplicity bins may help probe
non-standard SUSY theories, such as those with compressed spectra [3].

Motivated by its importance, numerous theoretical e↵orts have been devoted to calculat-
ing precisely gauge bosons produced in association with jets in the Standard Model. Recent
advances have allowed W,Z + 3 jets [4, 5, 6] and even W,Z + 4 jets [7, 8] to be calculated
to next-to-leading order (NLO) accuracy in perturbative QCD. These calculations substan-
tially reduce the residual scale uncertainty of the prediction. However, heavy supersymmetric
states will populate the tail of the meff distributions, where fixed-order perturbation theory
at NLO may miss important corrections appearing at higher orders. In particular, large log-
arithms of the schematic form ln(1 �m2

eff/s), with s the center-of-mass energy squared of
the hadronic collisions, may be induced by the implicit restriction on soft gluons that comes
from having nearly all the energy go into the leading few jets and 6ET . Such e↵ects can be
exacerbated for gluonic initial states, due to the steeply falling gluon distribution at high
Bjorken x. They would increase for high meff , potentially mimicking a SUSY signal. The
resummation of such soft-gluon logarithms following the approach of Refs. [9, 10] has been
previously studied for the related single-inclusive jet production pT distribution [11], and
numerical results for the Tevatron and RHIC were presented in Ref. [12]. The resummation
e↵ects were found to be moderate but increasing at high pT , generating the aforementioned
shape di↵erence. In the 2011 data set, both ATLAS and CMS saw events with meff near
2 TeV, and with the higher-luminosity run of 2012, events even closer to machine threshold
will be observed. A study of threshold resummation of gauge boson plus multi-jet processes
at the LHC is therefore warranted.

We begin a study of large logarithmic corrections to gauge boson plus multi-jet pro-
duction in this manuscript by considering the next-to-leading logarithmic (NLL) threshold
resummation for

pp ! � + 2 jets (2)

1
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Figure 3: The solid and dashed lines correspond to the meff distributions with NLL resum-
mation and at LO, respectively. The qg initial state is shown in red while the q1q2 initial
state, with qi representing any quark or anti-quark, is shown in blue.

cross section at the NLL level of accuracy is given by
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µH
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ŝ

◆! (e�E)!

�(�!)

✓
1

1� z

◆1+!

fa(xa)fb(xb) , (28)

where the dependence of ⌧̂ cut2 is implicit in the definition of zmin. We have used the result of
Eq. (71) to include the RG evolution of the jet functions in the above expression. We now
explain the various parts of the above formula. The matrix H̃NLL(µS;µH) denotes the tree-
level hard function in a color-rotated basis with NLL RG evolution between µH and µS. In
this color-rotated basis, the evolution of the hard function matrix elements is multiplicative,
as seen in Eq. (43). The relation between the original hard-function matrix H obtained
from matching QCD onto SCET operators is related to the function H̃ in the rotated basis
as shown in Eq. (44). Similarly, S̃(0) denotes the tree-level soft function in the same color-
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rotated basis. The partonic momentum fractions xa,b for the initial-state partons of flavor
a, b are given by Eq. (25). The parameter ! is defined as

! = �2(CJ2 + CJ4)A�(µJ , µS), (29)

and all the remaining quantities in Eq. (28) and on the right-hand side of Eq. (29) are defined
in the Appendix. Note that for µH > µS, ! < 0, so that the plus-prescription for the z ! 1
limit has been dropped in Eq. (28). The rapidity y of the entire two-jet and photon system
in Eq. (28) is given by

y = tanh�1 q
z
J2 + qzJ4 + qz

q0J2 + q0J4 + q0
. (30)

zmin is determined by

zmin = max
h
1� 1

2
A(

p
A2 + 4� A), ⌧ exp(2|y|)

i
, (31)

where

A =
2 cosh y ⌧̂ cut2p

⌧s
. (32)

We choose ⌧̂ cut2 to be of the order of the soft scale so that ⌧̂ cut2 ⇠ µS ⇠ p
ŝ(1� z). For a fixed

⌧̂ cut2 , in the machine-threshold limit ⌧ ! 1, zmin in given by the second argument in Eq. (31)
and is independent of ⌧̂ cut2 . This is simply understood by the fact that in the threshold limit,
the jets become extremely narrow and thus insensitive to ⌧̂ cut2 . In other words, for a fixed
⌧̂ cut2 the threshold condition eventually becomes a stronger constraint on the jet masses as
compared to ⌧̂ cut2 when ⌧ ! 1. For the numerical results, we choose ⌧̂ cut2 to be large enough
so that zmin is independent of it. If we were to choose a small ⌧̂ cut2 , logarithms of this quantity
associated with vetoing additional jets would appear in the fixed-order result. Since ⌧̂2 is
related to 1� z through the delta-function constraint in Eq. (23), our factorization formula
also provides theoretical control over logarithms of this variable. This is seen explicitly in
the NLL result above by the relation between ⌧̂ cut2 and zmin. We integrate over the phase
space factors in Eq. (28) with the delta-function constraint �[meff � qTJ2 � qTJ4 � qT ] in order
to generate numerical results for the meff distribution.

5.2 Numerics for a 7 TeV LHC

We begin by showing the meff distributions for the important partonic channels in Fig. 3.
The dominant contributions come from the q1q2 and qg initial states, where the qi represent
any quark or anti-quark. We note that the gg initial state contributes only at the percent
level or less for the considered meff range. The dotted and solid curves correspond to the LO
and NLL results respectively for the di↵erent partonic channels as described in the caption.
Lower cuts of 100 GeV have been imposed on both jets and on the photon, and all final-state
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⌧̂ cut2 the threshold condition eventually becomes a stronger constraint on the jet masses as
compared to ⌧̂ cut2 when ⌧ ! 1. For the numerical results, we choose ⌧̂ cut2 to be large enough
so that zmin is independent of it. If we were to choose a small ⌧̂ cut2 , logarithms of this quantity
associated with vetoing additional jets would appear in the fixed-order result. Since ⌧̂2 is
related to 1� z through the delta-function constraint in Eq. (23), our factorization formula
also provides theoretical control over logarithms of this variable. This is seen explicitly in
the NLL result above by the relation between ⌧̂ cut2 and zmin. We integrate over the phase
space factors in Eq. (28) with the delta-function constraint �[meff � qTJ2 � qTJ4 � qT ] in order
to generate numerical results for the meff distribution.

5.2 Numerics for a 7 TeV LHC

We begin by showing the meff distributions for the important partonic channels in Fig. 3.
The dominant contributions come from the q1q2 and qg initial states, where the qi represent
any quark or anti-quark. We note that the gg initial state contributes only at the percent
level or less for the considered meff range. The dotted and solid curves correspond to the LO
and NLL results respectively for the di↵erent partonic channels as described in the caption.
Lower cuts of 100 GeV have been imposed on both jets and on the photon, and all final-state
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Jet Veto Dependence

• Formula at NLL :

• Cut dependence related to threshold condition:
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distance parton correlation functions. Alternatively, one can consider jet production where

the scattered electron is unobserved. In this case, one is inclusive over the virtuality of the

exchanged gauge boson and the jet mass and it is the large transverse momentum of the jet

that plays the role of the hard scale in the process. Such a process has been studied in the

past in the context of spin-dependent observables [26].

In this work, we consider the process in Eq.(2) with an additional constraint imposed by

the 1-jettiness event shape ⌧
1

. In particular, we are interested in the di↵erential cross-section

d�A ⌘ d3�(e� +NA ! J +X)

dy dPJT d⌧
1

, (2)

where PJT and y are the transverse momentum and rapidity of the jet J , respectively. The

event shape ⌧
1

restricts the radiation between the final state jet and the nuclear beam

directions. In the limit ⌧
1

! 0, the final state jet becomes infinitely narrow and only soft

radiation (of energy E ⇠ ⌧
1

) is allowed between the nuclear beam and jet directions. Any

energetic radiation must be closely aligned with either the beam or jet directions. This is

schematically illustrated in Fig. 1. We restrict ourselves to such configurations by imposing

the phase space condition

⌧
1

⌧ PJT . (3)

The detailed properties of the radiation illustrated in Fig. 1 will be a↵ected by the nuclear

target in the process. For example, for larger nuclei one typically expects enhanced hadronic

activity between the jet and beam directions. The soft radiation between the beam and jet

directions can be a↵ected by jet quenching or energy loss as the jet emerges from the nuclear

medium. This is because partons produced in the hard collisions could undergo multiple

scattering with the soft partons inside the large nucleus and thus lead to induced gluon

radiation [27] when passing through the nucleus to form the observed hadron or jet. While

such e↵ects can be studied by varying jet shape parameters, the main idea advocated in

this paper is to exploit the global properties of the observed radiation in Fig. 1, quantified

by distributions in the configuration space (⌧
1

, PJT , y), as a probe of nuclear dynamics. In

particular, the 1-jettiness ⌧
1

global event shape is sensitive to soft radiation at wide angles

from the jet and nuclear beam directions. Thus, 1-jettiness allows one to study jet shapes

while simultaneously providing sensitivity to wide-angle soft radiation.

For processes with N final state jets, the appropriate event shape is called N -jettiness

(⌧N)[24], corresponding to a generalization of ⌧
1

for N -jet events. N-jettiness has been stud-

ied previously in the context of implementing jet vetoes in hadron collider processes. New

physics analyses typically classify data by the number of hard jets observed in the final state.

Such jet binning is an e↵ective way to enhance signals over background processes which are

often accompanied by additional hard jets. Vetoing additional jets restricts the phase space

for additional radiation, giving rise to large jet-veto Sudakov logarithms that can spoil the

Sonny Mantry, NU & ANL
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physics analyses typically classify data by the number of hard jets observed in the final state.
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where the parameter ↵ determines the scaling of Qs(A) with the the atomic weight of the

nucleus. Note that for the simplest case of a proton target (A = 1), the nuclear scale is

just Q2

s(A = 1) ⇠ ⇤2

QCD ⇠ 1/R2

N , where RN is the nucleon radius. The power corrections

in Q2

s(A)/(⌧
1

PJT
) can allow one to extract information on higher twist parton correlations

in the nucleus and the nuclear modification of gluon radiation. Note that the size of the

power corrections will increase for heavier nuclear targets as determined by the scaling with

the atomic weight in Eq.(11). The size of these power corrections for a given nuclear target

will also increase at smaller values of ⌧
1

and PJT
. Thus, by analyzing the dependence of

data on the A, ⌧
1

, and PJT
, one can extract information on the size and properties of the

nuclear-dependent power corrections. These power corrections will manifest themselves as

deviations from the leading twist results of Eqs.(9) and (10) that have increased e↵ects

for heavier nuclear targets and smaller values of ⌧
1

and PJT
. Also, note that while the jet

algorithm dependence is suppressed in powers of ⌧
1

/PJT
, the nuclear medium induced e↵ects

are suppressed by Q2

s(A)/(⌧
1

PJT
). Thus, for a fixed PJT

, by going to smaller values of ⌧
1

we

can reduce the jet algorithm dependence while increasing the nuclear medium e↵ects.

In the region ⇤QCD ⌧ ⌧
1

⌧ PJT
, where ⌧

1

is perturbative, the functions H, J, I, and S
are all perturbatively calculable and are independent of the properties of the initial state

nucleus. Thus, at leading twist, the only dependence on the nuclear target comes from the

nuclear PDF fA and the observable in Eq.(2) becomes a direct probe of the nuclear PDFs.

In the region where ⌧
1

⇠ ⇤QCD, the soft function S becomes non-perturbative. This can

be understood by recalling that the soft function describes the dynamics of soft radiation

with energy E ⇠ ⌧
1

. In this region, a non-perturbative model must be employed for the

soft function and its parameters can be extracted by a comparison with data. Note that

since the soft function is independent of the nuclear target, it is a universal function. One

can exploit this universality to extract the non-perturbative soft function from data for the

proton target and then use it as a known quantity for processes with other nuclear targets.

For the purposes of illustration, in Fig. 2 we show the di↵erential cross-section in Eq.(2)

as a function of ⌧
1

and the jet rapidity (y) for a proton target at PJT
= 20 GeV and a

center of mass energy of 90 GeV. This result includes resummation of the jet-veto Sudakov

logarithms at the NNLL level of accuracy. Studying such distributions in the configuration

space of {⌧
1

, PJT
, y} for a wide range of nuclear targets and center of mass energies, can

provide detailed information on the structure and dynamics of nuclei. This paper is a first

step towards such a program of exploring nuclear physics in exclusive jet production using

a global event shape.

DISCUSS OTHER LITERATURE1

1 We note here that we do not agree with a comment made in Ref.[?] suggesting that in Ref.[44] there was

an implicit suggestion that the jet reference vector qJ could be given entirely by the sum of the virtual

photon and the initial quark momenta. Such a choice would lead to an incorrect factorization within

our framework due to a mismatch between the final-state jet momentum and the jet reference vector,

8

for a fixed value of ⌧
1

. By choosing QJ as a function of a jet size parameter R [35], one can

study the energy contained in the jet as a function of its cone size. This allows us to probe

energy loss near the boundary of the jet while still retaining information on wide-angle soft

radiation through the value of ⌧
1

.

The dynamics of the process in Eq.(1), in the restricted region ⌧
1

⌧ PJT
, is dominated by

energetic collinear emissions (E ⇠ PJT
) along the nuclear beam and final state jet directions

and soft emissions (E ⇠ ⌧
1

) in all directions. A convenient framework for such processes

is given by the Soft-Collinear E↵ective Theory (SCET) [38–43], which is a Lagrangian and

operator based formulation of the soft-collinear limit of QCD. The SCET naturally separates

the physics of the disparate scales ⌧
1

⌧ PJT
. A resummation of the Sudakov logarithms ⇠

↵n
s ln2n(⌧

1

/PJT
), associated with the restricted radiation or equivalently a veto on additional

jets or hard radiation, naturally arises through solutions to the renormalization group (RG)

equations in the SCET. For the process in Eq.(1), the SCET framework has a well-defined

power counting in the small parameter �

�2 ⇠ ⌧
1

PJT

. (8)

In the region of ⌧
1

⇠ PJT
, corresponding to allowing hard radiation or additional jets

between the nuclear beam and jet directions, resummation e↵ects are no longer important

but power corrections can no longer be neglected. In addition, the jet algorithm dependence

is no longer suppressed. The regions ⌧
1

⌧ PJT
and ⌧

1

⇠ PJT
can be smoothly connected via

a matching calculation. In this work, we only focus on the resummation region ⌧
1

⌧ PJT
,

leaving the matching calculation for future work.

Recently [44], a factorization framework based on the SCET, applicable in the region

⌧
1

⌧ PJT
, was introduced for the observable in Eq.(2). In that work, numerical results

at the next-to-leading logarithmic (NLL) accuracy were derived for the case of a proton

target and the impact of non-perturbative e↵ects in the region ⌧
1

⇠ ⇤QCD were studied. In

this work, we extend the numerical results to include a wide range of nuclear targets and

resummation at the next-to-next-to-leading logarithmic (NNLL) accuracy. In particular, we

give numerical results for the nuclear targets: Proton, Carbon (C), Calcium (Ca), Iron (Fe),

Gold (Au), and Uranium (Ur). The factorization formula for the observable in Eq.(2) has

the schematic form

d3�

dydPJT
d⌧

1

⇠ H ⌦ B ⌦ J ⌦ S, (9)

where H, B, J , and S denote the hard function, the nuclear beam function, the jet function,

and the soft function respectively. The hard function captures the physics of the hard

partonic interaction that initiates the final state jet. Similarly, the jet function describes

the dynamics of collinear energetic radiation in the final state jet and the soft function

describes the low energy radiation throughout the event. The beam function [31] B is a

• Configurations of large and small 1-jettiness:

• 1-jettiness distributions can be a probe of nuclear structure and dynamics.
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Figure 3.22: Left: A cartoon for the interactions of the parton moving through cold nuclear
matter when the produced hadron is formed outside (upper) and inside (lower) the nucleus.
Right: Fragmentation function as function of z: from the charm quark to the D0 meson
(solid) [193] and from up quark to ⇡0 meson (dashed) [40].

QCD formulation. Although QCD calculations are consistent with hadron production in
high-energy collisions, knowledge about the dynamics of the hadronization process remains
limited and model dependent. It is clear that color is ultimately confined in these dynamical
processes. The color of an energetic quark or a gluon produced in high-energy collisions has
to be neutralized so that it can transmute itself into hadrons. Even the determination of a
characteristic time scale for the color neutralization would shed some light on the properties
of color confinement and help to answer the question of what governs the transitions of
quarks and gluons to hadrons.

The collision of a fast moving parton with the QGP could induce gluon radiation to
reduce the parton’s forward momentum and energy, while the parton-to-hadron fragmen-
tation functions might not be a↵ected since the energetic hadrons are likely to be formed
outside the QGP due to time dilation, as indicated by the cartoon in Fig. 3.22 (Left - upper
plot). The energy loss of the active parton would require a fragmentation function of a
larger z in order to produce a hadron with the same observed momentum as that produced
in proton-proton collisions without energy loss [191]. However, it has been puzzling [192]
that heavy meson production in the same experiments at RHIC seems to be suppressed as
much as the production of light mesons, although a heavy quark is much less likely to lose
its energy via medium induced radiation. It is critically important to have new and clean
measurements, as well as independent tests of the energy-loss mechanisms, in order to have
the full confidence in jet quenching as a hard probe of QGP properties.

Semi-inclusive DIS in eA collisions provides a known and stable nuclear medium (“cold
QCD matter”), well-controlled kinematics of hard scattering, and a final state particle
with well-known properties. The time for the produced quark (or gluon) to neutralize its
color depends on its momentum and virtuality when it was produced. The process could
take place entirely inside the nuclear medium, or outside the medium, or somewhere in-
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Jet Production as a probe of Nuclear Physics

• Study jet distributions in e-A collisions.

• Probe of nuclear PDFs at leading twist.

• Parton propagation through cold nuclear matter.
• Higher twist correlations.

• Energy loss mechanisms.

• Nuclear medium effects.
• ...
Sonny Mantry, NU & ANL
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Figure 2.5: Regions in x, Q2 covered by previous spin experiments and anticipated to be
accessible at an EIC. The values for the existing fixed-target DIS experiments are shown as
data points. The RHIC data are shown at a scale Q2 = p2

T

, where p
T

is the observed jet
(pion) transverse momentum, and an x value that is representative for the measurement at that
scale. The x-ranges probed at di↵erent scales are wide and have considerable overlap. The
shaded regions show the x, Q2 reach of an EIC for center-of-mass energy

p
s = 45 GeV andp

s = 140 GeV, respectively.

by flavor, since �q and �q̄ appear with di↵erent weights in Eq. (2.11). A large body of semi-
inclusive data sensitive to nucleon helicity structure has been collected by the experiments
at CERN [41, 42, 43] and DESY [44].

A further milestone in the study of the nucleon was the advent of RHIC, the world’s
first polarized proton-proton collider. In the context of the exploration of nucleon spin
structure, the RHIC spin program is a logical continuation. Very much in the spirit of
the unpolarized hadron colliders in the 1980’s, RHIC entered the scene to provide com-
plementary information on the nucleon that is not readily available in fixed-target lepton
scattering. The measurement of the spin-dependent gluon distribution �g(x,Q2) in the
proton is a major focus and strength of RHIC. Here the main tools are spin asymmetries in
the production of inclusive pions [45, 46, 47, 48] and jets [49, 50, 51, 52] at large transverse
momentum perpendicular to the beam axis, which sets the hard scale Q in these reactions.
Their reach in momentum fraction and resolution scale is also indicated in Fig. 2.5. Unlike
DIS, the processes used at RHIC do not probe the partons locally in x, but rather sample
over a region in momentum fraction. RHIC will also provide complementary information
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Future Electron-Ion Collider

• Two US proposals

-eRHIC
-MEIC/ELIC

• European proposal
-LHeC
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function in the non-perturbative region, and discuss power corrections. In section IV, we

give numerical results and plots. We make concluding remarks in section V. Various useful

formulae and field-theoretic definitions are collected in the appendices at the end of this

manuscript. The reader not interested in the technical details of the factorization and re-

summation framework, can skip section III and go directly to section IV for the numerical

results.

II. KINEMATICS

We carry out our analysis in the center of mass frame defined by the electron momentum

and the average nucleon momentum in the nucleus. The electron and nucleus momentum,

pe and PA respectively, take the form 1

pµ
e = (p0

e, ~pe), P µ
A = A(p0

e, �~pe), (12)

where A is the atomic weight of the nucleus and the electron momentum satisfies the on-

shell condition p2

e = 0 so that the nucleus is also treated as a massless particle P 2

A = 0. We

introduce the quantity Qe which is related to the electron energy as

p0

e = |~pe| =
Qe

2
, (13)

so that the hadronic Mandelstam invariant s is given by

s = (pe + PA)2 = A Q2

e. (14)

We introduce the light-cone vector nµ
A and its conjugate n̄µ

A so that we can write the electron

and nucleus momenta as

P µ
A = A

Qe

2
nµ

A, nµ
A = (1, 0, 0, 1),

pµ
e =

Qe

2
n̄µ

A, n̄µ
A = (1, 0, 0, �1). (15)

The light-cone vectors satisfy n2

A = n̄2

A = 0 and n̄A · nA = 2. The final state jet momentum

(PJ) is given in Eq.(6). PJT
= |~PJT

| and y denote the transverse momentum and rapidity of

the jet respectively. We denote the light-cone four momentum vector along the jet direction

and its conjugate as nJ and n̄J respectively, such that n2

J = n̄2

J = 0, n̄J · nJ = 2 and

~nJ = �~̄nJ .

1 Note that in the earlier work of Ref. [44], the framework was set up in the electron-nucleus center of

mass frame. This di↵ers from the center of mass frame of the electron and average nucleon momentum in

the nucleus considered here. The frame defined by Eq.(12) is the one typically used in the experimental

analysis, allowing for a more direct comparison.
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distance parton correlation functions. Alternatively, one can consider jet production where

the scattered electron is unobserved. In this case, one is inclusive over the virtuality of the

exchanged gauge boson and the jet mass and it is the large transverse momentum of the jet

that plays the role of the hard scale in the process. Such a process has been studied in the

past in the context of spin-dependent observables [26].

In this work, we consider the process in Eq.(2) with an additional constraint imposed by

the 1-jettiness event shape ⌧
1

. In particular, we are interested in the di↵erential cross-section

d�A ⌘ d3�(e� +NA ! J +X)

dy dPJT d⌧
1

, (2)

where PJT and y are the transverse momentum and rapidity of the jet J , respectively. The

event shape ⌧
1

restricts the radiation between the final state jet and the nuclear beam

directions. In the limit ⌧
1

! 0, the final state jet becomes infinitely narrow and only soft

radiation (of energy E ⇠ ⌧
1

) is allowed between the nuclear beam and jet directions. Any

energetic radiation must be closely aligned with either the beam or jet directions. This is

schematically illustrated in Fig. 1. We restrict ourselves to such configurations by imposing

the phase space condition

⌧
1

⌧ PJT . (3)

The detailed properties of the radiation illustrated in Fig. 1 will be a↵ected by the nuclear

target in the process. For example, for larger nuclei one typically expects enhanced hadronic

activity between the jet and beam directions. The soft radiation between the beam and jet

directions can be a↵ected by jet quenching or energy loss as the jet emerges from the nuclear

medium. This is because partons produced in the hard collisions could undergo multiple

scattering with the soft partons inside the large nucleus and thus lead to induced gluon

radiation [27] when passing through the nucleus to form the observed hadron or jet. While

such e↵ects can be studied by varying jet shape parameters, the main idea advocated in

this paper is to exploit the global properties of the observed radiation in Fig. 1, quantified

by distributions in the configuration space (⌧
1

, PJT , y), as a probe of nuclear dynamics. In

particular, the 1-jettiness ⌧
1

global event shape is sensitive to soft radiation at wide angles

from the jet and nuclear beam directions. Thus, 1-jettiness allows one to study jet shapes

while simultaneously providing sensitivity to wide-angle soft radiation.

For processes with N final state jets, the appropriate event shape is called N -jettiness

(⌧N)[24], corresponding to a generalization of ⌧
1

for N -jet events. N-jettiness has been stud-

ied previously in the context of implementing jet vetoes in hadron collider processes. New

physics analyses typically classify data by the number of hard jets observed in the final state.

Such jet binning is an e↵ective way to enhance signals over background processes which are

often accompanied by additional hard jets. Vetoing additional jets restricts the phase space

for additional radiation, giving rise to large jet-veto Sudakov logarithms that can spoil the

e NA

e
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As described earlier, the region ⌧
1

⌧ PJT is dominated by configurations that correspond

to a narrow jet with low-energy radiation between the nuclear beam and jet directions.

The dynamics of such a region of phase is dominated by collinear emissions along the jet

and nuclear beam directions and soft emissions in all directions. The corresponding physics

can be described by formulating the problem in terms of the SCET. The relevant degrees

of freedom are the collinear modes along the nuclear beam and jet directions and the soft

emissions with momentum scalings and virtuality given by

beam-collinear : (nA · p, n̄A · p, p?A) ⇠ PJT (�
2, 1,�); p2 ⇠ ⌧

1

PJT ,

jet-collinear : (nJ · p, n̄J · p, p?J) ⇠ PJT (�
2, 1,�); p2 ⇠ ⌧

1

PJT ,

soft : (nA · p, n̄A · p, p?A) ⇠ PJT (�
2,�2,�2); p2 ⇠ ⌧ 2

1

,

(21)

where the power counting parameter �2 ⇠ ⌧
1

/PJT and p?A, p?J denote momentum compo-

nents perpendicular to the beam and jet directions respectively. The beam-collinear modes

describe the dynamics of physics along the beam direction, including the beam remnants.

Similarly, the jet-collinear modes describe the dynamics of the final state jet. The typical

virtuality p2 ⇠ ⌧
1

PJT of the beam and jet collinear modes is roughly the order of the invari-

ant mass of the final state beam and jet respectively. The soft modes describe the dynamics

of soft radiation of virtuality p2 ⇠ ⌧ 2
1

that is present throughout the event. In the region

⌧
1

⇠ ⇤QCD, the soft radiation becomes non-perturbative. Even at small perturbative values

of ⌧
1

where ⌧
1

⌧ PJT , calculations in fixed order perturbation theory are not reliable due to

the presence of large Sudakov logarithms ⇠ ↵n
s ln

2n(⌧
1

/PJT ) that can spoil the convergence

of perturbation theory.

A resummation of large logs and an incorporation of non-perturbative e↵ects can be

accomplished via a factorization framework in the SCET. This was recently done, for the

observable under consideration, in Ref. [41]. Using the by now standard techniques in the

SCET, the factorization formula for the for the kinematics of Eq.(12), is given by

d3�

dydPJTd⌧1
=

�
0

A

X

q,i

e2q

Z

1

0

dx

Z

dsJ

Z

dta

⇥H(xAQePJT e
�y, µ;µH)�

⇥

x� eyPJT

A(Qe � e�yPJT )

⇤

⇥Jq(sJ , µ;µJ)B
q(x, ta, µ;µB) (22)

⇥S
✓

⌧
1

� ta
Qa

� sJ
QJ

, µ;µS

◆

,

where the nuclear quark beam function (Bq), up to power corrections, is given in terms of

the nuclear PDF (fi/A) as [28]

Bq(x, ta, µ;µB) =

Z

1

x

dz

z
Iqi

⇣x

z
, ta, µ;µB

⌘

fi/A(z, µB), (23)
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for additional radiation, giving rise to large jet-veto Sudakov logarithms that can spoil the

• Tree-level distribution in 1-jettiness:

12

by the SCET. However, before going into the details of the factorization framework, for

illustration and establishing the normalization of the cross-section, we first give the lowest

order result for the observable in Eq.(3), using the parton model. The lowest order parton

model result

d3�(0)

dydPJT d⌧
1

= �
0

�(⌧
1

)
X

q

e2

q

1

A
fq/A(xA, µ), (17)

is obtained from tree-level partonic process convoluted with the nuclear PDF. �
0

is the

tree-level partonic cross-section di↵erential in PJT
and y

�
0

⌘ d�̂(0)

dPJT
dy

=
4⇡↵2

em

Q3

ee
y

ŝ2 + û2

t̂2
, (18)

and the partonic Mandelstam variables ŝ, t̂, and û take the form

ŝ = (pe + xAPA)2 = xAAQ2

e,

t̂ = (xAPA � PJ)2 = �xAAQePJT
e�y,

û = (pe � PJ)2 = �QePJT
ey.

(19)

From the momentum conservation condition ŝ + t̂ + û = 0, the momentum fraction xA is

given by

xA =
eyPJT

A(Qe � e�yPJT
)
. (20)

Note that from Eqs.(20) and (19), the dependence on the atomic weight A completely cancels

out in ŝ, t̂, û. Thus, all nuclear targets, �
0

is independent of A and is equal to the partonic

cross-section for the case of A = 1. In other words, for the kinematics given by Eq.(13),

the A-dependence is isolated into the factor 1

A
fq/A(xA, µ) in Eq.(17), the e↵ective nuclear

parton distribution per nucleon.

As seen in Eq.(17), this lowest order parton-model calculation gives a cross-section that

is proportional to �(⌧
1

). This simply corresponds to the fact that at the lowest order the

final state involves a jet made up of a single quark recoiling against the final state lepton.

A calculation of the 1-jettiness in Eq.(5), for this configuration, trivially gives zero since the

only final state particle that contributes is the quark which is exactly in the direction of

the reference vector qJ . However, this parton model result is not an adequate description

since important non-perturbative e↵ects already come into play once ⌧
1

⇠ ⇤QCD. Recall

that the soft radiation, schematically shown in Fig. 1, has energy E ⇠ ⌧
1

and will give rise

to non-perturbative e↵ects when ⌧
1

⇠ ⇤QCD. These non-perturbative e↵ects will smear the

�(⌧
1

) distribution in a way that cannot be captured by the naive parton-model calculation.

A rigorous analysis requires working within a factorization framework that properly treats

the physics associated with the scales ⌧
1

⌧ PJT
and incorporates non-perturbative e↵ects.
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2

mentum Broadening is that the contribution from beam
remnants, which are experimentally di�cult to control,
are suppressed since they are mostly collinear with the
beam reference momenta in the set {qi}. This makes it
better-suited for processes with nuclei in the initial state
compared to other event shapes where precise experimen-
tal control of beam remnants is required. Furthermore,
it quantifies the shape of radiation between the N jets as
opposed to variables like Thrust which do not distinguish
the various jet and beam regions. For more details on the
N-jettiness formalism we refer the reader to Refs. [1, 2]
and references within.

As a first step, in this paper, we consider a specific
application of N-jettiness: single jet (N = 1) produc-
tion in lepton-nucleus collisions. Such an analysis can
be generalized for multiple jets (N > 1) in a straightfor-
ward manner. Inclusive production of a single jet with
a high transverse momentum (PJT ) and rapidity (y) in
lepton-nucleus collisions, `+A(P ) ! J(PJ)+X, is a well-
defined observable and can be systematically calculated
in the QCD collinear factorization formalism [7]. We set
up a factorization formalism, based on the Soft Collinear
E↵ective Theory (SCET) [8], that in addition gives the
1-jettiness distribution for such processes. The value of
⌧
1

reflects the amount of radiation between the jet and
nuclear beam directions. By studying the ⌧

1

distribution
for a wide range of nuclei, one can systematically probe
the e↵ect of the nuclear environment on the observed pat-
tern of radiation. For larger nuclei, the ⌧

1

-distribution is
expected to be broader with the peak position shifted
toward larger values of ⌧

1

. This corresponds to the en-
hanced hadronic activity between the jet and beam direc-
tions due to nuclear-medium e↵ects in larger nuclei. Such
a program can be carried out at the proposed Electron-
Ion Collider (EIC) where a wide range of nuclear targets
are planned [9]. In particular, a measurement of the ratio
of the cross-sections

d�(A, ⌧
1

, PJT , y)

d�(A = 1, ⌧
1

, PJT , y)
, (2)

between a larger nuclear target (A) and the nucleon
target (A=1) can isolate A-dependent nuclear medium
e↵ects in the three dimensional configuration space
(⌧

1

, PJT , y), allowing for systematic studies of dynamical
nuclear e↵ects. Many of the nuclear-independent theo-
retical uncertainties are likely to cancel in the ratio in
Eq.(2).

Without requiring the detection of the scattered lep-
ton, the jet transverse momentum PJT is the only hard
scale in this process. The tree-level partonic scattering is
given by lepton-quark scattering through a virtual pho-
ton exchange ` + q ! `0 + q. The ⌧

1

distribution is just
proportional to �(⌧

1

), corresponding to the infinitely nar-
row quark jet, and takes the form

d3�(0)

dydPJT d⌧1
= �

0

�(⌧
1

)
X

q

e2q fq/A(x), (3)

where �
0

⌘ d�̂
dy dPJT

is just the tree-level partonic cross-
section di↵erential in the jet rapidity and transverse mo-
mentum. The sum over q runs over the initial quarks
and antiquarks, eq is the corresponding fractional charge,
fq/A is the corresponding nuclear parton distribution
function (PDF) [10], �

0

and initial parton momentum
fraction x are given by

�
0

=
4⇡↵em

Q3ey



ŝ2 + û2

t̂2

�

, x =
eyPJT /Q

1� e�yPJT /Q
, (4)

respectively, with ŝ, t̂, and û the usual partonic Mandel-
stam variables, and Q =

p
s denotes the lepton-nucleon

center-of-mass (CM) energy. Non-zero values of ⌧
1

will
occur only beyond tree level in perturbation theory. For
⌧
1

⌧ PJT , fixed-order perturbation theory breaks down
due to the appearance of large logarithms of the form
of ↵n

s ln2n (PJT /⌧1). A systematic resummation of such
logarithms can be performed [1] in the SCET frame-
work. Furthermore, non-perturbative e↵ects will modify
the tree-level result in Eq.(3) and these e↵ects will also
be incorporated.
We work in the lepton-nucleus CM frame. At lead-

ing order in the SCET power counting, the factorization
formula for the ⌧

1

-distribution takes the schematic form

d3�

dydPJT d⌧1
⇠ H ⌦BA ⌦ J ⌦ S, (5)

where ⌦ represents a convolution, H is the hard function
encoding physics of the hard scattering, BA is the nuclear
beam function [11] encoding the dynamics of collinear
radiation along the beam axis, J is the jet function for
the dynamics of collinear modes along the jet direction,
and S is a soft function for soft radiation throughout the
event. The invariant mass of the nuclear beam jet and
the final state jet is characterized by the scale

p
⌧
1

PJT

and the soft radiation has momentum of size ⌧
1

. The
relevant scales in the problem are then given by

PJT �
p

⌧
1

PJT � ⌧
1

, (6)

so that H, BA, J , and S naturally live at the scales
µH ⇠ PJT , µJ ⇠

p
⌧
1

PJT , and µS ⇠ ⌧
1

respectively. For
perturbative values of µJ , the beam function BA can be
matched [11] onto the usual nuclear PDFs fA as

BA ⇠ I ⌦ fA, (7)

where the perturbative coe�cient I is independent of the
nucleus.
According to Eqs. (5) and (7), for ⌧

1

� ⇤
QCD

, the
⌧
1

-distribution is completely determined in terms of the
nuclear PDFs and the perturbatively calculable functions
H, I, and S. For ⌧

1

⇠ ⇤
QCD

, the universal soft function
S becomes non-perturbative. The soft function S is inde-
pendent of the nuclear target and can thus be extracted
from the data on lepton-nucleon scattering and used as
an input for scattering o↵ heavier nuclei. Furthemore,
for kinematics where µJ ⇠

p

⌧
1

PJT ⇠ ⇤QCD, the beam,
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Figure 2: (a) Physics described by the beam function. Starting at a low hadronic scale µΛ the proton
is described by a PDF f . At the scale µB, the proton is probed by measuring radiation in the final
state, identifying a parton j described by fj(ξ, µB). Above µB , the initial state becomes an incoming
jet described by Iij(t, x/ξ, µ) for an off-shell parton i with spacelike virtuality −t, which enters the
hard interaction at µH . (b) Schematic picture of the final state for isolated Drell-Yan.

virtuality t′ of the parton i, while leaving its identity and momentum fraction unchanged,

µ
d

dµ
Bi(t, x, µ) =

∫
dt′ γiB(t− t′, µ)Bi(t

′, x, µ) . (1.3)

This evolution stops at the hard scale µH , where the off-shell parton i enters the hard partonic

collision. For µ ≥ µB the initial state is also sensitive to soft radiation as shown by the orange

wider angle gluons in Fig. 2(a). For cases where the beam function description suffices this

soft radiation eikonalizes, and the corresponding soft Wilson line is one component of the soft

function S that appears in the factorized cross section.

In general, a beam function combines the PDF with a description of all energetic initial-

state radiation that is collinear to the incoming proton direction up to t # Q2. The parton’s

virtuality t effectively measures the transverse spread of the radiation around the beam axis.

The specific type of beam function may depend on details of the measurements, much as

how jet functions depend on the algorithm used to identify radiation in the jet [7, 8, 9].

Our discussion here will focus on the most inclusive beam function, which probes t through

the measurement of hadrons in the entire forward hemisphere corresponding to the proton’s

direction. The utility of beam functions is that for a class of cross sections they provide a

universal description of initial-state radiation that does not need to be modeled or computed

on a case by case basis.

An example of a factorization theorem that involves beam functions is the “isolated Drell-

Yan” process, pp → X#+#−. Here, as depicted in Fig. 2(b), X is allowed to contain forward

energetic radiation in jets about the beam axis, but only soft wide-angle radiation with no

central jets. The presence of energetic forward radiation is an unavoidable consequence for

processes involving generic parton momentum fractions x that are away from the threshold

– 4 –
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mentum Broadening is that the contribution from beam
remnants, which are experimentally di�cult to control,
are suppressed since they are mostly collinear with the
beam reference momenta in the set {qi}. This makes it
better-suited for processes with nuclei in the initial state
compared to other event shapes where precise experimen-
tal control of beam remnants is required. Furthermore,
it quantifies the shape of radiation between the N jets as
opposed to variables like Thrust which do not distinguish
the various jet and beam regions. For more details on the
N-jettiness formalism we refer the reader to Refs. [1, 2]
and references within.

As a first step, in this paper, we consider a specific
application of N-jettiness: single jet (N = 1) produc-
tion in lepton-nucleus collisions. Such an analysis can
be generalized for multiple jets (N > 1) in a straightfor-
ward manner. Inclusive production of a single jet with
a high transverse momentum (PJT ) and rapidity (y) in
lepton-nucleus collisions, `+A(P ) ! J(PJ)+X, is a well-
defined observable and can be systematically calculated
in the QCD collinear factorization formalism [7]. We set
up a factorization formalism, based on the Soft Collinear
E↵ective Theory (SCET) [8], that in addition gives the
1-jettiness distribution for such processes. The value of
⌧
1

reflects the amount of radiation between the jet and
nuclear beam directions. By studying the ⌧

1

distribution
for a wide range of nuclei, one can systematically probe
the e↵ect of the nuclear environment on the observed pat-
tern of radiation. For larger nuclei, the ⌧

1

-distribution is
expected to be broader with the peak position shifted
toward larger values of ⌧

1

. This corresponds to the en-
hanced hadronic activity between the jet and beam direc-
tions due to nuclear-medium e↵ects in larger nuclei. Such
a program can be carried out at the proposed Electron-
Ion Collider (EIC) where a wide range of nuclear targets
are planned [9]. In particular, a measurement of the ratio
of the cross-sections

d�(A, ⌧
1

, PJT , y)

d�(A = 1, ⌧
1

, PJT , y)
, (2)

between a larger nuclear target (A) and the nucleon
target (A=1) can isolate A-dependent nuclear medium
e↵ects in the three dimensional configuration space
(⌧

1

, PJT , y), allowing for systematic studies of dynamical
nuclear e↵ects. Many of the nuclear-independent theo-
retical uncertainties are likely to cancel in the ratio in
Eq.(2).

Without requiring the detection of the scattered lep-
ton, the jet transverse momentum PJT is the only hard
scale in this process. The tree-level partonic scattering is
given by lepton-quark scattering through a virtual pho-
ton exchange ` + q ! `0 + q. The ⌧

1

distribution is just
proportional to �(⌧

1

), corresponding to the infinitely nar-
row quark jet, and takes the form

d3�(0)

dydPJT d⌧1
= �

0

�(⌧
1

)
X

q

e2q fq/A(x), (3)

where �
0

⌘ d�̂
dy dPJT

is just the tree-level partonic cross-
section di↵erential in the jet rapidity and transverse mo-
mentum. The sum over q runs over the initial quarks
and antiquarks, eq is the corresponding fractional charge,
fq/A is the corresponding nuclear parton distribution
function (PDF) [10], �

0

and initial parton momentum
fraction x are given by

�
0

=
4⇡↵em

Q3ey



ŝ2 + û2

t̂2

�

, x =
eyPJT /Q

1� e�yPJT /Q
, (4)

respectively, with ŝ, t̂, and û the usual partonic Mandel-
stam variables, and Q =

p
s denotes the lepton-nucleon

center-of-mass (CM) energy. Non-zero values of ⌧
1

will
occur only beyond tree level in perturbation theory. For
⌧
1

⌧ PJT , fixed-order perturbation theory breaks down
due to the appearance of large logarithms of the form
of ↵n

s ln2n (PJT /⌧1). A systematic resummation of such
logarithms can be performed [1] in the SCET frame-
work. Furthermore, non-perturbative e↵ects will modify
the tree-level result in Eq.(3) and these e↵ects will also
be incorporated.
We work in the lepton-nucleus CM frame. At lead-

ing order in the SCET power counting, the factorization
formula for the ⌧

1

-distribution takes the schematic form

d3�

dydPJT d⌧1
⇠ H ⌦BA ⌦ J ⌦ S, (5)

where ⌦ represents a convolution, H is the hard function
encoding physics of the hard scattering, BA is the nuclear
beam function [11] encoding the dynamics of collinear
radiation along the beam axis, J is the jet function for
the dynamics of collinear modes along the jet direction,
and S is a soft function for soft radiation throughout the
event. The invariant mass of the nuclear beam jet and
the final state jet is characterized by the scale

p
⌧
1

PJT

and the soft radiation has momentum of size ⌧
1

. The
relevant scales in the problem are then given by

PJT �
p

⌧
1

PJT � ⌧
1

, (6)

so that H, BA, J , and S naturally live at the scales
µH ⇠ PJT , µJ ⇠

p
⌧
1

PJT , and µS ⇠ ⌧
1

respectively. For
perturbative values of µJ , the beam function BA can be
matched [11] onto the usual nuclear PDFs fA as

BA ⇠ I ⌦ fA, (7)

where the perturbative coe�cient I is independent of the
nucleus.
According to Eqs. (5) and (7), for ⌧

1

� ⇤
QCD

, the
⌧
1

-distribution is completely determined in terms of the
nuclear PDFs and the perturbatively calculable functions
H, I, and S. For ⌧

1

⇠ ⇤
QCD

, the universal soft function
S becomes non-perturbative. The soft function S is inde-
pendent of the nuclear target and can thus be extracted
from the data on lepton-nucleon scattering and used as
an input for scattering o↵ heavier nuclei. Furthemore,
for kinematics where µJ ⇠

p

⌧
1

PJT ⇠ ⇤QCD, the beam,
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mentum Broadening is that the contribution from beam
remnants, which are experimentally di�cult to control,
are suppressed since they are mostly collinear with the
beam reference momenta in the set {qi}. This makes it
better-suited for processes with nuclei in the initial state
compared to other event shapes where precise experimen-
tal control of beam remnants is required. Furthermore,
it quantifies the shape of radiation between the N jets as
opposed to variables like Thrust which do not distinguish
the various jet and beam regions. For more details on the
N-jettiness formalism we refer the reader to Refs. [1, 2]
and references within.

As a first step, in this paper, we consider a specific
application of N-jettiness: single jet (N = 1) produc-
tion in lepton-nucleus collisions. Such an analysis can
be generalized for multiple jets (N > 1) in a straightfor-
ward manner. Inclusive production of a single jet with
a high transverse momentum (PJT ) and rapidity (y) in
lepton-nucleus collisions, `+A(P ) ! J(PJ)+X, is a well-
defined observable and can be systematically calculated
in the QCD collinear factorization formalism [7]. We set
up a factorization formalism, based on the Soft Collinear
E↵ective Theory (SCET) [8], that in addition gives the
1-jettiness distribution for such processes. The value of
⌧
1

reflects the amount of radiation between the jet and
nuclear beam directions. By studying the ⌧

1

distribution
for a wide range of nuclei, one can systematically probe
the e↵ect of the nuclear environment on the observed pat-
tern of radiation. For larger nuclei, the ⌧

1

-distribution is
expected to be broader with the peak position shifted
toward larger values of ⌧

1

. This corresponds to the en-
hanced hadronic activity between the jet and beam direc-
tions due to nuclear-medium e↵ects in larger nuclei. Such
a program can be carried out at the proposed Electron-
Ion Collider (EIC) where a wide range of nuclear targets
are planned [9]. In particular, a measurement of the ratio
of the cross-sections

d�(A, ⌧
1

, PJT , y)

d�(A = 1, ⌧
1

, PJT , y)
, (2)

between a larger nuclear target (A) and the nucleon
target (A=1) can isolate A-dependent nuclear medium
e↵ects in the three dimensional configuration space
(⌧

1

, PJT , y), allowing for systematic studies of dynamical
nuclear e↵ects. Many of the nuclear-independent theo-
retical uncertainties are likely to cancel in the ratio in
Eq.(2).

Without requiring the detection of the scattered lep-
ton, the jet transverse momentum PJT is the only hard
scale in this process. The tree-level partonic scattering is
given by lepton-quark scattering through a virtual pho-
ton exchange ` + q ! `0 + q. The ⌧

1

distribution is just
proportional to �(⌧

1

), corresponding to the infinitely nar-
row quark jet, and takes the form

d3�(0)

dydPJT d⌧1
= �

0

�(⌧
1

)
X

q

e2q fq/A(x), (3)

where �
0

⌘ d�̂
dy dPJT

is just the tree-level partonic cross-
section di↵erential in the jet rapidity and transverse mo-
mentum. The sum over q runs over the initial quarks
and antiquarks, eq is the corresponding fractional charge,
fq/A is the corresponding nuclear parton distribution
function (PDF) [10], �

0

and initial parton momentum
fraction x are given by

�
0

=
4⇡↵em

Q3ey



ŝ2 + û2

t̂2

�

, x =
eyPJT /Q

1� e�yPJT /Q
, (4)

respectively, with ŝ, t̂, and û the usual partonic Mandel-
stam variables, and Q =

p
s denotes the lepton-nucleon

center-of-mass (CM) energy. Non-zero values of ⌧
1

will
occur only beyond tree level in perturbation theory. For
⌧
1

⌧ PJT , fixed-order perturbation theory breaks down
due to the appearance of large logarithms of the form
of ↵n

s ln2n (PJT /⌧1). A systematic resummation of such
logarithms can be performed [1] in the SCET frame-
work. Furthermore, non-perturbative e↵ects will modify
the tree-level result in Eq.(3) and these e↵ects will also
be incorporated.
We work in the lepton-nucleus CM frame. At lead-

ing order in the SCET power counting, the factorization
formula for the ⌧

1

-distribution takes the schematic form

d3�

dydPJT d⌧1
⇠ H ⌦BA ⌦ J ⌦ S, (5)

where ⌦ represents a convolution, H is the hard function
encoding physics of the hard scattering, BA is the nuclear
beam function [11] encoding the dynamics of collinear
radiation along the beam axis, J is the jet function for
the dynamics of collinear modes along the jet direction,
and S is a soft function for soft radiation throughout the
event. The invariant mass of the nuclear beam jet and
the final state jet is characterized by the scale

p
⌧
1

PJT

and the soft radiation has momentum of size ⌧
1

. The
relevant scales in the problem are then given by

PJT �
p

⌧
1

PJT � ⌧
1

, (6)

so that H, BA, J , and S naturally live at the scales
µH ⇠ PJT , µJ ⇠

p
⌧
1

PJT , and µS ⇠ ⌧
1

respectively. For
perturbative values of µJ , the beam function BA can be
matched [11] onto the usual nuclear PDFs fA as

BA ⇠ I ⌦ fA, (7)

where the perturbative coe�cient I is independent of the
nucleus.
According to Eqs. (5) and (7), for ⌧

1

� ⇤
QCD

, the
⌧
1

-distribution is completely determined in terms of the
nuclear PDFs and the perturbatively calculable functions
H, I, and S. For ⌧

1

⇠ ⇤
QCD

, the universal soft function
S becomes non-perturbative. The soft function S is inde-
pendent of the nuclear target and can thus be extracted
from the data on lepton-nucleon scattering and used as
an input for scattering o↵ heavier nuclei. Furthemore,
for kinematics where µJ ⇠

p

⌧
1

PJT ⇠ ⇤QCD, the beam,
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Figure 2: (a) Physics described by the beam function. Starting at a low hadronic scale µΛ the proton
is described by a PDF f . At the scale µB, the proton is probed by measuring radiation in the final
state, identifying a parton j described by fj(ξ, µB). Above µB , the initial state becomes an incoming
jet described by Iij(t, x/ξ, µ) for an off-shell parton i with spacelike virtuality −t, which enters the
hard interaction at µH . (b) Schematic picture of the final state for isolated Drell-Yan.

virtuality t′ of the parton i, while leaving its identity and momentum fraction unchanged,

µ
d

dµ
Bi(t, x, µ) =

∫
dt′ γiB(t− t′, µ)Bi(t

′, x, µ) . (1.3)

This evolution stops at the hard scale µH , where the off-shell parton i enters the hard partonic

collision. For µ ≥ µB the initial state is also sensitive to soft radiation as shown by the orange

wider angle gluons in Fig. 2(a). For cases where the beam function description suffices this

soft radiation eikonalizes, and the corresponding soft Wilson line is one component of the soft

function S that appears in the factorized cross section.

In general, a beam function combines the PDF with a description of all energetic initial-

state radiation that is collinear to the incoming proton direction up to t # Q2. The parton’s

virtuality t effectively measures the transverse spread of the radiation around the beam axis.

The specific type of beam function may depend on details of the measurements, much as

how jet functions depend on the algorithm used to identify radiation in the jet [7, 8, 9].

Our discussion here will focus on the most inclusive beam function, which probes t through

the measurement of hadrons in the entire forward hemisphere corresponding to the proton’s

direction. The utility of beam functions is that for a class of cross sections they provide a

universal description of initial-state radiation that does not need to be modeled or computed

on a case by case basis.

An example of a factorization theorem that involves beam functions is the “isolated Drell-

Yan” process, pp → X#+#−. Here, as depicted in Fig. 2(b), X is allowed to contain forward

energetic radiation in jets about the beam axis, but only soft wide-angle radiation with no

central jets. The presence of energetic forward radiation is an unavoidable consequence for

processes involving generic parton momentum fractions x that are away from the threshold

– 4 –
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As described earlier, the region ⌧
1

⌧ PJT is dominated by configurations that correspond

to a narrow jet with low-energy radiation between the nuclear beam and jet directions.

The dynamics of such a region of phase is dominated by collinear emissions along the jet

and nuclear beam directions and soft emissions in all directions. The corresponding physics

can be described by formulating the problem in terms of the SCET. The relevant degrees

of freedom are the collinear modes along the nuclear beam and jet directions and the soft

emissions with momentum scalings and virtuality given by

beam-collinear : (nA · p, n̄A · p, p?A) ⇠ PJT (�
2, 1,�); p2 ⇠ ⌧

1

PJT ,

jet-collinear : (nJ · p, n̄J · p, p?J) ⇠ PJT (�
2, 1,�); p2 ⇠ ⌧

1

PJT ,

soft : (nA · p, n̄A · p, p?A) ⇠ PJT (�
2,�2,�2); p2 ⇠ ⌧ 2

1

,

(21)

where the power counting parameter �2 ⇠ ⌧
1

/PJT and p?A, p?J denote momentum compo-

nents perpendicular to the beam and jet directions respectively. The beam-collinear modes

describe the dynamics of physics along the beam direction, including the beam remnants.

Similarly, the jet-collinear modes describe the dynamics of the final state jet. The typical

virtuality p2 ⇠ ⌧
1

PJT of the beam and jet collinear modes is roughly the order of the invari-

ant mass of the final state beam and jet respectively. The soft modes describe the dynamics

of soft radiation of virtuality p2 ⇠ ⌧ 2
1

that is present throughout the event. In the region

⌧
1

⇠ ⇤QCD, the soft radiation becomes non-perturbative. Even at small perturbative values

of ⌧
1

where ⌧
1

⌧ PJT , calculations in fixed order perturbation theory are not reliable due to

the presence of large Sudakov logarithms ⇠ ↵n
s ln

2n(⌧
1

/PJT ) that can spoil the convergence

of perturbation theory.

A resummation of large logs and an incorporation of non-perturbative e↵ects can be

accomplished via a factorization framework in the SCET. This was recently done, for the

observable under consideration, in Ref. [41]. Using the by now standard techniques in the

SCET, the factorization formula for the for the kinematics of Eq.(13), is given by

d3�

dydPJTd⌧1
=

�
0

A

X

q,i

e2q

Z

1

0

dx

Z

dsJ

Z

dta

⇥H(xAQePJT e
�y, µ;µH)�

⇥

x� eyPJT

A(Qe � e�yPJT )

⇤

⇥Jq(sJ , µ;µJ)B
q(x, ta, µ;µB) (22)

⇥S
✓

⌧
1

� ta
Qa

� sJ
QJ

, µ;µS

◆

,

where the nuclear quark beam function (Bq), up to power corrections, is given in terms of

the nuclear PDF (fi/A) as [28]

Bq(x, ta, µ;µB) =

Z

1

x

dz

z
Iqi

⇣x

z
, ta, µ;µB

⌘

fi/A(z, µB), (23)

Hard function

Jet function

Soft Function

Beam function
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scattering in the nucleus. For the simplest case of the proton, Eq.(43) gives Q2

s(A = 1) ⇠
⇤2

QCD as expected.

A systematic analysis can be performed in the SCET to derive the operator structure of

the various power corrections. We leave such an analysis for future works, where we will

study in detail how the multiple scattering induced gluon radiation in the final state will

alter the radiation pattern, in particular the ⌧
1

distribution. At the moment we discuss

nuclear-dependent power corrections, that depend on Qs(A), and how they may be probed

through measurements of ⌧
1

-distributions. As seen in Eq.(A7), the beam function is nuclear

matrix element and is the only source of nuclear target dependence in the factorization

formula of Eq.(22). An operator product expansion (OPE) in Qs(A)/ta can be performed

on the beam function where leading term is given by a perturbative function convoluted

with the standard PDFs as shown in Eq.(23). However, higher order terms in the OPE lead

to the more general form of the beam function

Bq(x, ta, µ;µB) =

Z

1

x

dz

z
Iqi

⇣x

z
, ta, µ;µB

⌘

fi/A(z, µB) +O
⇣Q2

s(A)

ta

⌘

, (44)

where the power corrections in Q2

s(A)/ta are associated with higher twist nuclear matrix

elements. Recall that the beam function argument ta ⇠ µ2

B ⇠ ⌧
1

PJT , gives the virtuality

of the initial parton that goes o↵-shell via initial state radiation before entering the hard

interaction, as explained in section III. Thus, the power correction to the beam function

has a scaling

Q2

s(A)

ta
⇠ A↵⇤2

QCD

⌧
1

PJT

. (45)

Note that this power correction has a dependence on the nuclear atomic weight through the

factor of A↵. Thus, for heavier nuclei, the e↵ect of these of power corrections is expected to

be larger. A detailed study of ⌧
1

distributions over a wide range of nuclear targets can probe

these nuclear-dependent power corrections. In particular, these power corrections will lead

to deviations from prediction of the leading twist factorization given by Eqs.(22) and (23)

and these deviations are expected to be larger for heavier nuclei.

IV. NUMERICAL RESULTS

In this section, we present numerical results for the di↵erential cross-section in Eq.(2).

We present results for a range of nuclear targets: Proton, Carbon (C), Calcium (Ca), Iron

(Fe), Gold (Au), and Uranium (Ur). The results are at leading order in the SCET power

counting parameter �2 ⇠ ⌧
1

/PJT and include a resummation of large logarithms in ⌧
1

/PJT up

to the next-to-next-to-leading logarithmic (NNLL) level of accuracy, using the convention in

Table 1 of Ref. [30] for determining the order of resummation. In the region ⌧
1

� ⇤QCD, the

numerical results are determined entirely in terms of perturbatively calculable functions and

• Detailed form of factorization:

• Beam function matching onto the PDF:
(Fleming,Leibovich,Mehen; Jouttenus, Stewart, Tackmann, Waalewijin)

Sonny Mantry, NU & ANL

3

I. INTRODUCTION

Bq(x, t
a

, µ
B

) = �(t
a

)f
q/A

(x, µ
B

) (1)

II. BEAM FUNCTION

We will begin by defining the quark input Beam Function (iBF) in the hybrid space:

B
n̄

(x, t+, b?) =
1

2xp�

Z

db+db�

(4⇡)2
e
i(

t

+

xp

� b

�
)/2

ei
xp

�
b

+

2 hp| [⇠̄
n̄

W
n̄

](b)
6 n
2
[W †

n̄

⇠
n̄

](0) |pi (2)

We need to calculate the following objects first in order to find the matching coe�cient

between the iBF and PDFs.

Bqq

n̄

(x, t+, b?) =
1

2xp�

Z

db+db�

(4⇡)2
e
i(

t

+

xp

� b

�
)/2

ei
xp

�
b

+

2
quark

hp|[⇠̄
n̄

W
n̄

](b)
6 n
2
[W †

n̄

⇠
n̄

](0) |pi
quark

(3)

Bqg

n̄

(x, t+, b?) =
1

2xp�

Z

db+db�

(4⇡)2
e
i(

t

+

xp

� b

�
)/2

ei
xp

�
b

+

2
gluon

hp|[⇠̄
n̄

W
n̄

](b)
6 n
2
[W †

n̄

⇠
n̄

](0) |pi
gluon

(4)

It can be proven that the matching coe�cients I
n̄;qq

, I
n̄;qg

is exactly given by what we have

defined above: I ⌘ [B]
finite part in dim. reg.

.

It is sometimes more convenient to use the matching coe�cient in the momentum space:

I(x, t+, k?) =
Z

d2b?
4⇡2

e�i

~

k?·~b?I(x, t+, k?) (5)

Therefore we define B in momentum space similarly as:

B(x, t+, k?) =
Z

d2b?
4⇡2

e�i

~

k?·~b?B(x, t+, b?) (6)

Note that while I’s is finite, B’s still have poles and need to be properly regularized. We will

start with Bqq

n̄

here for demonstration and drops the “quark” subscript of the quark state

for simplicity.

III. RENORMALIZATION OF THE BEAM FUNCTION

First we consider the renormalization of the iBF in hybrid space. The renormalized iBF

is related to the bare iBF by the relation

B
n

(x, t, b?, µ) =

Z

dt0Z�1

n

(t� t0, µ)Bb

n

(x, t0, b?), (7)

where the renormalization factor Z
n

satisfies the condition
Z

dt0Z�1

n

(t00 � t0, µ)Z
n

(t0 � t, µ) = �(t00 � t). (8)

• Tree-level matching:



Power Corrections

• Dominant nuclear-dependent power corrections come from the OPE of the 
  beam function
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scattering in the nucleus. For the simplest case of the proton, Eq.(44) gives Q2

s(A = 1) ⇠
⇤2

QCD as expected.

A systematic analysis can be performed in the SCET to derive the operator structure of

the various power corrections. We leave such an analysis for future works, where we will

study in detail how the multiple scattering induced gluon radiation in the final state will

alter the radiation pattern, in particular the ⌧
1

distribution. At the moment we discuss

nuclear-dependent power corrections, that depend on Qs(A), and how they may be probed

through measurements of ⌧
1

-distributions. As seen in Eq.(A7), the beam function is nuclear

matrix element and is the only source of nuclear target dependence in the factorization

formula of Eq.(23). An operator product expansion (OPE) in Qs(A)/ta can be performed

on the beam function where leading term is given by a perturbative function convoluted

with the standard PDFs as shown in Eq.(24). However, higher order terms in the OPE lead

to the more general form of the beam function

Bq(x, ta, µ;µB) =

Z

1

x

dz

z
Iqi

⇣x

z
, ta, µ;µB

⌘

fi/A(z, µB) +O
⇣Q2

s(A)

ta

⌘

, (44)

where the power corrections in Q2

s(A)/ta are associated with higher twist nuclear matrix

elements. Recall that the beam function argument ta ⇠ µ2

B ⇠ ⌧
1

PJT , gives the virtuality

of the initial parton that goes o↵-shell via initial state radiation before entering the hard

interaction, as explained in section III. Thus, the power correction to the beam function

has a scaling

Q2

s(A)

ta
⇠ A↵⇤2

QCD

⌧
1

PJT

. (45)

Note that this power correction has a dependence on the nuclear atomic weight through the

factor of A↵. Thus, for heavier nuclei, the e↵ect of these of power corrections is expected to

be larger. A detailed study of ⌧
1

distributions over a wide range of nuclear targets can probe

these nuclear-dependent power corrections. In particular, these power corrections will lead

to deviations from prediction of the leading twist factorization given by Eqs.(23) and (24)

and these deviations are expected to be larger for heavier nuclei.

IV. NUMERICAL RESULTS

In this section, we present numerical results for the di↵erential cross-section in Eq.(3).

We present results for a range of nuclear targets: Proton, Carbon (C), Calcium (Ca), Iron

(Fe), Gold (Au), and Uranium (Ur). The results are at leading order in the SCET power

counting parameter �2 ⇠ ⌧
1

/PJT and include a resummation of large logarithms in ⌧
1

/PJT up

to the next-to-next-to-leading logarithmic (NNLL) level of accuracy, using the convention in

Table 1 of Ref. [30] for determining the order of resummation. In the region ⌧
1

� ⇤QCD, the

numerical results are determined entirely in terms of perturbatively calculable functions and
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• Size of power corrections controlled by 
-Higher twist correlations

-Nuclear medium effects:   
 energy loss, multiple 
 scattering,...

• Many different sources of power corrections.

• Power corrections can be studied as a function of:
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I. INTRODUCTION

{A, ⌧
1

, PJT } (1)

The discovery of the quark-gluon plasma (QGP) in heavy-ion collisions at RHIC and the

LHC, has made possible, for the first time, laboratory studies of quark-gluon matter at

the high densities and temperatures that existed only a few microseconds after the Big

Bang. One of the key pieces of evidence in the discovery of the QGP was the observed [1–8]

suppression of high transverse momentum hadrons or jets in heavy-ion collisions compared to

that in proton-proton collisions. This suppression can be understood in terms of the energy

loss [9–16] experienced by fast-moving partons propagating through the QGP plasma, formed

during the heavy-ion collision, before emerging as final-state hadrons or jets. Such nuclear

medium e↵ects also induce additional radiation, associated with the energy-loss mechanisms,
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Resummation
• Resummation achieved through renormalization group equations:
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2. Beam, jet, and soft functions

The RG equations for the beam, jet, and soft functions are given by the convolution

equations

µ
d

dµ
Bq

A(x, t, µ) =

Z

dt0 �B(t� t0, µ) Bq
A(x, t

0, µ),

µ
d

dµ
J(s, µ) =

Z

ds0 �J(s� s0, µ)J(s0, µ),

µ
d

dµ
S(ka, kJ , µ) =

Z

dk0
a

Z

dk0
J �S(ka � k0

a, kJ � k0
J , µ)S(k0

a, k
0
J , µ), (C14)

where the anomalous dimension for the soft function �S takes the separable form

�S(ka, kJ , µ) = �(ka)�S(kJ , µ) + �(kJ)�S(ka, µ). (C15)

The anomalous dimensions for the jet, beam, and soft functions have the general form

�J(s, µ) = �2CF�cusp(↵s)
1

µ2

⇣µ2✓(s)

s

⌘

+

+ �i(↵s) �(s),

�B(t, µ) = �2CF�cusp(↵s)
1

µ2

hµ2✓(t)

t

i

+

+ �q
B(↵s)�(t),

�S(k, µ) = 2CF�cusp(↵s)
1

µ̃

⇣ µ̃

k

⌘

+

+ �s(↵s)�(k), (C16)

where we have defined the scale µ̃ ⌘ µ
p
ŝaJ in the soft function anomalous dimension.

It is often simpler to work in the Fourier transformed space of the beam, jet, and soft

functions. For example, the factorization formula in Eq.(42) is expressed in terms of the

Fourier transformed quantities. The beam, jet, and soft functions and their position space

analogs are related by

Bq
A(x, t, µ) =

Z

dy

2⇡
eityBq

A(x, y, µ),

J(sJ , µ;µJ) =

Z

dyJ
2⇡

eiyJsJJ(yJ , µ;µJ),

S(ka, kJ , µ;µS) =

Z

dykadykJ
4⇡2

eiykaka+iykJ kJS(yka , ykJ , µ;µS), (C17)

Going into position space, the RG equations take the simpler form

µ
d

dµ
J(y, µ) = �J(y, µ)J(y, µ),

µ
d

dµ
Bq

A(x, y, µ) = �B(y, µ)B
q
A(x, y, µ),

µ
d

dµ
S(ya, yJ) =

h

�S(ya, µ) + �S(yJ , µ)
i

S(ya, yJ), (C18)
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At tree-level the position-space jet, beam, and soft functions are given by

Jq(0)(yJ , µJ) = 1,

Iqi(0)
⇣x

z
, ya, µJ

⌘

= �qi�(1� x

z
),

S(0)

part.(ya, yJ , µS) = 1. (B5)

At NLO, the corresponding expressions are

Jq(1)(yJ , µ) =
↵sCF

4⇡

h

7� 2⇡2

3
+ 3 ln(iyJµ

2e�E) + 2 ln2(iyJµ
2e�E)

i

,

I(1)

n;qq(x, yta , µ) =
↵sCF

2⇡

h

� 1 + x2

1� x
ln x+ (1� x) +

h ln(1� x)

1� x

i

+

(1 + x2)

� ln(iytaµe
�E)

1 + x2

(1� x)
+

+ ln2(iytaµ
2e�E)�(1� x)

i

,

S(1)

part.(yka , ykJ , µ) = �↵sCF

4⇡

h

4 ln2(iykaµ̃e
�E) + 4 ln2(iykJ µ̃e

�E) + ⇡2

i

.

(B6)

In arriving at these results in position space we made use of the identities
Z 1

0

dz e�izy
h✓(z)

z

i

+

= � ln(iye�E),

Z 1

0

dz e�izy
h✓(z) ln z

z

i

+

=
1

2
ln2(iye�E) +

⇡2

12
.

(B7)

Appendix C: Renormalization group evolution

In this section we collect useful formulae that were used in determining the RG evolution

of the various quantities in the factorization formula given in Eqs.(22) and (23). In particular,

we collect formulae for the RG evolution of the hard (H), beam (B), jet (J) and soft (S)
functions.

1. Hard function

The anomalous dimension �H of the hard function is defined by

µ
d

dµ
H(Q2, µ) = �H H(Q2, µ),

(C1)

and can be written as

�H = �c + �⇤
c , (C2)
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where the Iqi are a perturbatively calculable matching coe�cients and the index i runs over

the initial parton species in the nucleus. The one-loop matching of the quark (and gluon)

beam functions were computed in Refs. [28, 30, 45, 46]. Note that the argument of the

hard function is independent of A, since the A-dependence cancels out in the combination

xA when x is evaluated at its value determined by the delta function in Eq.(22). The soft

function appearing in Eq.(22) is defined in terms of the generalized hemisphere soft function

[33] as

S (⌧
1

, µ;µS) =

Z

dka

Z

dkJ �(⌧
1

� ka � kJ) S(ka, kJ , µ;µS).

(24)

The generalized hemisphere soft function S(ka, kJ , µ;µS), appearing on the RHS above, is a

function of two kinematic arguments ka, kJ , corresponding to the contribution to ⌧
1

of soft

radiation grouped with the nuclear beam and jet directions respectively, as determined by

the 1-jettiness algorithm used to calculate ⌧
1

in Eq.(4). It is also known [33] at the one-loop

level in fixed-order perturbation theory.

Eqs.(22) and (23) are detailed versions of the schematic formulae in Eqs.(9) and (10)

respectively. The intuitive role of the hard (H), nuclear beam (Bq), jet (Jq), and soft (S)
functions were discussed in section I. All of these objects have well-defined field-theoretic

definitions. These definitions are given in appendix A for completeness. Furthermore, the

functions H, Iqi, Jq, and S are independent of the nuclear target and this universality can be

exploited in nuclear studies. The argument sJ of the jet function in Eq.(22) is a measure of

the virtuality of the parton initiating the final state jet. Similarly, the argument of the beam

function ta is a measure of the virtuality of the initial parton entering the hard scattering.

Eq.(23), describes the process by which the initial state parton goes o↵-shell by an amount

p2 ⇠ ta via initial state radiation (along the nuclear beam direction) which shifts the initial

momentum fraction from z to x as seen in Eq.(23). The perturbative coe�cient Iqi captures

the physics of the perturbative initial state radiation. The convolution structure between

the hard, beam, jet, and soft functions in Eq.(22) captures the dynamics of the interplay

between the soft-collinear factored sectors.

The hard, beam, jet, and soft scales µH , µB, µJ , and µS respectively are of typical size

µH ⇠ PJT , µB ⇠ µJ ⇠ p

⌧
1

PJT , µS ⇠ ⌧
1

. (25)

All objects in the factorization forumla are evaluated at a common scale µ. Their evolution

from their natural scales in Eq.(25) to the scale µ are determined by their respective renor-

malization group (RG) equations. The RG evolution between the various scales allows for a

resummation of logarithms associated between the scales PJT , ⌧1, and ⇤QCD. The evolution
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Eq.(23), describes the process by which the initial state parton goes o↵-shell by an amount

p2 ⇠ ta via initial state radiation (along the nuclear beam direction) which shifts the initial

momentum fraction from z to x as seen in Eq.(23). The perturbative coe�cient Iqi captures

the physics of the perturbative initial state radiation. The convolution structure between

the hard, beam, jet, and soft functions in Eq.(22) captures the dynamics of the interplay

between the soft-collinear factored sectors.

The hard, beam, jet, and soft scales µH , µB, µJ , and µS respectively are of typical size

µH ⇠ PJT , µB ⇠ µJ ⇠ p

⌧
1

PJT , µS ⇠ ⌧
1

. (25)

All objects in the factorization forumla are evaluated at a common scale µ. Their evolution

from their natural scales in Eq.(25) to the scale µ are determined by their respective renor-

malization group (RG) equations. The RG evolution between the various scales allows for a

resummation of logarithms associated between the scales PJT , ⌧1, and ⇤QCD. The evolution
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to rewrite the position-space model soft function S
mod.(y⌧ , y⌧ ) as

S
mod.(y⌧ , y⌧ ) =

Z

du e�iy⌧u

Z u

�u

d⇣

2
S
mod.(

u+ ⇣

2
,
u� ⇣

2
). (39)

The integration over the ⇣ variable can be perfomed to define a new single-variable function

F
mod.(u) and its position space version F

mod.(y) as

F
mod.(u) =

Z u

�u

d⇣

2
S
mod.(

u+ ⇣

2
,
u� ⇣

2
), F

mod.(y) =

Z

du e�iy⌧u F
mod.(u). (40)

Using Eq.(40) in Eq.(39), the position-space model soft function S(y⌧ , y⌧ , µS) takes the form

S(y⌧ , y⌧ , µS) = S
part.(y⌧ , y⌧ , µS)Fmod.(y⌧ ). (41)

Using the above relation for the soft function that appears in Eq.(29), the factorization

formula in terms of position-space quantities, including a parameterization of soft non-

perturbative e↵ects, takes the form
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✓

x

z
,
y⌧
Qa

, µB

◆

S
part. (y⌧ , y⌧ , µS)Fmod. (y⌧ ) .

(42)

C. Power corrections

The factorization formula of Eqs.(22) and (23) and its equivalent form in terms of position-

space quantities in Eq.(29), is valid at leading order in the power counting of the SCET. Sev-

eral types of power corrections can arise and we discuss their impact on the ⌧
1

-distributions.

The sizes of the power corrections, in the e↵ective theory language, are characterized by

ratios between the scales µH , µB, µJ , µS, and Qs(A). The scalings of µH , µB, µJ , and µS are

given in Eq.(25). Qs(A) is a dynamical scale, often referred to as the saturation scale [49],

associated with multiple scatterings in the nuclear medium. It depends on the atomic weight

(A) of the nucleus and its size is typically given by

Q2

s(A) ⇠ A↵⇤2

QCD, (43)

where the value of ↵ determines the power law dependence. If there is no color exchange

between the nucleons in the nucleus, ↵ ⇠ 1/3 [42–44] corresponding to the length of multiple

8

and soft emissions (E ⇠ ⌧
1

) in all directions. A convenient framework for such processes

is given by the Soft-Collinear E↵ective Theory (SCET) [35–40], which is a Lagrangian and

operator based formulation of the soft-collinear limit of QCD. The SCET naturally separates

the physics of the disparate scales ⌧
1

⌧ PJT . A resummation of the Sudakov logarithms ⇠
↵n
s ln

2n(⌧
1

/PJT ), associated with the restricted radiation or equivalently a veto on additional

jets or hard radiation, naturally arises through solutions to the renormalization group (RG)

equations in the SCET. For the process in Eq.(1), the SCET framework has a well-defined

power counting in the small parameter �

�2 ⇠ ⌧
1

PJT

. (8)

In the region of ⌧
1

⇠ PJT , corresponding to allowing hard radiation or additional jets

between the nuclear beam and jet directions, resummation e↵ects are no longer important

but power corrections can no longer be neglected. In addition, the jet algorithm dependence

is no longer suppressed. The regions ⌧
1

⌧ PJT and ⌧
1

⇠ PJT can be smoothly connected via

a matching calculation. In this work, we only focus on the resummation region ⌧
1

⌧ PJT ,

leaving the matching calculation for future work.

Recently [41], a factorization framework based on the SCET, applicable in the region

⌧
1

⌧ PJT , was introduced for the observable in Eq.(2). In that work, numerical results

at the next-to-leading logarithmic (NLL) accuracy were derived for the case of a proton

target and the impact of non-perturbative e↵ects in the region ⌧
1

⇠ ⇤QCD were studied. In

this work, we extend the numerical results to include a wide range of nuclear targets and

resummation at the next-to-next-to-leading logarithmic (NNLL) accuracy. In particular, we

give numerical results for the nuclear targets: Proton, Carbon (C), Calcium (Ca), Iron (Fe),

Gold (Au), and Uranium (Ur). The factorization formula for the observable in Eq.(2) has

the schematic form

d3�

dydPJT d⌧1
⇠ H ⌦ B ⌦ J ⌦ S, (9)

where H, B, J , and S denote the hard function, the nuclear beam function, the jet function,

and the soft function respectively. The hard function captures the physics of the hard

partonic interaction that initiates the final state jet. Similarly, the jet function describes

the dynamics of collinear energetic radiation in the final state jet and the soft function

describes the low energy radiation throughout the event. The beam function [28] B is a

nuclear matrix element and encodes the physics of parton correlations in the initial nucleus,

collinear radiation from the initial state, and the beam remnants. The various objects in

Eq.(9) have well defined field-theoretic definitions and correspond to the various parts shown

schematically in Fig. 1.

In the nuclear beam function B, one can separate the physics of perturbative collinear

initial state radiation from the non-perturbative dynamics of the initial state nucleus by
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partonic interaction that initiates the final state jet. Similarly, the jet function describes

the dynamics of collinear energetic radiation in the final state jet and the soft function

describes the low energy radiation throughout the event. The beam function [28] B is a

nuclear matrix element and encodes the physics of parton correlations in the initial nucleus,

collinear radiation from the initial state, and the beam remnants. The various objects in

Eq.(9) have well defined field-theoretic definitions and correspond to the various parts shown

schematically in Fig. 1.

In the nuclear beam function B, one can separate the physics of perturbative collinear

initial state radiation from the non-perturbative dynamics of the initial state nucleus by
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FIG. 2: Cross-section di↵erential in ⌧

1

and y with NNLL resummation for a proton target, at
PJT = 20 GeV and center of mass energy of 90 GeV.

performing an operator product expansion (OPE). At leading order in the OPE, the beam

function can be written as a convolution between a perturbatively calculable coe�cient I
and the standard nuclear PDF fA

B ⇠ I ⌦ fA. (10)

The OPE is an expansion in the Q2

s(A)/ta, where Qs(A) is a dynamical nuclear scale and

ta ⇠ ⌧
1

PJT denotes the virtuality squared of the initial state parton that enters the hard

interaction after being taken o↵-shell by initial-state radiation. The physics of these pertur-

bative collinear emissions from the incoming parton is contained in the coe�cient I. The

dependence of the nuclear scale Q2

s(A) on the atomic weight A of the nucleus is typically

parameterized as [42–44]

Q2

s(A) ⇠ A↵⇤2

QCD, (11)

where the parameter ↵ determines the scaling of Qs(A) with the the atomic weight of the

nucleus. Note that for the simplest case of a proton target (A = 1), the nuclear scale is just

Q2

s(A = 1) ⇠ ⇤2

QCD. The power corrections in Q2

s(A)/(⌧1PJT ), encode the physics of higher

twist parton correlations in the nucleus as well as dynamical nuclear medium e↵ects on the

initial state collinear radiation. Note that the size of the power corrections will increase for

heavier nuclear targets as determined by the scaling with the atomic weight in Eq.(11). The

size of these power corrections for a given nuclear target will also increase at smaller values
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where the Iqi are a perturbatively calculable matching coe�cients and the index i runs over

the initial parton species in the nucleus. The one-loop matching of the quark (and gluon)

beam functions were computed in Refs. [28, 30, 45, 46]. Note that the argument of the

hard function is independent of A, since the A-dependence cancels out in the combination

xA when x is evaluated at its value determined by the delta function in Eq.(22). The soft

function appearing in Eq.(22) is defined in terms of the generalized hemisphere soft function

[33] as

S (⌧
1

, µ;µS) =

Z

dka

Z

dkJ �(⌧
1

� ka � kJ) S(ka, kJ , µ;µS).

(24)

The generalized hemisphere soft function S(ka, kJ , µ;µS), appearing on the RHS above, is a

function of two kinematic arguments ka, kJ , corresponding to the contribution to ⌧
1

of soft

radiation grouped with the nuclear beam and jet directions respectively, as determined by

the 1-jettiness algorithm used to calculate ⌧
1

in Eq.(4). It is also known [33] at the one-loop

level in fixed-order perturbation theory.

Eqs.(22) and (23) are detailed versions of the schematic formulae in Eqs.(9) and (10)

respectively. The intuitive role of the hard (H), nuclear beam (Bq), jet (Jq), and soft (S)
functions were discussed in section I. All of these objects have well-defined field-theoretic

definitions. These definitions are given in appendix A for completeness. Furthermore, the

functions H, Iqi, Jq, and S are independent of the nuclear target and this universality can be

exploited in nuclear studies. The argument sJ of the jet function in Eq.(22) is a measure of

the virtuality of the parton initiating the final state jet. Similarly, the argument of the beam

function ta is a measure of the virtuality of the initial parton entering the hard scattering.

Eq.(23), describes the process by which the initial state parton goes o↵-shell by an amount

p2 ⇠ ta via initial state radiation (along the nuclear beam direction) which shifts the initial

momentum fraction from z to x as seen in Eq.(23). The perturbative coe�cient Iqi captures

the physics of the perturbative initial state radiation. The convolution structure between

the hard, beam, jet, and soft functions in Eq.(22) captures the dynamics of the interplay

between the soft-collinear factored sectors.

The hard, beam, jet, and soft scales µH , µB, µJ , and µS respectively are of typical size

µH ⇠ PJT , µB ⇠ µJ ⇠ p

⌧
1

PJT , µS ⇠ ⌧
1

. (25)

All objects in the factorization forumla are evaluated at a common scale µ. Their evolution

from their natural scales in Eq.(25) to the scale µ are determined by their respective renor-

malization group (RG) equations. The RG evolution between the various scales allows for a

resummation of logarithms associated between the scales PJT , ⌧1, and ⇤QCD. The evolution

• All objects in factorization formula have well defined evolution equations:
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FIG. 6: ⌧

1

-distributions with NNLL resummation for di↵erent nuclear targets for Qe = 90 GeV,
PJT = 20 GeV, and y = 0. In all figures, the green (upper) band corresponds to the NNLL resumed
result for a proton target. The lower bands in di↵erent colors are the corresponding distributions
for di↵erent nuclear targets.

corresponds to NLL resummation combined with the product of the hard, beam, jet, and

soft functions computed at NLO and using NLO PDFs. A summary of the counting of logs

for resummation at di↵erent levels of accuracy can be found in Table 1 of Ref.[30]. The

red (lower) and green (upper) bands in Fig. 5, are obtained from the envelope of the scale

variations in Eq.(53). For reference, we show solid and dashed black curves corresponding

to the scale choices (a) in Eq.(53) for r = 1, for NNLL and NLL’ resummation respectively.

Fig. 5 shows the behavior of the cross-section as one implements jet veto by restricting

radiation at wide angles from the final-state jet and nuclear beam directions. As ⌧
1

gets

1-jettiness and rapidity distribution

Proton target: 
NNLL resummation

33

that are bound inside the nucleus. In Fig. 11, we show the ratio of the PJT
distributions of

heavier nuclei to the that of the proton. The scale variation is again dramatically reduced

in the ratio and is given by the width of the curves. We see that the relative di↵erence in

the cross-sections for heavier nuclei and the proton grows with increasing PJT
. This is again

a consequence of Eq.(48) which shows that the value of x⇤ grows with PJT
. For PJT

in the

range [10GeV, 20GeV], x⇤ takes on values in the range ⇠ [0.1, 0.3] respectively. From Fig. 4

we see that for PJT
= 10 GeV we are closer to the anti-shadowing region where the parton

luminosity for nucleons in heavier nuclei is similar to that of a free proton. For PJT
= 20

GeV, we are well into the EMC region where there is a significant suppression in the parton

luminosity in heavier nuclei. As a result, we see the characteristic shape of RA as a function

of PJT
which indicates an increased suppression for increasing PJT

.

In the numerical results presented so far, the kinematic configurations chosen were sen-

sitive to the anti-shadowing and EMC regions in Figs. 3 and 4. One can also probe lower

regions in Bjorken-x, such as the shadowing region, by choosing the appropriate kinematics.

For illustration, in Fig. 12 we show the ratio RA as a function of PJT
for a Uranium target

at y = 0 and ⌧
1

= 1.5 GeV for the three di↵erent values Qe = 90, 140, 300 GeV. As seen

from Eq.(48), by increasing Qe, one can probe lower values of x⇤. For example, at Qe = 300

GeV and PJT
= 5 GeV we have x⇤ ' 0.02 which is in the shadowing region as seen in Figs. 3

and 4. Thus, for this kinematic choice, the integration over Bjorken-x in Eq.(47) covers the

shadowing, anti-shadowing, and EMC regions. As seen in Fig. 12, the size and shape of the

ratio RA as a function of PJT
and Qe can be a useful way to probe nuclear PDFs in di↵erent

regions of Bjorken-x. Similar results can be obtained for distributions in the jet rapidity y

and ⌧
1

as a function of Qe.

The numerical results in Figs. 6 through 12, demonstrate that distributions in ⌧
1

, PJT
,

and y for various nuclei and di↵erent values of Qe, can be a powerful probe of nuclear PDFs,

complementary to measurements of structure functions in inclusive deep inelastic scattering.

Thus, a systematic program that measures distributions of various nuclei in the configuration

space of {Qe, ⌧1

, PJT
, y} can yield detailed information about nuclear structure.

As discussed in section III C, these distributions will also be a↵ected by power corrections.

The scaling of these power corrections with the kinematic variables and their dependence

on the nuclear targets was also discussed. In particular, the dominant nuclear-dependent

power corrections have a kinematic scaling ⇠ 1/(⌧
1

PJT
) rather than the typical scaling

⇠ 1/Q2 (where Q is the hard scale) in fully inclusive deep inelastic scattering. Using this

information, deviations in the data from the leading twist predictions of Eq.(47) can be used

as a probe of power corrections. In particular, the size of these deviations as a function of

{A, Qe, PJT
, y, ⌧

1

} can provide detailed information on the behavior and size of the power

corrections. Such a detailed study of power corrections is left as future work.

• One can study distributions in the space of :
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FIG. 5: ⌧

1

distribution for a proton target with NLL0 (lower red band) and NNLL (upper green
band) resummation for Q = 90 GeV, PJT = 20 GeV and y = 0.

configuration given by Qe = 90 GeV, PJT = 20 GeV, and y = 0, corresponding to typical

EIC kinematics [23]. As discussed earlier, the ⌧
1

-distribution is a↵ected by large Sudakov

logarithms ↵n
s ln

2n(⌧
1

/PJT ) in the region ⌧
1

⌧ PJT , so that the results of fixed order pertur-

bation theory are no longer reliable and resummation is required. These Sudakov logarithms

are associated with the veto on additional jets, enforced by the condition ⌧
1

⌧ PJT which

restricts radiation between the hard jet and the nuclear beam direction to be soft (E ⇠ ⌧
1

),

as shown in Fig. 1. Fig. 5 shows the result for the ⌧
1

-distribution after a resummation of the

jet-veto logarithms. In particular, the red (lower) and green (upper) bands corresponds to

resummation at the NLL’ and NNLL level of accuracy respectively. The NLL’ resummation

corresponds to NLL resummation combined with the product of the hard, beam, jet, and

soft functions computed at NLO and using NLO PDFs. A summary of the counting of logs

for resummation at di↵erent levels of accuracy can be found in Table 1 of Ref.[30]. The

red (lower) and green (upper) bands in Fig. 5, are obtained from the envelope of the scale

variations in Eq.(52). For reference, we show solid and dashed black curves corresponding

to the scale choices (a) in Eq.(52) for r = 1, for NNLL and NLL’ resummation respectively.

Fig. 5 shows the behavior of the cross-section as one implements jet veto by restricting

radiation at wide angles from the final-state jet and nuclear beam directions. As ⌧
1

gets

smaller, the final-state jet becomes narrower and wide-angle radiation becomes softer. The

enhancement of the cross-section at small ⌧
1

is a consequence of the cross-section being

dominated by collinear emissions along the nuclear beam and final-state jet directions and

soft emissions everywhere. In fact, the behavior of the cross-section in fixed order pertur-

bation theory is singular in the limit ⌧
1

! 0. It is the resummation of the jet-veto Sudakov

logarithms ↵n
s ln

2n(⌧
1

)(PJT ) that tames the behavior of the cross-section at small ⌧
1

as seen
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FIG. 2: NNLL resummed cross-section distributions in ⌧1 for di↵erent nuclear targets. The cross-

sections are divided by the atomic weight A of the corresponding nuclear target. The bands in the

left plot arise from scale variation as explained in the text. In the right plot, we show only the

central curves corresponding to a specific scale choice for better clarity. The plots are for PJT = 20

GeV, y = 0, and Q = A⇥90 GeV where A is the nuclear atomic weight of the corresponding nuclear

target. Looking at the left edge of each plot from top to bottom the di↵erent curves correspond to

the proton (green), Ur (brown), Au (Orange), Fe (blue), Ca (purple), and C (magenta).

One can perform the integral over x to get

d3�

dydPJT d⌧1

���
EPS09

= �0

X

q,i

e2q

Z 1/A

x⇤

dz

z

Z
dsJ

Z
dta

⇥H(xQPJT e
�y, µ;µH)J

q(sJ , µ;µJ)Iqi
⇣x⇤

z
, ta, µ;µB

⌘
fEPS09
i/A (A z, µ)

⇥S
✓
⌧1 �

ta
Qa

� sJ
QJ

, µ;µS

◆
, (6)

where x⇤ is given by

x⇤ =
eyPJT

Q� e�yPJT

. (7)

If we denote the center of mass energy for a proton target as Qp, then for a nucleus with

atomic weight A, the center of mass energy is

Q = AQp, (8)

so that

x⇤ =
eyPJT

AQp � e�yPJT

. (9)

A. Using approximation to arrive at form used in nuclear community

Now, if we assume that

AQp � e�yPJT , (10)

NLL`
NNLL

4
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FIG. 1. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy. The bottom and top bands cor-
respond to

p
s = 90 GeV, PJT = 20 GeV, y = 0 (Stage I

EIC) and
p
s = 300 GeV, PJT = 20 GeV, y = 0 (HERA) re-

spectively. The dashed curve shows the singular part of the
NLO cross-section for HERA kinematics. The scale choices
for µH , µJ , µS are explained in the text.

soft radiation by modeling the soft function in the re-
gion ⌧

1

<⇠ ⇤QCD and varying the model parameters as
described below. Numerical studies of power corrections
are left for future work. Any deviations between data and
the prediction of Eq. (11), after including the remaining
uncertainties, will be a measure of the size of power cor-
rections. These power corrections can be studied as a
function of (⌧

1

, y, PJT ). In the ratio in Eq. (2), the un-
certainties from nuclear-independent e↵ects will largely
cancel out so that a deviation from unity probes nuclear-
dependent e↵ects.

Fig. 1 shows the ⌧
1

-distribution at Next-to-Leading-
Log (NLL) accuracy for typical Stage-I EIC and HERA
kinematics. We follow the conventions in Table 1 in
Ref. [15] for counting logs, set nf = 5, and use CTEQ6L
PDFs [16]. The shaded bands correspond to NLL scale
variation by choosing µH = rPJT , µJ = r

p
PJT ⌧1, µS =

r ⌧
1

for the range r = {1/2, 2}. The curve in the mid-
dle of each band corresponds to r = 1. We also show
(dashed curve) the singular part of the NLO cross-section
for HERA kinematics. The e↵ect of resummation is to
tame the singular behavior of the fixed order cross-section
in the ⌧

1

! 0 limit. The ⌧
1

-distribution is cuto↵ at 1 GeV
so that the soft function is still perturbative.

In the region ⌧
1

⇠ ⇤
QCD

, the soft function S(⌧
1

, µ)
becomes non-perturbative and is modeled as

S(⌧
1

, µ) =

Z

dkadkJ�(⌧1 � ka � kJ)S(ka, kJ , µ),(12)

where S(ka, kJ , µ) is the generalized hemisphere soft
function [2]. Non-perturbative physics in this hemisphere
soft function is encoded by the convolution of the par-
tonic soft function with a model function S

mod

[17–19]
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FIG. 2. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy including non-perturbative ⌧1 values
with

p
s = 300 GeV, PJT = 20 GeV, and y = 0. The di↵erent

curves with peak positions from left to right correspond to
(a, b,⇤) = (2.0,�0.2, 0.2), (1.2,�0.1, 0.3), (2.2,�0.4, 0.5),
(1.8,�0.05, 0.4) in Eq. (15) respectively.

as

S(ka, kJ , µ) =
Z

dk0adk
0
j Smod

(k0a, k
0
J)

⇥S
part.(ka � k0a, kJ � k0J , µ), (13)

where S
part. corresponds to the perturbative soft func-

tion. S
mod

(k0a, k
0
b) is chosen to peak near k0a,b ⇠ ⇤

QCD

so that for ⌧
1

� ⇤
QCD

the soft function reduces to the
perturbative result S

part.. For NLL resummation, the ⌧
1

distribution is sensitive to the non-perturbative physics
only through the combination

F
mod

(u) =

Z u

�u

d⇣

2
S
mod

✓

u+ ⇣

2
,
u� ⇣

2

◆

. (14)

This result is derived by expanding Eq. (11) to the NLL
level and using u = k0a + k0b, ⇣ = k0a � k0b in Eq. (13).
The function F

mod

is parameterized as

F
mod

(u) =
N(a, b,⇤)

⇤

⇣ u

⇤

⌘a�1

Exp



� (u� b)2

⇤2

�

,(15)

where the normalization factor N(a, b,⇤) is chosen to
satisfy

R1
0

duF
mod

(u) = 1, equivalent to the condition
R

dka
R

dkJSmod

(ka, kJ) = 1. In Fig. 2, we plot the 1-
jettiness cross section as a function of ⌧

1

for di↵erent pa-
rameter choices of a, b, and ⇤ as explained in the caption.
We made the scale choices µH = PJT , µJ =

p

⌧
1

PJT , and

µS = ⌧
1

p

1 + (⌧min
1

/⌧
1

)2 with ⌧min
1

= 1 GeV. The dif-
ferent models exhibit di↵erent behavior for ⌧

1

⇠ ⇤
QCD

but converge to the perturbative result for larger values
of ⌧

1

as required. The universality of the soft function
allows its extraction from lepton-nucleon collisions to be
then used in scattering o↵ larger nuclei.
A similar analysis can be performed for other nuclear

targets. We leave further studies of nuclear phenomenol-

1-jettiness distribution for the Proton
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FIG. 6: ⌧

1

-distributions with NNLL resummation for di↵erent nuclear targets for Qe = 90 GeV,
PJT = 20 GeV, and y = 0. In all figures, the green (upper) band corresponds to the NNLL resumed
result for a proton target. The lower bands in di↵erent colors are the corresponding distributions
for di↵erent nuclear targets.

corresponds to NLL resummation combined with the product of the hard, beam, jet, and

soft functions computed at NLO and using NLO PDFs. A summary of the counting of logs

for resummation at di↵erent levels of accuracy can be found in Table 1 of Ref.[30]. The

red (lower) and green (upper) bands in Fig. 5, are obtained from the envelope of the scale

variations in Eq.(53). For reference, we show solid and dashed black curves corresponding

to the scale choices (a) in Eq.(53) for r = 1, for NNLL and NLL’ resummation respectively.

Fig. 5 shows the behavior of the cross-section as one implements jet veto by restricting

radiation at wide angles from the final-state jet and nuclear beam directions. As ⌧
1

gets

9

FIG. 2: Cross-section di↵erential in ⌧

1

and y with NNLL resummation for a proton target, at
PJT = 20 GeV and center of mass energy of 90 GeV.

performing an operator product expansion (OPE). At leading order in the OPE, the beam

function can be written as a convolution between a perturbatively calculable coe�cient I
and the standard nuclear PDF fA

B ⇠ I ⌦ fA. (10)

The OPE is an expansion in the Q2

s(A)/ta, where Qs(A) is a dynamical nuclear scale and

ta ⇠ ⌧
1

PJT denotes the virtuality squared of the initial state parton that enters the hard

interaction after being taken o↵-shell by initial-state radiation. The physics of these pertur-

bative collinear emissions from the incoming parton is contained in the coe�cient I. The

dependence of the nuclear scale Q2

s(A) on the atomic weight A of the nucleus is typically

parameterized as [42–44]

Q2

s(A) ⇠ A↵⇤2

QCD, (11)

where the parameter ↵ determines the scaling of Qs(A) with the the atomic weight of the

nucleus. Note that for the simplest case of a proton target (A = 1), the nuclear scale is just

Q2

s(A = 1) ⇠ ⇤2

QCD. The power corrections in Q2

s(A)/(⌧1PJT ), encode the physics of higher

twist parton correlations in the nucleus as well as dynamical nuclear medium e↵ects on the

initial state collinear radiation. Note that the size of the power corrections will increase for

heavier nuclear targets as determined by the scaling with the atomic weight in Eq.(12). The

size of these power corrections for a given nuclear target will also increase at smaller values
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Nuclear PDFs
• At leading twist, we directly probe nuclear PDFs
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Figure 1: An illustration of the fit function RA
i (x) and the role of the parameters xa, xe, y0,

ya, and ye.

2.3 Experimental input and cross-sections

The main body of the data in our analysis consists of ! + A DIS measurements. We
also utilize the DY dilepton production data from fixed target p+A collisions at Fermi-
lab and inclusive neutral-pion production data measured in d+Au and p+p collisions
at RHIC1. Table 1 lists the sets included in our analysis and Fig. 2 displays their
kinematical reach in the (x, Q2)-plane. We will use the following notation:

RA
DIS(x, Q2) ≡

1
AdσlA

DIS/dQ2dx
1
2dσld

DIS/dQ2dx
, RA

F2
(x, Q2) ≡

F A
2 (x, Q2)

F d
2 (x, Q2)

RA
DY(x1,2, M

2) ≡
1
AdσpA

DY/dM2dx1,2

1
2dσpd

DY/dM2dx1,2

(6)

Rπ
dAu ≡

1

〈Ncoll〉
d2NdAu

π /dpTdy

d2Npp
π /dpT dy

min.bias
=

1
2Ad2σdAu

π /dpT dy

d2σpp
π /dpTdy

.

The kinematical variables in DIS are the Bjorken-x and the virtuality of the photon Q2.
In DY M2 denotes the invariant mass of the lepton pair, and x1,2 ≡

√

M2/s e±y where
y is the pair rapidity. The inclusive pion production is characterized by the transverse
momentum pT and rapidity y of the outgoing pion. The average number of binary
nucleon-nucleon collisions (in the centrality class studied) is denoted by 〈Ncoll〉. In
this analysis we only consider minimum bias data, and do not focus on the transverse
coordinate dependence of the nPDFs. The kinematical cuts we impose on the data are
M2, Q2 ≥ 1.69 GeV2 for DIS and DY, and pT ≥ 1.7 GeV for inclusive pion production.

All cross-sections are calculated in the collinear factorization formalism folding the

1In contrast to our previous analysis [4], we do not include the BRAHMS forward rapidity charged
hadron d+Au data here. These data will be separately discussed in Sec. 4.

4

• Schematic behavior of nuclear modification factors

(Eskola, Paukunnen, Salgado)
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as the d and u quark neutron PDFs respectively, the nuclear PDFs take the form [50]

fEPS09
u/A (x, µ) =

Z

A
RA

u (x, µ) fu/p(x, µ) +
A� Z

A
RA

d (x, µ) fd/p(x, µ),

fEPS09
d/A (x, µ) =

Z

A
RA

i (x, µ) fd/p(x, µ) +
A� Z

A
RA

u (x, µ) fu/p(x, µ),

fEPS09
s,c,b/A (x, µ) = RA

s,c,b(x, µ) fs,c,b/p(x, µ),

fEPS09
g/A (x, µ) = RA

g (x, µ) fg/p(x, µ), (46)

where the fi/p(x, µ) are the standard free-proton PDFs, the RA
i (x, µ) denote nuclear correc-

tion factors arising from nuclear e↵ects on a proton bound in the nucleus, and the nuclear

PDFs fEPS09
u/A (x, µ) are defined with an overall normalization factor of 1/A to give the ef-

fective nuclear PDF per nucleon. Note that the fEPS09
i/A (x, µ) vanish for x > 1 since they

are given by linear combinations of the proton PDFs fi/p(x, µ). The argument x in Eq.(46)

corresponds to the parton momentum fraction of the average nucleon momentum in the

nucleus. On the other hand, the momentum fraction z in Eq.(23), corresponds to the par-

ton momentum fraction of entire nucleus. As result, the EPS09 PDFs fEPS09
i/A (z, µ) [50] are

related to the PDFs fi/A(z, µ) in the factorization formula in Eqs.(22) and (23) by

1

A
fi/A(z, µ) = fEPS09

i/A (A z, µ). (47)

Since fEPS09
i/A (A z, µ) vanish for A z > 1, the upper limit of the range of integration for z,

becomes 1/A. Using the relation in Eq.(47), the factorization formula in Eqs.(22) and (23)

can be brought to the relatively simple form

d�A(⌧1, PJT , y) ⌘
d3�

dydPJT d⌧1

�

�

�

EPS09
= �

0

X

q,i

e2q

Z

1

x⇤

dx

x

Z

dsJ

Z

dta

⇥H(⇠2, µ;µH)J
q(sJ , µ;µJ)Iqi

⇣x⇤

x
, ta, µ;µB

⌘

⇥S
✓

⌧
1

� ta
Qa

� sJ
QJ

, µ;µS

◆

fEPS09
i/A (x, µB),

(48)

where the subscript EPS09 on the di↵erential cross-section indicates that the factorization

formula has been written in terms of the EPS09 nuclear PDFs. Note that the dependence of

the cross-section on the nuclear target is contained entirely in the nuclear PDF fEPS09
i/A (x, µ),

as seen from Eqs.(48), (49), (30), and (18). The A-dependence completely cancels out in

the rest of the cross-section. The cross-section in Eq.(48), for electron-nucleus scattering,

has the simple interpretation of electron-proton scattering at a center of mass energy of

s = Q2

e where the proton PDF has been dressed for nuclear corrections via the replacement

fi/p ! fEPS09
i/A . This result is a consequence of the kinematics of Eq.(12), the relation in

Eq.(47), and the property that fEPS09
i/A (A z, µ) vanishes for A z > 1.

EPS09 PDF set
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FIG. 3: Nuclear correction factors R

Ur

i (x, µ) for the NLO nuclear PDF for a Uranium target as
defined in Eq.(47). The subscript i runs over the parton species i = {u, d, s, g}. For the u and d

quarks, separate R-factors are given for the valence (V) and sea quarks (S). The di↵erent curves
in each graph correspond to di↵erent values for the scale µ. By looking at the region of small
Bjorken-x, the di↵erent curves from the bottom to the top correspond to µ = 3 GeV (Green),
µ = 5 GeV (Blue), µ = 10 GeV (Red), and µ = 20 GeV (Purple). These plots were generated
using publicly available code for the EPS09 PDF set [50].

The lower limit of integration (x⇤), over the argument of the nuclear PDF fEPS09
i/A (x, µB)

in Eq.(49), is given by

x⇤ =
eyPJT

Qe � e�yPJT

. (49)

The corresponding range ([x⇤, 1]) of integration is then determined by the choice of the

kinematic variables {Qe, PJT , y}, defined in section II. Thus, one can access smaller values

of Bjorken-x by increasing Qe and decreasing PJT and y.

Di↵erent regions in Bjorken-x are sensitive to di↵erent types of nuclear e↵ects. For

example, shadowing suppresses the number density of partons in the region of small Bjorken-

x, anti-shadowing enhances the parton density at intermediate values of Bjorken-x, the EMC

e↵ect suppresses the parton density at higher values of Bjorken-x, and the e↵ect from Fermi

motion of the nucleons enhances the parton density at Bjorkenx values close to one. In

Fig. 3, we show numerical results for the nuclear correction factors RA
i for the NLO PDFs in

Eq.(47) for the case of a Uranium target (A = 238, Z = 92). From these results, generated

using the publicly available code for the EPS09 PDF set [50], we see that the shape of the

RA
i factors clearly show the distinct regions in Bjorken-x that are dominated by shadowing,

anti-shadowing, the EMC-e↵ect, and Fermi motion. These di↵erent regions can be probed

Nuclear Modification Factors for Uranium
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FIG. 3: Nuclear correction factors R

Ur

i (x, µ) for the NLO nuclear PDF for a Uranium target as
defined in Eq.(45). The subscript i runs over the parton species i = {u, d, s, g}. For the u and d

quarks, separate R-factors are given for the valence (V) and sea quarks (S). The di↵erent curves
in each graph correspond to di↵erent values for the scale µ. By looking at the region of small
Bjorken-x, the di↵erent curves from the bottom to the top correspond to µ = 3 GeV (Green),
µ = 5 GeV (Blue), µ = 10 GeV (Red), and µ = 20 GeV (Purple). These plots were generated
using publicly available code for the EPS09 PDF set [51].

the cross-section on the nuclear target is contained entirely in the nuclear PDF fEPS09

i/A (x, µ),

as seen from Eqs.(47), (48), (30), and (18). The A-dependence completely cancels out in

the rest of the cross-section. The cross-section in Eq.(47), for electron-nucleus scattering,

has the simple interpretation of electron-proton scattering at a center of mass energy of

s = Q2

e where the proton PDF has been dressed for nuclear corrections via the replacement

fi/p ! fEPS09

i/A . This result is a consequence of the kinematics of Eq.(13), the relation in

Eq.(46), and the property that fEPS09

i/A (A z, µ) vanishes for A z > 1.

The lower limit of integration (x⇤), over the argument of the nuclear PDF fEPS09

i/A (x, µB)

in Eq.(47), is given by

x⇤ =
eyPJT

Qe � e�yPJT

. (48)

The corresponding range ([x⇤, 1]) of integration is then determined by the choice of the

kinematic variables {Qe, PJT
, y}, defined in section II. Thus, one can access smaller values

of Bjorken-x by increasing Qe and decreasing PJT
and y.

Di↵erent regions in Bjorken-x are sensitive to di↵erent types of nuclear e↵ects. For

example, shadowing suppresses the number density of partons in the region of small Bjorken-

x, anti-shadowing enhances the parton density at values of Bjorken-x about ⇠ 0.1 , the EMC
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i (x, µ) for the NLO nuclear PDF for a Uranium target as
defined in Eq.(45). The subscript i runs over the parton species i = {u, d, s, g}. For the u and d

quarks, separate R-factors are given for the valence (V) and sea quarks (S). The di↵erent curves
in each graph correspond to di↵erent values for the scale µ. By looking at the region of small
Bjorken-x, the di↵erent curves from the bottom to the top correspond to µ = 3 GeV (Green),
µ = 5 GeV (Blue), µ = 10 GeV (Red), and µ = 20 GeV (Purple). These plots were generated
using publicly available code for the EPS09 PDF set [51].

the cross-section on the nuclear target is contained entirely in the nuclear PDF fEPS09

i/A (x, µ),

as seen from Eqs.(47), (48), (30), and (18). The A-dependence completely cancels out in

the rest of the cross-section. The cross-section in Eq.(47), for electron-nucleus scattering,

has the simple interpretation of electron-proton scattering at a center of mass energy of

s = Q2

e where the proton PDF has been dressed for nuclear corrections via the replacement

fi/p ! fEPS09

i/A . This result is a consequence of the kinematics of Eq.(13), the relation in

Eq.(46), and the property that fEPS09

i/A (A z, µ) vanishes for A z > 1.

The lower limit of integration (x⇤), over the argument of the nuclear PDF fEPS09

i/A (x, µB)

in Eq.(47), is given by

x⇤ =
eyPJT

Qe � e�yPJT

. (48)

The corresponding range ([x⇤, 1]) of integration is then determined by the choice of the

kinematic variables {Qe, PJT
, y}, defined in section II. Thus, one can access smaller values

of Bjorken-x by increasing Qe and decreasing PJT
and y.

Di↵erent regions in Bjorken-x are sensitive to di↵erent types of nuclear e↵ects. For

example, shadowing suppresses the number density of partons in the region of small Bjorken-

x, anti-shadowing enhances the parton density at values of Bjorken-x about ⇠ 0.1 , the EMC

22

0.001 0.005 0.010 0.050 0.100 0.500 1.000
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

x

(a)RUr(V)
u

0.001 0.005 0.010 0.050 0.100 0.500 1.000
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

x

(b)RUr(V)
d

0.001 0.005 0.010 0.050 0.100 0.500 1.000
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

x

(c)RUr(S)
u

0.001 0.005 0.010 0.050 0.100 0.500 1.000
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

x

(d)RUr(S)
d

0.001 0.005 0.010 0.050 0.100 0.500 1.000
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

x

(e)RUr
s

0.001 0.005 0.010 0.050 0.100 0.500 1.000
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

x

(f)RUr
g

FIG. 3: Nuclear correction factors R

Ur

i (x, µ) for the NLO nuclear PDF for a Uranium target as
defined in Eq.(45). The subscript i runs over the parton species i = {u, d, s, g}. For the u and d

quarks, separate R-factors are given for the valence (V) and sea quarks (S). The di↵erent curves
in each graph correspond to di↵erent values for the scale µ. By looking at the region of small
Bjorken-x, the di↵erent curves from the bottom to the top correspond to µ = 3 GeV (Green),
µ = 5 GeV (Blue), µ = 10 GeV (Red), and µ = 20 GeV (Purple). These plots were generated
using publicly available code for the EPS09 PDF set [51].

the cross-section on the nuclear target is contained entirely in the nuclear PDF fEPS09

i/A (x, µ),

as seen from Eqs.(47), (48), (30), and (18). The A-dependence completely cancels out in

the rest of the cross-section. The cross-section in Eq.(47), for electron-nucleus scattering,

has the simple interpretation of electron-proton scattering at a center of mass energy of

s = Q2

e where the proton PDF has been dressed for nuclear corrections via the replacement

fi/p ! fEPS09

i/A . This result is a consequence of the kinematics of Eq.(13), the relation in

Eq.(46), and the property that fEPS09

i/A (A z, µ) vanishes for A z > 1.

The lower limit of integration (x⇤), over the argument of the nuclear PDF fEPS09

i/A (x, µB)

in Eq.(47), is given by

x⇤ =
eyPJT

Qe � e�yPJT

. (48)

The corresponding range ([x⇤, 1]) of integration is then determined by the choice of the

kinematic variables {Qe, PJT
, y}, defined in section II. Thus, one can access smaller values

of Bjorken-x by increasing Qe and decreasing PJT
and y.

Di↵erent regions in Bjorken-x are sensitive to di↵erent types of nuclear e↵ects. For

example, shadowing suppresses the number density of partons in the region of small Bjorken-

x, anti-shadowing enhances the parton density at values of Bjorken-x about ⇠ 0.1 , the EMC
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i (x, µ) for the NLO nuclear PDF for a Uranium target as
defined in Eq.(45). The subscript i runs over the parton species i = {u, d, s, g}. For the u and d

quarks, separate R-factors are given for the valence (V) and sea quarks (S). The di↵erent curves
in each graph correspond to di↵erent values for the scale µ. By looking at the region of small
Bjorken-x, the di↵erent curves from the bottom to the top correspond to µ = 3 GeV (Green),
µ = 5 GeV (Blue), µ = 10 GeV (Red), and µ = 20 GeV (Purple). These plots were generated
using publicly available code for the EPS09 PDF set [51].

the cross-section on the nuclear target is contained entirely in the nuclear PDF fEPS09

i/A (x, µ),

as seen from Eqs.(47), (48), (30), and (18). The A-dependence completely cancels out in

the rest of the cross-section. The cross-section in Eq.(47), for electron-nucleus scattering,

has the simple interpretation of electron-proton scattering at a center of mass energy of

s = Q2

e where the proton PDF has been dressed for nuclear corrections via the replacement

fi/p ! fEPS09

i/A . This result is a consequence of the kinematics of Eq.(13), the relation in

Eq.(46), and the property that fEPS09

i/A (A z, µ) vanishes for A z > 1.

The lower limit of integration (x⇤), over the argument of the nuclear PDF fEPS09

i/A (x, µB)

in Eq.(47), is given by

x⇤ =
eyPJT

Qe � e�yPJT

. (48)

The corresponding range ([x⇤, 1]) of integration is then determined by the choice of the

kinematic variables {Qe, PJT
, y}, defined in section II. Thus, one can access smaller values

of Bjorken-x by increasing Qe and decreasing PJT
and y.

Di↵erent regions in Bjorken-x are sensitive to di↵erent types of nuclear e↵ects. For

example, shadowing suppresses the number density of partons in the region of small Bjorken-

x, anti-shadowing enhances the parton density at values of Bjorken-x about ⇠ 0.1 , the EMC
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FIG. 4: Luminosity ratio for uranium to proton

by appropriate choices for the kinematic variables Qe, PJT , and y to determine the lower

limit x⇤ of the Bjorken-x integration, as determined by Eq.(50).

In order to illustrate the e↵ects of the nuclear correction factors RA
i (x, µ) on the cross-

sections, in Fig. 4 we first consider the ratio of the luminosity functions, that appear in the

tree-level cross-sections (see Eqs.(18) and (48)), for a nucleus A compared to the case of a

proton target

RL(x, µ) =

P

q e
2

qf
EPS09
q/A (x, µ)

P

q e
2

qfq/p(x, µ)
, (50)

The luminosity functions appearing in the ratio above are identical to the luminosity func-

tions for fully-inclusive deep inelastic scattering at tree-level. Using Eq.(47) for the nuclear

PDF fEPS09
q/A (x, µ), one can study the e↵ect of the nuclear correction factors RA

i (x, µ) on

the ratio of the tree-level cross-section for a nucleus A compared to that of a proton target,

through luminosity ratio in Eq.(51). In Fig. 4, we show this luminosity ratio for the case of

a Uranium target (A = 238). We see that it captures the qualitative features of shadowing,

anti-shadowing, EMC e↵ects, and Fermi motion as seen in the nuclear correction R-factors

in Fig. 3. However, the anti-shadowing region is completely washed out due to the isospin

e↵ect. This will have important consequences when we study the nuclear modification factor

in the next subsection.

B. Distributions in ⌧

1

, PJT , and y

Once higher order perturbative e↵ects, resummation e↵ects, and non-perturbative e↵ects

from soft radiation are included, the cross-section is more complicated and is given by

Eq.(49). In this case, a simple comparison of the the tree-level luminosity ratio in Eq.(51) is

no longer su�cient. Instead, a comparison of the predictions from the crosss-section formula
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FIG. 4: Luminosity ratio for uranium to proton using NLO PDFs for µ = 3 GeV (Green), µ = 5
GeV (Blue), µ = 10 GeV (Red), and µ = 20 GeV (Purple).

by appropriate choices for the kinematic variables Qe, PJT , and y to determine the lower

limit x⇤ of the Bjorken-x integration, as determined by Eq.(49).

In order to illustrate the e↵ects of the nuclear correction factors RA
i (x, µ) on the cross-

sections, in Fig. 4 we first consider the ratio of the luminosity functions, that appear in the

tree-level cross-sections (see Eqs.(17) and (47)), for a nucleus A compared to the case of a

proton target

RL(x, µ) =

P

q e
2

qf
EPS09
q/A (x, µ)

P

q e
2

qfq/p(x, µ)
, (50)

The luminosity functions appearing in the ratio above are identical to the luminosity func-

tions for fully-inclusive deep inelastic scattering at tree-level. Using Eq.(46) for the nuclear

PDF fEPS09
q/A (x, µ), one can study the e↵ect of the nuclear correction factors RA

i (x, µ) on

the ratio of the tree-level cross-section for a nucleus A compared to that of a proton target,

through luminosity ratio in Eq.(50). In Fig. 4, we show this luminosity ratio for the case of

a Uranium target (A = 238). We see that it captures the qualitative features of shadowing,

anti-shadowing, EMC e↵ects, and Fermi motion as seen in the nuclear correction R-factors

in Fig. 3. However, the anti-shadowing region is completely washed out due to the isospin

e↵ect. This will have important consequences when we study the nuclear modification factor

in the next subsection.

B. Distributions in ⌧

1

, PJT , and y

Once higher order perturbative e↵ects, resummation e↵ects, and non-perturbative e↵ects

from soft radiation are included, the cross-section is more complicated and is given by

Eq.(48). In this case, a simple comparison of the the tree-level luminosity ratio in Eq.(50) is

Ratio of Luminosity factors: Uranium to proton
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as the d and u quark neutron PDFs respectively, the nuclear PDFs take the form [50]

fEPS09
u/A (x, µ) =

Z

A
RA

u (x, µ) fu/p(x, µ) +
A� Z

A
RA

d (x, µ) fd/p(x, µ),

fEPS09
d/A (x, µ) =

Z

A
RA

i (x, µ) fd/p(x, µ) +
A� Z

A
RA

u (x, µ) fu/p(x, µ),

fEPS09
s,c,b/A (x, µ) = RA

s,c,b(x, µ) fs,c,b/p(x, µ),

fEPS09
g/A (x, µ) = RA

g (x, µ) fg/p(x, µ), (46)

where the fi/p(x, µ) are the standard free-proton PDFs, the RA
i (x, µ) denote nuclear correc-

tion factors arising from nuclear e↵ects on a proton bound in the nucleus, and the nuclear

PDFs fEPS09
u/A (x, µ) are defined with an overall normalization factor of 1/A to give the ef-

fective nuclear PDF per nucleon. Note that the fEPS09
i/A (x, µ) vanish for x > 1 since they

are given by linear combinations of the proton PDFs fi/p(x, µ). The argument x in Eq.(46)

corresponds to the parton momentum fraction of the average nucleon momentum in the

nucleus. On the other hand, the momentum fraction z in Eq.(23), corresponds to the par-

ton momentum fraction of entire nucleus. As result, the EPS09 PDFs fEPS09
i/A (z, µ) [50] are

related to the PDFs fi/A(z, µ) in the factorization formula in Eqs.(22) and (23) by

1

A
fi/A(z, µ) = fEPS09

i/A (A z, µ). (47)

Since fEPS09
i/A (A z, µ) vanish for A z > 1, the upper limit of the range of integration for z,

becomes 1/A. Using the relation in Eq.(47), the factorization formula in Eqs.(22) and (23)

can be brought to the relatively simple form

d�A(⌧1, PJT , y) ⌘
d3�

dydPJT d⌧1

�

�

�

EPS09
= �

0

X

q,i

e2q

Z

1

x⇤

dx

x

Z

dsJ

Z

dta

⇥H(⇠2, µ;µH)J
q(sJ , µ;µJ)Iqi

⇣x⇤

x
, ta, µ;µB

⌘

⇥S
✓

⌧
1

� ta
Qa

� sJ
QJ

, µ;µS

◆

fEPS09
i/A (x, µB),

(48)

where the subscript EPS09 on the di↵erential cross-section indicates that the factorization

formula has been written in terms of the EPS09 nuclear PDFs. Note that the dependence of

the cross-section on the nuclear target is contained entirely in the nuclear PDF fEPS09
i/A (x, µ),

as seen from Eqs.(48), (49), (30), and (18). The A-dependence completely cancels out in

the rest of the cross-section. The cross-section in Eq.(48), for electron-nucleus scattering,

has the simple interpretation of electron-proton scattering at a center of mass energy of

s = Q2

e where the proton PDF has been dressed for nuclear corrections via the replacement

fi/p ! fEPS09
i/A . This result is a consequence of the kinematics of Eq.(12), the relation in

Eq.(47), and the property that fEPS09
i/A (A z, µ) vanishes for A z > 1.
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FIG. 3: Nuclear correction factors R

Ur

i (x, µ) for the NLO nuclear PDF for a Uranium target as
defined in Eq.(46). The subscript i runs over the parton species i = {u, d, s, g}. For the u and d

quarks, separate R-factors are given for the valence (V) and sea quarks (S). The di↵erent curves
in each graph correspond to di↵erent values for the scale µ. By looking at the region of small
Bjorken-x, the di↵erent curves from the bottom to the top correspond to µ = 3 GeV (Green),
µ = 5 GeV (Blue), µ = 10 GeV (Red), and µ = 20 GeV (Purple). These plots were generated
using publicly available code for the EPS09 PDF set [50].

The lower limit of integration (x⇤), over the argument of the nuclear PDF fEPS09
i/A (x, µB)

in Eq.(48), is given by

x⇤ =
eyPJT

Qe � e�yPJT

. (49)

The corresponding range ([x⇤, 1]) of integration is then determined by the choice of the

kinematic variables {Qe, PJT , y}, defined in section II. Thus, one can access smaller values

of Bjorken-x by increasing Qe and decreasing PJT and y.

Di↵erent regions in Bjorken-x are sensitive to di↵erent types of nuclear e↵ects. For

example, shadowing suppresses the number density of partons in the region of small Bjorken-

x, anti-shadowing enhances the parton density at intermediate values of Bjorken-x, the EMC

e↵ect suppresses the parton density at higher values of Bjorken-x, and the e↵ect from Fermi

motion of the nucleons enhances the parton density at Bjorkenx values close to one. In

Fig. 3, we show numerical results for the nuclear correction factors RA
i for the NLO PDFs in

Eq.(46) for the case of a Uranium target (A = 238, Z = 92). From these results, generated

using the publicly available code for the EPS09 PDF set [50], we see that the shape of the

RA
i factors clearly show the distinct regions in Bjorken-x that are dominated by shadowing,

anti-shadowing, the EMC-e↵ect, and Fermi motion. These di↵erent regions can be probed

• Factorization formula:

• Lower limit of Bjorken-x integration:

Determines the 
Bjorken-x regionSonny Mantry, NU & ANL
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FIG. 6: ⌧

1

-distributions with NNLL resummation for di↵erent nuclear targets for Qe = 90 GeV,
PJT = 20 GeV, and y = 0. In all figures, the green (upper) band corresponds to the NNLL resumed
result for a proton target. The lower bands in di↵erent colors are the corresponding distributions
for di↵erent nuclear targets.

in Fig. 5.

Hard remissions between the nuclear beam and final state jet directions are allowed for

larger ⌧
1

⇠ PJT . These emissions are perturbartively suppressed and are not accompanied

by large Sudakov logarithms. This part of the spectrum can be described by fixed order

perturbation theory. A matching calculation is required to smoothly connect the resumma-

tion region ⌧
1

⌧ PJT with the fixed-order perturbation theory region ⌧
1

⇠ PJT . We leave

such a matching calculation for future work as the focus of this paper is on the resummation

region. For this reason, Fig. 5 is restricted to the region of small ⌧
1

. We have also not have

shown the region ⌧
1

< 1 GeV, since in this region the soft function S in Eq.(48), evaluated

1-jettiness distribution for various nuclei
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FIG. 1. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy. The bottom and top bands cor-
respond to

p
s = 90 GeV, PJT = 20 GeV, y = 0 (Stage I

EIC) and
p
s = 300 GeV, PJT = 20 GeV, y = 0 (HERA) re-

spectively. The dashed curve shows the singular part of the
NLO cross-section for HERA kinematics. The scale choices
for µH , µJ , µS are explained in the text.

soft radiation by modeling the soft function in the re-
gion ⌧

1

<⇠ ⇤QCD and varying the model parameters as
described below. Numerical studies of power corrections
are left for future work. Any deviations between data and
the prediction of Eq. (11), after including the remaining
uncertainties, will be a measure of the size of power cor-
rections. These power corrections can be studied as a
function of (⌧

1

, y, PJT ). In the ratio in Eq. (2), the un-
certainties from nuclear-independent e↵ects will largely
cancel out so that a deviation from unity probes nuclear-
dependent e↵ects.

Fig. 1 shows the ⌧
1

-distribution at Next-to-Leading-
Log (NLL) accuracy for typical Stage-I EIC and HERA
kinematics. We follow the conventions in Table 1 in
Ref. [15] for counting logs, set nf = 5, and use CTEQ6L
PDFs [16]. The shaded bands correspond to NLL scale
variation by choosing µH = rPJT , µJ = r

p
PJT ⌧1, µS =

r ⌧
1

for the range r = {1/2, 2}. The curve in the mid-
dle of each band corresponds to r = 1. We also show
(dashed curve) the singular part of the NLO cross-section
for HERA kinematics. The e↵ect of resummation is to
tame the singular behavior of the fixed order cross-section
in the ⌧

1

! 0 limit. The ⌧
1

-distribution is cuto↵ at 1 GeV
so that the soft function is still perturbative.

In the region ⌧
1

⇠ ⇤
QCD

, the soft function S(⌧
1

, µ)
becomes non-perturbative and is modeled as

S(⌧
1

, µ) =

Z

dkadkJ�(⌧1 � ka � kJ)S(ka, kJ , µ),(12)

where S(ka, kJ , µ) is the generalized hemisphere soft
function [2]. Non-perturbative physics in this hemisphere
soft function is encoded by the convolution of the par-
tonic soft function with a model function S

mod

[17–19]
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FIG. 2. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy including non-perturbative ⌧1 values
with

p
s = 300 GeV, PJT = 20 GeV, and y = 0. The di↵erent

curves with peak positions from left to right correspond to
(a, b,⇤) = (2.0,�0.2, 0.2), (1.2,�0.1, 0.3), (2.2,�0.4, 0.5),
(1.8,�0.05, 0.4) in Eq. (15) respectively.

as

S(ka, kJ , µ) =
Z

dk0adk
0
j Smod

(k0a, k
0
J)

⇥S
part.(ka � k0a, kJ � k0J , µ), (13)

where S
part. corresponds to the perturbative soft func-

tion. S
mod

(k0a, k
0
b) is chosen to peak near k0a,b ⇠ ⇤

QCD

so that for ⌧
1

� ⇤
QCD

the soft function reduces to the
perturbative result S

part.. For NLL resummation, the ⌧
1

distribution is sensitive to the non-perturbative physics
only through the combination

F
mod

(u) =

Z u

�u

d⇣

2
S
mod

✓

u+ ⇣

2
,
u� ⇣

2

◆

. (14)

This result is derived by expanding Eq. (11) to the NLL
level and using u = k0a + k0b, ⇣ = k0a � k0b in Eq. (13).
The function F

mod

is parameterized as

F
mod

(u) =
N(a, b,⇤)

⇤

⇣ u

⇤

⌘a�1

Exp



� (u� b)2

⇤2

�

,(15)

where the normalization factor N(a, b,⇤) is chosen to
satisfy

R1
0

duF
mod

(u) = 1, equivalent to the condition
R

dka
R

dkJSmod

(ka, kJ) = 1. In Fig. 2, we plot the 1-
jettiness cross section as a function of ⌧

1

for di↵erent pa-
rameter choices of a, b, and ⇤ as explained in the caption.
We made the scale choices µH = PJT , µJ =

p

⌧
1

PJT , and

µS = ⌧
1

p

1 + (⌧min
1

/⌧
1

)2 with ⌧min
1

= 1 GeV. The dif-
ferent models exhibit di↵erent behavior for ⌧

1

⇠ ⇤
QCD

but converge to the perturbative result for larger values
of ⌧

1

as required. The universality of the soft function
allows its extraction from lepton-nucleon collisions to be
then used in scattering o↵ larger nuclei.
A similar analysis can be performed for other nuclear

targets. We leave further studies of nuclear phenomenol-
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FIG. 6: ⌧

1

-distributions with NNLL resummation for di↵erent nuclear targets for Qe = 90 GeV,
PJT = 20 GeV, and y = 0. In all figures, the green (upper) band corresponds to the NNLL resumed
result for a proton target. The lower bands in di↵erent colors are the corresponding distributions
for di↵erent nuclear targets.

corresponds to NLL resummation combined with the product of the hard, beam, jet, and

soft functions computed at NLO and using NLO PDFs. A summary of the counting of logs

for resummation at di↵erent levels of accuracy can be found in Table 1 of Ref.[30]. The

red (lower) and green (upper) bands in Fig. 5, are obtained from the envelope of the scale

variations in Eq.(53). For reference, we show solid and dashed black curves corresponding

to the scale choices (a) in Eq.(53) for r = 1, for NNLL and NLL’ resummation respectively.

Fig. 5 shows the behavior of the cross-section as one implements jet veto by restricting

radiation at wide angles from the final-state jet and nuclear beam directions. As ⌧
1

gets

9

FIG. 2: Cross-section di↵erential in ⌧

1

and y with NNLL resummation for a proton target, at
PJT = 20 GeV and center of mass energy of 90 GeV.

performing an operator product expansion (OPE). At leading order in the OPE, the beam

function can be written as a convolution between a perturbatively calculable coe�cient I
and the standard nuclear PDF fA

B ⇠ I ⌦ fA. (10)

The OPE is an expansion in the Q2

s(A)/ta, where Qs(A) is a dynamical nuclear scale and

ta ⇠ ⌧
1

PJT denotes the virtuality squared of the initial state parton that enters the hard

interaction after being taken o↵-shell by initial-state radiation. The physics of these pertur-

bative collinear emissions from the incoming parton is contained in the coe�cient I. The

dependence of the nuclear scale Q2

s(A) on the atomic weight A of the nucleus is typically

parameterized as [42–44]

Q2

s(A) ⇠ A↵⇤2

QCD, (11)

where the parameter ↵ determines the scaling of Qs(A) with the the atomic weight of the

nucleus. Note that for the simplest case of a proton target (A = 1), the nuclear scale is just

Q2

s(A = 1) ⇠ ⇤2

QCD. The power corrections in Q2

s(A)/(⌧1PJT ), encode the physics of higher

twist parton correlations in the nucleus as well as dynamical nuclear medium e↵ects on the

initial state collinear radiation. Note that the size of the power corrections will increase for

heavier nuclear targets as determined by the scaling with the atomic weight in Eq.(12). The

size of these power corrections for a given nuclear target will also increase at smaller values

NNLL resummation
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FIG. 7: We show ratio RA = d�A/d�p in the ⌧

1

distributions for various nuclear targets compared
to the case of the proton target. For easier visual comparison, we show the results for Carbon (C)
and Uranium (Ur) together in subfigure (f). These results include resummation at the NNLL level
of accuracy and are calculated at Qe = 90 GeV, PJT = 20 GeV, and y = 0, corresponding to the
EMC region of the nuclear PDFs.

at the soft scale µS ⇠ ⌧
1

, is a↵ected by non-perturbative e↵ects. We give numerical results

for this non-perturbative soft region in section IVC.

In Fig. 6, we show the ⌧
1

distributions with resummation at the NNLL level of accuracy

for a variety of nuclear targets. In all plots, the green (upper) band corresponds to the

⌧
1

-distribution for a proton target and the lower bands in various colors correspond to

distributions for heavier nuclear targets. In Fig. 7, we show the ratio RA of Eq.(51) as

a function of ⌧
1

for various nuclei at Qe = 90 GeV, PJT = 20 GeV, and y = 0. The

scale variation bands in Fig.7 are obtained by computing the ratio RA using the same scale

choices in d�A and d�p and then finding the envelope of the scale variations in Eq.(52).
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FIG. 1. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy. The bottom and top bands cor-
respond to

p
s = 90 GeV, PJT = 20 GeV, y = 0 (Stage I

EIC) and
p
s = 300 GeV, PJT = 20 GeV, y = 0 (HERA) re-

spectively. The dashed curve shows the singular part of the
NLO cross-section for HERA kinematics. The scale choices
for µH , µJ , µS are explained in the text.

soft radiation by modeling the soft function in the re-
gion ⌧

1

<⇠ ⇤QCD and varying the model parameters as
described below. Numerical studies of power corrections
are left for future work. Any deviations between data and
the prediction of Eq. (11), after including the remaining
uncertainties, will be a measure of the size of power cor-
rections. These power corrections can be studied as a
function of (⌧

1

, y, PJT ). In the ratio in Eq. (2), the un-
certainties from nuclear-independent e↵ects will largely
cancel out so that a deviation from unity probes nuclear-
dependent e↵ects.

Fig. 1 shows the ⌧
1

-distribution at Next-to-Leading-
Log (NLL) accuracy for typical Stage-I EIC and HERA
kinematics. We follow the conventions in Table 1 in
Ref. [15] for counting logs, set nf = 5, and use CTEQ6L
PDFs [16]. The shaded bands correspond to NLL scale
variation by choosing µH = rPJT , µJ = r

p
PJT ⌧1, µS =

r ⌧
1

for the range r = {1/2, 2}. The curve in the mid-
dle of each band corresponds to r = 1. We also show
(dashed curve) the singular part of the NLO cross-section
for HERA kinematics. The e↵ect of resummation is to
tame the singular behavior of the fixed order cross-section
in the ⌧

1

! 0 limit. The ⌧
1

-distribution is cuto↵ at 1 GeV
so that the soft function is still perturbative.

In the region ⌧
1

⇠ ⇤
QCD

, the soft function S(⌧
1

, µ)
becomes non-perturbative and is modeled as

S(⌧
1

, µ) =

Z

dkadkJ�(⌧1 � ka � kJ)S(ka, kJ , µ),(12)

where S(ka, kJ , µ) is the generalized hemisphere soft
function [2]. Non-perturbative physics in this hemisphere
soft function is encoded by the convolution of the par-
tonic soft function with a model function S

mod

[17–19]
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FIG. 2. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy including non-perturbative ⌧1 values
with

p
s = 300 GeV, PJT = 20 GeV, and y = 0. The di↵erent

curves with peak positions from left to right correspond to
(a, b,⇤) = (2.0,�0.2, 0.2), (1.2,�0.1, 0.3), (2.2,�0.4, 0.5),
(1.8,�0.05, 0.4) in Eq. (15) respectively.

as

S(ka, kJ , µ) =
Z

dk0adk
0
j Smod

(k0a, k
0
J)

⇥S
part.(ka � k0a, kJ � k0J , µ), (13)

where S
part. corresponds to the perturbative soft func-

tion. S
mod

(k0a, k
0
b) is chosen to peak near k0a,b ⇠ ⇤

QCD

so that for ⌧
1

� ⇤
QCD

the soft function reduces to the
perturbative result S

part.. For NLL resummation, the ⌧
1

distribution is sensitive to the non-perturbative physics
only through the combination

F
mod

(u) =

Z u

�u

d⇣

2
S
mod

✓

u+ ⇣

2
,
u� ⇣

2

◆

. (14)

This result is derived by expanding Eq. (11) to the NLL
level and using u = k0a + k0b, ⇣ = k0a � k0b in Eq. (13).
The function F

mod

is parameterized as

F
mod

(u) =
N(a, b,⇤)

⇤

⇣ u

⇤

⌘a�1

Exp



� (u� b)2

⇤2

�

,(15)

where the normalization factor N(a, b,⇤) is chosen to
satisfy

R1
0

duF
mod

(u) = 1, equivalent to the condition
R

dka
R

dkJSmod

(ka, kJ) = 1. In Fig. 2, we plot the 1-
jettiness cross section as a function of ⌧

1

for di↵erent pa-
rameter choices of a, b, and ⇤ as explained in the caption.
We made the scale choices µH = PJT , µJ =

p

⌧
1

PJT , and

µS = ⌧
1

p

1 + (⌧min
1

/⌧
1

)2 with ⌧min
1

= 1 GeV. The dif-
ferent models exhibit di↵erent behavior for ⌧

1

⇠ ⇤
QCD

but converge to the perturbative result for larger values
of ⌧

1

as required. The universality of the soft function
allows its extraction from lepton-nucleon collisions to be
then used in scattering o↵ larger nuclei.
A similar analysis can be performed for other nuclear

targets. We leave further studies of nuclear phenomenol-
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FIG. 6: ⌧

1

-distributions with NNLL resummation for di↵erent nuclear targets for Qe = 90 GeV,
PJT = 20 GeV, and y = 0. In all figures, the green (upper) band corresponds to the NNLL resumed
result for a proton target. The lower bands in di↵erent colors are the corresponding distributions
for di↵erent nuclear targets.

corresponds to NLL resummation combined with the product of the hard, beam, jet, and

soft functions computed at NLO and using NLO PDFs. A summary of the counting of logs

for resummation at di↵erent levels of accuracy can be found in Table 1 of Ref.[30]. The

red (lower) and green (upper) bands in Fig. 5, are obtained from the envelope of the scale

variations in Eq.(53). For reference, we show solid and dashed black curves corresponding

to the scale choices (a) in Eq.(53) for r = 1, for NNLL and NLL’ resummation respectively.

Fig. 5 shows the behavior of the cross-section as one implements jet veto by restricting

radiation at wide angles from the final-state jet and nuclear beam directions. As ⌧
1

gets

9

FIG. 2: Cross-section di↵erential in ⌧

1

and y with NNLL resummation for a proton target, at
PJT = 20 GeV and center of mass energy of 90 GeV.

performing an operator product expansion (OPE). At leading order in the OPE, the beam

function can be written as a convolution between a perturbatively calculable coe�cient I
and the standard nuclear PDF fA

B ⇠ I ⌦ fA. (10)

The OPE is an expansion in the Q2

s(A)/ta, where Qs(A) is a dynamical nuclear scale and

ta ⇠ ⌧
1

PJT denotes the virtuality squared of the initial state parton that enters the hard

interaction after being taken o↵-shell by initial-state radiation. The physics of these pertur-

bative collinear emissions from the incoming parton is contained in the coe�cient I. The

dependence of the nuclear scale Q2

s(A) on the atomic weight A of the nucleus is typically

parameterized as [42–44]

Q2

s(A) ⇠ A↵⇤2

QCD, (11)

where the parameter ↵ determines the scaling of Qs(A) with the the atomic weight of the

nucleus. Note that for the simplest case of a proton target (A = 1), the nuclear scale is just

Q2

s(A = 1) ⇠ ⇤2

QCD. The power corrections in Q2

s(A)/(⌧1PJT ), encode the physics of higher

twist parton correlations in the nucleus as well as dynamical nuclear medium e↵ects on the

initial state collinear radiation. Note that the size of the power corrections will increase for

heavier nuclear targets as determined by the scaling with the atomic weight in Eq.(12). The

size of these power corrections for a given nuclear target will also increase at smaller values

NNLL resummation
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in Eq.(49) for di↵erent nuclear targets must be carried out and is the focus of the rest of

this section. In particular, we give numerical results for a variety of nuclear targets and

kinematic configurations in {Qe, PJT , y} and discuss their implications.

Theoretical uncertainties to the factorization formula in Eq.(49) will arise from a trunca-

tion of the perturbative series in the calculation of the hard (H), jet (J), beam (I), and soft

(S) functions, higher order resummation e↵ects not included at a given level of resummation

accuracy, and non-perturbative e↵ects in the soft function (S). In addition, theoretical pre-

dictions will be a↵ected by the standard PDF uncertainties. Corrections to Eq.(49) will also

arise from the power corrections discussed in section III C. If one is interested in probing

these power corrections, the uncertainties mentioned for the leading twist formula of Eq.(49)

must be su�ciently under control.

In order to isolate nuclear e↵ects we will compute the ratio

RA(⌧1, PJT , y) =
d�A(⌧1, PJT , y)

d�p(⌧1, PJT , y)
, (51)

which compares distributions in ⌧
1

, PJT , and y for a nuclear target with atomic weight A

to that of a proton target. In addition to the isolation nuclear-dependent e↵ects, the ratio

RA has the advantage that many of the uncertainties in the calculation of d�A and d�p, as

determined by Eq.(49), cancel in the ratio. In particular, we will show that the perturbative

uncertainties associated with resummation and the calculation of the hard, beam, jet, and

soft functions in fixed-order perturbation theory largely cancel in the ratio, leading to much

smaller overall uncertainty for RA. We also show that in the region ⌧
1

⇠ ⇤QCD where

the soft function S is non-perturbative, the dependence on the phenomenological model

implemented to describe S largely cancels in the ratio RA. This can be understood as a

consequence of the fact that the soft function S in Eq.(49) is universal and independent of

the nuclear target.

In order to estimate the perturbative uncertainty, we employ a standard scale variation

procedure. As seen in Eq.(49), the cross-section depends on a hard function, beam function

coe�cient, jet function, and soft function which naturally live at the scales µH , µB, µJ , and

µS respectively. The typical size of these scales are given in Eq.(26). All of these objects

are evaluated at the common scale µ using their renormalization group equations to evolve

from their natural scales. We perform a scale variation analysis similar to that carried out

in Ref.[29]. The nuclear PDFs are evaluated at the beam scale µB corresponding to the

scale at which the beam function is matched on to the nuclear PDF as shown in Eq.(24),

or more schematically in Eq.(11). We compute the cross-sections by choosing µ = µH and
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FIG. 8: Rapidity (y) distributions with NNLL resummation for di↵erent nuclear targets forQe = 90
GeV, PJT = 20 GeV, and ⌧

1

= 1.5 GeV. In all figures, the green (upper) band corresponds to the
NNLL resumed result for a proton target. The lower bands in di↵erent colors are the corresponding
distributions for di↵erent nuclear targets.

This procedure corresponds to the fact that the scales µH , µB, µJ , µS, with typical scalings

in Eq.(25), are determined by dynamics that are independent of the nuclear target. The

nuclear dependence only arises through the structure of the nuclear PDF which is evaluated

at the beam scale µB. As expected, the scale variation uncertainty is dramatically reduced

in the ratio as seen by comparing Figs. 6 and 7.

From Figs. 6 and 7, we see that the cross-sections for heavier nuclei are generally sup-

pressed relative to the proton. This can be understood by noting that for Qe = 90 GeV,

PJT = 20 GeV, and y = 0, Eq.(49) gives x⇤ ' 0.3 for the lower limit of integration over

Bjorken-x in Eq.(48). From Figs. 3 and 4, we see that this corresponds to probing the nu-

clear PDFs in the EMC region. In this region the parton density in a proton bound inside a
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FIG. 6: ⌧

1

-distributions with NNLL resummation for di↵erent nuclear targets for Qe = 90 GeV,
PJT = 20 GeV, and y = 0. In all figures, the green (upper) band corresponds to the NNLL resumed
result for a proton target. The lower bands in di↵erent colors are the corresponding distributions
for di↵erent nuclear targets.

corresponds to NLL resummation combined with the product of the hard, beam, jet, and

soft functions computed at NLO and using NLO PDFs. A summary of the counting of logs

for resummation at di↵erent levels of accuracy can be found in Table 1 of Ref.[30]. The

red (lower) and green (upper) bands in Fig. 5, are obtained from the envelope of the scale

variations in Eq.(53). For reference, we show solid and dashed black curves corresponding

to the scale choices (a) in Eq.(53) for r = 1, for NNLL and NLL’ resummation respectively.

Fig. 5 shows the behavior of the cross-section as one implements jet veto by restricting

radiation at wide angles from the final-state jet and nuclear beam directions. As ⌧
1

gets
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FIG. 8: Rapidity (y) distributions with NNLL resummation for di↵erent nuclear targets forQe = 90
GeV, PJT = 20 GeV, and ⌧

1

= 1.5 GeV. In all figures, the green (upper) band corresponds to the
NNLL resumed result for a proton target. The lower bands in di↵erent colors are the corresponding
distributions for di↵erent nuclear targets.

by large Sudakov logarithms. This part of the spectrum can be described by fixed order

perturbation theory. A matching calculation is required to smoothly connect the resumma-

tion region ⌧
1

⌧ PJT with the fixed-order perturbation theory region ⌧
1

⇠ PJT . We leave

such a matching calculation for future work as the focus of this paper is on the resummation

region. For this reason, Fig. 5 is restricted to the region of small ⌧
1

. We have also not have

shown the region ⌧
1

< 1 GeV, since in this region the soft function S in Eq.(48), evaluated

at the soft scale µS ⇠ ⌧
1

, is a↵ected by non-perturbative e↵ects. We give numerical results

for this non-perturbative soft region in section IVC.

In Fig. 6, we show the ⌧
1

distributions with resummation at the NNLL level of accuracy

for a variety of nuclear targets. In all plots, the green (upper) band corresponds to the

9

FIG. 2: Cross-section di↵erential in ⌧

1

and y with NNLL resummation for a proton target, at
PJT = 20 GeV and center of mass energy of 90 GeV.

performing an operator product expansion (OPE). At leading order in the OPE, the beam

function can be written as a convolution between a perturbatively calculable coe�cient I
and the standard nuclear PDF fA

B ⇠ I ⌦ fA. (10)

The OPE is an expansion in the Q2

s(A)/ta, where Qs(A) is a dynamical nuclear scale and

ta ⇠ ⌧
1

PJT denotes the virtuality squared of the initial state parton that enters the hard

interaction after being taken o↵-shell by initial-state radiation. The physics of these pertur-

bative collinear emissions from the incoming parton is contained in the coe�cient I. The

dependence of the nuclear scale Q2

s(A) on the atomic weight A of the nucleus is typically

parameterized as [42–44]

Q2

s(A) ⇠ A↵⇤2

QCD, (11)

where the parameter ↵ determines the scaling of Qs(A) with the the atomic weight of the

nucleus. Note that for the simplest case of a proton target (A = 1), the nuclear scale is just

Q2

s(A = 1) ⇠ ⇤2

QCD. The power corrections in Q2

s(A)/(⌧1PJT ), encode the physics of higher

twist parton correlations in the nucleus as well as dynamical nuclear medium e↵ects on the

initial state collinear radiation. Note that the size of the power corrections will increase for

heavier nuclear targets as determined by the scaling with the atomic weight in Eq.(12). The

size of these power corrections for a given nuclear target will also increase at smaller values

NNLL resummation
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FIG. 9: We show ratio RA = d�A/d�p in the rapidity (y) distributions for various nuclear targets
compared to the case of the proton target. For easier visual comparison, we show the results for
Carbon (C) and Uranium (Ur) together in subfigure (f). These results include resummation at the
NNLL level of accuracy and are calculated at Qe = 90 GeV, PJT = 20 GeV, and ⌧

1

= 1.5 GeV,
corresponding to the EMC region of the nuclear PDFs.

nucleus is suppressed compared to that of a free proton. As seen in Fig. 7, the EMC e↵ects

are larger than the perturbative uncertainty quantified by the scale variation procedure.

Thus, the ratio RA as a function of ⌧
1

can be a sensitive probe of such EMC e↵ects.

In Fig. 8 we show the rapidity distributions for various nuclear targets with NNLL re-

summation at Qe = 90 GeV, PJT = 20 GeV, and ⌧
1

= 1.5 GeV. Once again, in all figures

the green (upper) band corresponds to the rapidity distribution for a proton target and the

lower bands in various colors correspond to heavier nuclear targets. Here also we see the

characteristic suppression for heavier nuclei compared to the proton target. This is shown

more quantitatively in Fig. 9, where we show the ratio RA in Eq.(51) as a function of ra-

pidity for various nuclei at Qe = 90 GeV, PJT = 20 GeV, and ⌧
1

= 1.5 GeV. The scale
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FIG. 6: ⌧

1

-distributions with NNLL resummation for di↵erent nuclear targets for Qe = 90 GeV,
PJT = 20 GeV, and y = 0. In all figures, the green (upper) band corresponds to the NNLL resumed
result for a proton target. The lower bands in di↵erent colors are the corresponding distributions
for di↵erent nuclear targets.

corresponds to NLL resummation combined with the product of the hard, beam, jet, and

soft functions computed at NLO and using NLO PDFs. A summary of the counting of logs

for resummation at di↵erent levels of accuracy can be found in Table 1 of Ref.[30]. The

red (lower) and green (upper) bands in Fig. 5, are obtained from the envelope of the scale

variations in Eq.(53). For reference, we show solid and dashed black curves corresponding

to the scale choices (a) in Eq.(53) for r = 1, for NNLL and NLL’ resummation respectively.

Fig. 5 shows the behavior of the cross-section as one implements jet veto by restricting

radiation at wide angles from the final-state jet and nuclear beam directions. As ⌧
1

gets
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FIG. 8: Rapidity (y) distributions with NNLL resummation for di↵erent nuclear targets forQe = 90
GeV, PJT = 20 GeV, and ⌧

1

= 1.5 GeV. In all figures, the green (upper) band corresponds to the
NNLL resumed result for a proton target. The lower bands in di↵erent colors are the corresponding
distributions for di↵erent nuclear targets.

by large Sudakov logarithms. This part of the spectrum can be described by fixed order

perturbation theory. A matching calculation is required to smoothly connect the resumma-

tion region ⌧
1

⌧ PJT with the fixed-order perturbation theory region ⌧
1

⇠ PJT . We leave

such a matching calculation for future work as the focus of this paper is on the resummation

region. For this reason, Fig. 5 is restricted to the region of small ⌧
1

. We have also not have

shown the region ⌧
1

< 1 GeV, since in this region the soft function S in Eq.(48), evaluated

at the soft scale µS ⇠ ⌧
1

, is a↵ected by non-perturbative e↵ects. We give numerical results

for this non-perturbative soft region in section IVC.

In Fig. 6, we show the ⌧
1

distributions with resummation at the NNLL level of accuracy

for a variety of nuclear targets. In all plots, the green (upper) band corresponds to the

9

FIG. 2: Cross-section di↵erential in ⌧

1

and y with NNLL resummation for a proton target, at
PJT = 20 GeV and center of mass energy of 90 GeV.

performing an operator product expansion (OPE). At leading order in the OPE, the beam

function can be written as a convolution between a perturbatively calculable coe�cient I
and the standard nuclear PDF fA

B ⇠ I ⌦ fA. (10)

The OPE is an expansion in the Q2

s(A)/ta, where Qs(A) is a dynamical nuclear scale and

ta ⇠ ⌧
1

PJT denotes the virtuality squared of the initial state parton that enters the hard

interaction after being taken o↵-shell by initial-state radiation. The physics of these pertur-

bative collinear emissions from the incoming parton is contained in the coe�cient I. The

dependence of the nuclear scale Q2

s(A) on the atomic weight A of the nucleus is typically

parameterized as [42–44]

Q2

s(A) ⇠ A↵⇤2

QCD, (11)

where the parameter ↵ determines the scaling of Qs(A) with the the atomic weight of the

nucleus. Note that for the simplest case of a proton target (A = 1), the nuclear scale is just

Q2

s(A = 1) ⇠ ⇤2

QCD. The power corrections in Q2

s(A)/(⌧1PJT ), encode the physics of higher

twist parton correlations in the nucleus as well as dynamical nuclear medium e↵ects on the

initial state collinear radiation. Note that the size of the power corrections will increase for

heavier nuclear targets as determined by the scaling with the atomic weight in Eq.(12). The

size of these power corrections for a given nuclear target will also increase at smaller values

NNLL resummation
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FIG. 3: Nuclear correction factors R

Ur

i (x, µ) for the NLO nuclear PDF for a Uranium target as
defined in Eq.(46). The subscript i runs over the parton species i = {u, d, s, g}. For the u and d

quarks, separate R-factors are given for the valence (V) and sea quarks (S). The di↵erent curves
in each graph correspond to di↵erent values for the scale µ. By looking at the region of small
Bjorken-x, the di↵erent curves from the bottom to the top correspond to µ = 3 GeV (Green),
µ = 5 GeV (Blue), µ = 10 GeV (Red), and µ = 20 GeV (Purple). These plots were generated
using publicly available code for the EPS09 PDF set [50].

The lower limit of integration (x⇤), over the argument of the nuclear PDF fEPS09
i/A (x, µB)

in Eq.(48), is given by

x⇤ =
eyPJT

Qe � e�yPJT

. (49)

The corresponding range ([x⇤, 1]) of integration is then determined by the choice of the

kinematic variables {Qe, PJT , y}, defined in section II. Thus, one can access smaller values

of Bjorken-x by increasing Qe and decreasing PJT and y.

Di↵erent regions in Bjorken-x are sensitive to di↵erent types of nuclear e↵ects. For

example, shadowing suppresses the number density of partons in the region of small Bjorken-

x, anti-shadowing enhances the parton density at intermediate values of Bjorken-x, the EMC

e↵ect suppresses the parton density at higher values of Bjorken-x, and the e↵ect from Fermi

motion of the nucleons enhances the parton density at Bjorkenx values close to one. In

Fig. 3, we show numerical results for the nuclear correction factors RA
i for the NLO PDFs in

Eq.(46) for the case of a Uranium target (A = 238, Z = 92). From these results, generated

using the publicly available code for the EPS09 PDF set [50], we see that the shape of the

RA
i factors clearly show the distinct regions in Bjorken-x that are dominated by shadowing,

anti-shadowing, the EMC-e↵ect, and Fermi motion. These di↵erent regions can be probed
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FIG. 11: We show the ratio RA = d�A/d�p in the PJT
distributions for di↵erent nuclear targets

relative to the proton for Qe = 90 GeV, ⌧
1

= 1.5 GeV, and y = 0.

region. As seen in Fig. 4, in the anti-shadowing region, the parton luminosity function of a

bound proton is more similar to that of a free proton. Thus, as one goes to more negative

values of the y, one is sensitive to both the anti-shadowing and the EMC regions so that

the net e↵ect is a smaller suppression. The jet rapidity range y 2 [�1, 1], covered in Figs. 8

and 9, corresponds to the range x⇤ 2 [0.2, 0.7]. The overall e↵ect can be summarized by

a decreasing RA for increasing y, as seen in Fig. 9. Note that this is in contrast to the ⌧
1

distributions in Fig. 7 where RA is relatively flat as one varies ⌧
1

. This can be understood

by noting from Eq.(47), that the value of x⇤ is independent of ⌧
1

, so that we are probing

the same regions in the nuclear PDFs for di↵erent values of ⌧
1

. There is however a small

indirect dependence on ⌧
1

through the convolution structure in Eq.(46) which can a↵ect the

weighting of the di↵erent regions in Bjorken-x.

Sonny Mantry, NU & ANL
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in Eq.(49) for di↵erent nuclear targets must be carried out and is the focus of the rest of

this section. In particular, we give numerical results for a variety of nuclear targets and

kinematic configurations in {Qe, PJT , y} and discuss their implications.

Theoretical uncertainties to the factorization formula in Eq.(49) will arise from a trunca-

tion of the perturbative series in the calculation of the hard (H), jet (J), beam (I), and soft

(S) functions, higher order resummation e↵ects not included at a given level of resummation

accuracy, and non-perturbative e↵ects in the soft function (S). In addition, theoretical pre-

dictions will be a↵ected by the standard PDF uncertainties. Corrections to Eq.(49) will also

arise from the power corrections discussed in section III C. If one is interested in probing

these power corrections, the uncertainties mentioned for the leading twist formula of Eq.(49)

must be su�ciently under control.

In order to isolate nuclear e↵ects we will compute the ratio

RA(⌧1, PJT , y) =
d�A(⌧1, PJT , y)

d�p(⌧1, PJT , y)
, (51)

which compares distributions in ⌧
1

, PJT , and y for a nuclear target with atomic weight A

to that of a proton target. In addition to the isolation nuclear-dependent e↵ects, the ratio

RA has the advantage that many of the uncertainties in the calculation of d�A and d�p, as

determined by Eq.(49), cancel in the ratio. In particular, we will show that the perturbative

uncertainties associated with resummation and the calculation of the hard, beam, jet, and

soft functions in fixed-order perturbation theory largely cancel in the ratio, leading to much

smaller overall uncertainty for RA. We also show that in the region ⌧
1

⇠ ⇤QCD where

the soft function S is non-perturbative, the dependence on the phenomenological model

implemented to describe S largely cancels in the ratio RA. This can be understood as a

consequence of the fact that the soft function S in Eq.(49) is universal and independent of

the nuclear target.

In order to estimate the perturbative uncertainty, we employ a standard scale variation

procedure. As seen in Eq.(49), the cross-section depends on a hard function, beam function

coe�cient, jet function, and soft function which naturally live at the scales µH , µB, µJ , and

µS respectively. The typical size of these scales are given in Eq.(26). All of these objects

are evaluated at the common scale µ using their renormalization group equations to evolve

from their natural scales. We perform a scale variation analysis similar to that carried out

in Ref.[29]. The nuclear PDFs are evaluated at the beam scale µB corresponding to the

scale at which the beam function is matched on to the nuclear PDF as shown in Eq.(24),

or more schematically in Eq.(11). We compute the cross-sections by choosing µ = µH and
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FIG. 10: Jet transverse momentum (PJT ) distributions with NNLL resummation for di↵erent
nuclear targets for Qe = 90 GeV, y = 0 GeV, and ⌧

1

= 1.5 GeV. In all figures, the green (upper)
band corresponds to the NNLL resumed result for a proton target. The lower bands in di↵erent
colors are the corresponding distributions for di↵erent nuclear targets.

variation uncertainty is given by the width of the curves and once again we see a dramatic

reduction of the perturbative uncertainty in the ratio RA. The size of the suppression in

the jet rapidity distributions for heavier nuclei, provides another measure of nuclear e↵ects.

As seen in Fig. 9, the deviation of RA from unity gets larger for increasing jet rapidity (y).

This can be understood by noting that the value of x⇤, as determined by Eq.(49), increases

with the jet rapidity y. For the kinematics chosen, at y = 0 we have x⇤ ' 0.3 and for larger

values of y we have correspondingly x⇤ > 0.3. From Figs. 3 and 4 we see that for increasing

y, we are sensitive to the nuclear PDFs deeper into the EMC region. On the other hand, for

more negative values of the jet rapidity y, we start becoming sensitive to the anti-shadowing

region. As seen in Fig. 4, in the anti-shadowing region, the parton luminosity function of a

Jet pT distributions for various nuclei
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FIG. 6: ⌧

1

-distributions with NNLL resummation for di↵erent nuclear targets for Qe = 90 GeV,
PJT = 20 GeV, and y = 0. In all figures, the green (upper) band corresponds to the NNLL resumed
result for a proton target. The lower bands in di↵erent colors are the corresponding distributions
for di↵erent nuclear targets.

corresponds to NLL resummation combined with the product of the hard, beam, jet, and

soft functions computed at NLO and using NLO PDFs. A summary of the counting of logs

for resummation at di↵erent levels of accuracy can be found in Table 1 of Ref.[30]. The

red (lower) and green (upper) bands in Fig. 5, are obtained from the envelope of the scale

variations in Eq.(53). For reference, we show solid and dashed black curves corresponding

to the scale choices (a) in Eq.(53) for r = 1, for NNLL and NLL’ resummation respectively.

Fig. 5 shows the behavior of the cross-section as one implements jet veto by restricting

radiation at wide angles from the final-state jet and nuclear beam directions. As ⌧
1

gets
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FIG. 1. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy. The bottom and top bands cor-
respond to

p
s = 90 GeV, PJT = 20 GeV, y = 0 (Stage I

EIC) and
p
s = 300 GeV, PJT = 20 GeV, y = 0 (HERA) re-

spectively. The dashed curve shows the singular part of the
NLO cross-section for HERA kinematics. The scale choices
for µH , µJ , µS are explained in the text.

soft radiation by modeling the soft function in the re-
gion ⌧

1

<⇠ ⇤QCD and varying the model parameters as
described below. Numerical studies of power corrections
are left for future work. Any deviations between data and
the prediction of Eq. (11), after including the remaining
uncertainties, will be a measure of the size of power cor-
rections. These power corrections can be studied as a
function of (⌧

1

, y, PJT ). In the ratio in Eq. (2), the un-
certainties from nuclear-independent e↵ects will largely
cancel out so that a deviation from unity probes nuclear-
dependent e↵ects.

Fig. 1 shows the ⌧
1

-distribution at Next-to-Leading-
Log (NLL) accuracy for typical Stage-I EIC and HERA
kinematics. We follow the conventions in Table 1 in
Ref. [15] for counting logs, set nf = 5, and use CTEQ6L
PDFs [16]. The shaded bands correspond to NLL scale
variation by choosing µH = rPJT , µJ = r

p
PJT ⌧1, µS =

r ⌧
1

for the range r = {1/2, 2}. The curve in the mid-
dle of each band corresponds to r = 1. We also show
(dashed curve) the singular part of the NLO cross-section
for HERA kinematics. The e↵ect of resummation is to
tame the singular behavior of the fixed order cross-section
in the ⌧

1

! 0 limit. The ⌧
1

-distribution is cuto↵ at 1 GeV
so that the soft function is still perturbative.

In the region ⌧
1

⇠ ⇤
QCD

, the soft function S(⌧
1

, µ)
becomes non-perturbative and is modeled as

S(⌧
1

, µ) =

Z

dkadkJ�(⌧1 � ka � kJ)S(ka, kJ , µ),(12)

where S(ka, kJ , µ) is the generalized hemisphere soft
function [2]. Non-perturbative physics in this hemisphere
soft function is encoded by the convolution of the par-
tonic soft function with a model function S

mod

[17–19]
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FIG. 2. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy including non-perturbative ⌧1 values
with

p
s = 300 GeV, PJT = 20 GeV, and y = 0. The di↵erent

curves with peak positions from left to right correspond to
(a, b,⇤) = (2.0,�0.2, 0.2), (1.2,�0.1, 0.3), (2.2,�0.4, 0.5),
(1.8,�0.05, 0.4) in Eq. (15) respectively.

as

S(ka, kJ , µ) =
Z

dk0adk
0
j Smod

(k0a, k
0
J)

⇥S
part.(ka � k0a, kJ � k0J , µ), (13)

where S
part. corresponds to the perturbative soft func-

tion. S
mod

(k0a, k
0
b) is chosen to peak near k0a,b ⇠ ⇤

QCD

so that for ⌧
1

� ⇤
QCD

the soft function reduces to the
perturbative result S

part.. For NLL resummation, the ⌧
1

distribution is sensitive to the non-perturbative physics
only through the combination

F
mod

(u) =

Z u

�u

d⇣

2
S
mod

✓

u+ ⇣

2
,
u� ⇣

2

◆

. (14)

This result is derived by expanding Eq. (11) to the NLL
level and using u = k0a + k0b, ⇣ = k0a � k0b in Eq. (13).
The function F

mod

is parameterized as

F
mod

(u) =
N(a, b,⇤)

⇤

⇣ u

⇤

⌘a�1

Exp



� (u� b)2

⇤2

�

,(15)

where the normalization factor N(a, b,⇤) is chosen to
satisfy

R1
0

duF
mod

(u) = 1, equivalent to the condition
R

dka
R

dkJSmod

(ka, kJ) = 1. In Fig. 2, we plot the 1-
jettiness cross section as a function of ⌧

1

for di↵erent pa-
rameter choices of a, b, and ⇤ as explained in the caption.
We made the scale choices µH = PJT , µJ =

p

⌧
1

PJT , and

µS = ⌧
1

p

1 + (⌧min
1

/⌧
1

)2 with ⌧min
1

= 1 GeV. The dif-
ferent models exhibit di↵erent behavior for ⌧

1

⇠ ⇤
QCD

but converge to the perturbative result for larger values
of ⌧

1

as required. The universality of the soft function
allows its extraction from lepton-nucleon collisions to be
then used in scattering o↵ larger nuclei.
A similar analysis can be performed for other nuclear

targets. We leave further studies of nuclear phenomenol-
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FIG. 8: Rapidity (y) distributions with NNLL resummation for di↵erent nuclear targets forQe = 90
GeV, PJT = 20 GeV, and ⌧

1

= 1.5 GeV. In all figures, the green (upper) band corresponds to the
NNLL resumed result for a proton target. The lower bands in di↵erent colors are the corresponding
distributions for di↵erent nuclear targets.

by large Sudakov logarithms. This part of the spectrum can be described by fixed order

perturbation theory. A matching calculation is required to smoothly connect the resumma-

tion region ⌧
1

⌧ PJT with the fixed-order perturbation theory region ⌧
1

⇠ PJT . We leave

such a matching calculation for future work as the focus of this paper is on the resummation

region. For this reason, Fig. 5 is restricted to the region of small ⌧
1

. We have also not have

shown the region ⌧
1

< 1 GeV, since in this region the soft function S in Eq.(48), evaluated

at the soft scale µS ⇠ ⌧
1

, is a↵ected by non-perturbative e↵ects. We give numerical results

for this non-perturbative soft region in section IVC.

In Fig. 6, we show the ⌧
1

distributions with resummation at the NNLL level of accuracy

for a variety of nuclear targets. In all plots, the green (upper) band corresponds to the

NNLL resummation

Sonny Mantry, NU & ANL
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FIG. 11: We show the ratio RA = d�A/d�p in the PJT distributions for di↵erent nuclear targets
relative to the proton for Qe = 90 GeV, ⌧

1

= 1.5 GeV, and y = 0.

bound proton is more similar to that of a free proton. Thus, as one goes to more negative

values of the y, one is sensitive to both the anti-shadowing and the EMC regions so that

the net e↵ect is a smaller suppression. The jet rapidity range y 2 [�1, 1], covered in Figs. 8

and 9, corresponds to the range x⇤ 2 [0.2, 0.7]. The overall e↵ect can be summarized by

a decreasing RA for increasing y, as seen in Fig. 9. Note that this is in contrast to the ⌧
1

distributions in Fig. 7 where RA is relatively flat as one varies ⌧
1

. This can be understood

by noting from Eq.(49), that the value of x⇤ is independent of ⌧
1

, so that we are probing

the same regions in the nuclear PDFs for di↵erent values of ⌧
1

. There is however a small

indirect dependence on ⌧
1

through the convolution structure in Eq.(48) which can a↵ect the

weighting of the di↵erent regions in Bjorken-x.

In Fig. 10 we show the PJT distributions for various nuclei at Qe = 90 GeV, y = 0,

and ⌧
1

= 1.5 GeV. Here also we see that the cross-section is suppressed for heavier nuclei
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FIG. 1. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy. The bottom and top bands cor-
respond to

p
s = 90 GeV, PJT = 20 GeV, y = 0 (Stage I

EIC) and
p
s = 300 GeV, PJT = 20 GeV, y = 0 (HERA) re-

spectively. The dashed curve shows the singular part of the
NLO cross-section for HERA kinematics. The scale choices
for µH , µJ , µS are explained in the text.

soft radiation by modeling the soft function in the re-
gion ⌧

1

<⇠ ⇤QCD and varying the model parameters as
described below. Numerical studies of power corrections
are left for future work. Any deviations between data and
the prediction of Eq. (11), after including the remaining
uncertainties, will be a measure of the size of power cor-
rections. These power corrections can be studied as a
function of (⌧

1

, y, PJT ). In the ratio in Eq. (2), the un-
certainties from nuclear-independent e↵ects will largely
cancel out so that a deviation from unity probes nuclear-
dependent e↵ects.

Fig. 1 shows the ⌧
1

-distribution at Next-to-Leading-
Log (NLL) accuracy for typical Stage-I EIC and HERA
kinematics. We follow the conventions in Table 1 in
Ref. [15] for counting logs, set nf = 5, and use CTEQ6L
PDFs [16]. The shaded bands correspond to NLL scale
variation by choosing µH = rPJT , µJ = r

p
PJT ⌧1, µS =

r ⌧
1

for the range r = {1/2, 2}. The curve in the mid-
dle of each band corresponds to r = 1. We also show
(dashed curve) the singular part of the NLO cross-section
for HERA kinematics. The e↵ect of resummation is to
tame the singular behavior of the fixed order cross-section
in the ⌧

1

! 0 limit. The ⌧
1

-distribution is cuto↵ at 1 GeV
so that the soft function is still perturbative.

In the region ⌧
1

⇠ ⇤
QCD

, the soft function S(⌧
1

, µ)
becomes non-perturbative and is modeled as

S(⌧
1

, µ) =

Z

dkadkJ�(⌧1 � ka � kJ)S(ka, kJ , µ),(12)

where S(ka, kJ , µ) is the generalized hemisphere soft
function [2]. Non-perturbative physics in this hemisphere
soft function is encoded by the convolution of the par-
tonic soft function with a model function S

mod

[17–19]
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FIG. 2. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy including non-perturbative ⌧1 values
with

p
s = 300 GeV, PJT = 20 GeV, and y = 0. The di↵erent

curves with peak positions from left to right correspond to
(a, b,⇤) = (2.0,�0.2, 0.2), (1.2,�0.1, 0.3), (2.2,�0.4, 0.5),
(1.8,�0.05, 0.4) in Eq. (15) respectively.

as

S(ka, kJ , µ) =
Z

dk0adk
0
j Smod

(k0a, k
0
J)

⇥S
part.(ka � k0a, kJ � k0J , µ), (13)

where S
part. corresponds to the perturbative soft func-

tion. S
mod

(k0a, k
0
b) is chosen to peak near k0a,b ⇠ ⇤

QCD

so that for ⌧
1

� ⇤
QCD

the soft function reduces to the
perturbative result S

part.. For NLL resummation, the ⌧
1

distribution is sensitive to the non-perturbative physics
only through the combination

F
mod

(u) =

Z u

�u

d⇣

2
S
mod

✓

u+ ⇣

2
,
u� ⇣

2

◆

. (14)

This result is derived by expanding Eq. (11) to the NLL
level and using u = k0a + k0b, ⇣ = k0a � k0b in Eq. (13).
The function F

mod

is parameterized as

F
mod

(u) =
N(a, b,⇤)

⇤

⇣ u

⇤

⌘a�1

Exp



� (u� b)2

⇤2

�

,(15)

where the normalization factor N(a, b,⇤) is chosen to
satisfy

R1
0

duF
mod

(u) = 1, equivalent to the condition
R

dka
R

dkJSmod

(ka, kJ) = 1. In Fig. 2, we plot the 1-
jettiness cross section as a function of ⌧

1

for di↵erent pa-
rameter choices of a, b, and ⇤ as explained in the caption.
We made the scale choices µH = PJT , µJ =

p

⌧
1

PJT , and

µS = ⌧
1

p

1 + (⌧min
1

/⌧
1

)2 with ⌧min
1

= 1 GeV. The dif-
ferent models exhibit di↵erent behavior for ⌧

1

⇠ ⇤
QCD

but converge to the perturbative result for larger values
of ⌧

1

as required. The universality of the soft function
allows its extraction from lepton-nucleon collisions to be
then used in scattering o↵ larger nuclei.
A similar analysis can be performed for other nuclear

targets. We leave further studies of nuclear phenomenol-
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FIG. 6: ⌧

1

-distributions with NNLL resummation for di↵erent nuclear targets for Qe = 90 GeV,
PJT = 20 GeV, and y = 0. In all figures, the green (upper) band corresponds to the NNLL resumed
result for a proton target. The lower bands in di↵erent colors are the corresponding distributions
for di↵erent nuclear targets.

corresponds to NLL resummation combined with the product of the hard, beam, jet, and

soft functions computed at NLO and using NLO PDFs. A summary of the counting of logs

for resummation at di↵erent levels of accuracy can be found in Table 1 of Ref.[30]. The

red (lower) and green (upper) bands in Fig. 5, are obtained from the envelope of the scale

variations in Eq.(53). For reference, we show solid and dashed black curves corresponding

to the scale choices (a) in Eq.(53) for r = 1, for NNLL and NLL’ resummation respectively.

Fig. 5 shows the behavior of the cross-section as one implements jet veto by restricting

radiation at wide angles from the final-state jet and nuclear beam directions. As ⌧
1

gets
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FIG. 8: Rapidity (y) distributions with NNLL resummation for di↵erent nuclear targets forQe = 90
GeV, PJT = 20 GeV, and ⌧

1

= 1.5 GeV. In all figures, the green (upper) band corresponds to the
NNLL resumed result for a proton target. The lower bands in di↵erent colors are the corresponding
distributions for di↵erent nuclear targets.

by large Sudakov logarithms. This part of the spectrum can be described by fixed order

perturbation theory. A matching calculation is required to smoothly connect the resumma-

tion region ⌧
1

⌧ PJT with the fixed-order perturbation theory region ⌧
1

⇠ PJT . We leave

such a matching calculation for future work as the focus of this paper is on the resummation

region. For this reason, Fig. 5 is restricted to the region of small ⌧
1

. We have also not have

shown the region ⌧
1

< 1 GeV, since in this region the soft function S in Eq.(48), evaluated

at the soft scale µS ⇠ ⌧
1

, is a↵ected by non-perturbative e↵ects. We give numerical results

for this non-perturbative soft region in section IVC.

In Fig. 6, we show the ⌧
1

distributions with resummation at the NNLL level of accuracy

for a variety of nuclear targets. In all plots, the green (upper) band corresponds to the

NNLL resummation
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FIG. 12: We show the ratio of PJT
distributions for Uranium relative to the proton for Qe =

{90, 120, 140, 300, 800} GeV, ⌧
1

= 1.5 GeV, and y = 0. The di↵erent choices of Qe probe di↵erent
ranges in Bjorken-x, as seen from Eqs.(46) and (47), yielding the di↵erent sizes and shapes for
RA = d�A/d�p.

In Fig. 10 we show the PJT
distributions for various nuclei at Qe = 90 GeV, y = 0,

and ⌧
1

= 1.5 GeV. Here also we see that the cross-section is suppressed for heavier nuclei

compared to the proton due to the EMC e↵ects that suppress the parton density in nucleons

that are bound inside the nucleus. In Fig. 11, we show the ratio of the PJT
distributions of

heavier nuclei to the that of the proton. The scale variation is again dramatically reduced

in the ratio and is given by the width of the curves. We see that the relative di↵erence in

the cross-sections for heavier nuclei and the proton grows with increasing PJT
. This is again

a consequence of Eq.(47) which shows that the value of x⇤ grows with PJT
. For PJT

in the

range [10GeV, 20GeV], x⇤ takes on values in the range ⇠ [0.1, 0.3] respectively. From Fig. 4
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FIG. 12: We show the ratio of PJT
distributions for Uranium relative to the proton for Qe =

{90, 120, 140, 300, 800} GeV, ⌧
1

= 1.5 GeV, and y = 0. The di↵erent choices of Qe probe di↵erent
ranges in Bjorken-x, as seen from Eqs.(46) and (47), yielding the di↵erent sizes and shapes for
RA = d�A/d�p.

In Fig. 10 we show the PJT
distributions for various nuclei at Qe = 90 GeV, y = 0,

and ⌧
1

= 1.5 GeV. Here also we see that the cross-section is suppressed for heavier nuclei

compared to the proton due to the EMC e↵ects that suppress the parton density in nucleons

that are bound inside the nucleus. In Fig. 11, we show the ratio of the PJT
distributions of

heavier nuclei to the that of the proton. The scale variation is again dramatically reduced

in the ratio and is given by the width of the curves. We see that the relative di↵erence in

the cross-sections for heavier nuclei and the proton grows with increasing PJT
. This is again

a consequence of Eq.(47) which shows that the value of x⇤ grows with PJT
. For PJT

in the

range [10GeV, 20GeV], x⇤ takes on values in the range ⇠ [0.1, 0.3] respectively. From Fig. 4
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in Eq.(49) for di↵erent nuclear targets must be carried out and is the focus of the rest of

this section. In particular, we give numerical results for a variety of nuclear targets and

kinematic configurations in {Qe, PJT , y} and discuss their implications.

Theoretical uncertainties to the factorization formula in Eq.(49) will arise from a trunca-

tion of the perturbative series in the calculation of the hard (H), jet (J), beam (I), and soft

(S) functions, higher order resummation e↵ects not included at a given level of resummation

accuracy, and non-perturbative e↵ects in the soft function (S). In addition, theoretical pre-

dictions will be a↵ected by the standard PDF uncertainties. Corrections to Eq.(49) will also

arise from the power corrections discussed in section III C. If one is interested in probing

these power corrections, the uncertainties mentioned for the leading twist formula of Eq.(49)

must be su�ciently under control.

In order to isolate nuclear e↵ects we will compute the ratio

RA(⌧1, PJT , y) =
d�A(⌧1, PJT , y)

d�p(⌧1, PJT , y)
, (51)

which compares distributions in ⌧
1

, PJT , and y for a nuclear target with atomic weight A

to that of a proton target. In addition to the isolation nuclear-dependent e↵ects, the ratio

RA has the advantage that many of the uncertainties in the calculation of d�A and d�p, as

determined by Eq.(49), cancel in the ratio. In particular, we will show that the perturbative

uncertainties associated with resummation and the calculation of the hard, beam, jet, and

soft functions in fixed-order perturbation theory largely cancel in the ratio, leading to much

smaller overall uncertainty for RA. We also show that in the region ⌧
1

⇠ ⇤QCD where

the soft function S is non-perturbative, the dependence on the phenomenological model

implemented to describe S largely cancels in the ratio RA. This can be understood as a

consequence of the fact that the soft function S in Eq.(49) is universal and independent of

the nuclear target.

In order to estimate the perturbative uncertainty, we employ a standard scale variation

procedure. As seen in Eq.(49), the cross-section depends on a hard function, beam function

coe�cient, jet function, and soft function which naturally live at the scales µH , µB, µJ , and

µS respectively. The typical size of these scales are given in Eq.(26). All of these objects

are evaluated at the common scale µ using their renormalization group equations to evolve

from their natural scales. We perform a scale variation analysis similar to that carried out

in Ref.[29]. The nuclear PDFs are evaluated at the beam scale µB corresponding to the

scale at which the beam function is matched on to the nuclear PDF as shown in Eq.(24),

or more schematically in Eq.(11). We compute the cross-sections by choosing µ = µH and
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FIG. 3: Nuclear correction factors R

Ur

i (x, µ) for the NLO nuclear PDF for a Uranium target as
defined in Eq.(46). The subscript i runs over the parton species i = {u, d, s, g}. For the u and d

quarks, separate R-factors are given for the valence (V) and sea quarks (S). The di↵erent curves
in each graph correspond to di↵erent values for the scale µ. By looking at the region of small
Bjorken-x, the di↵erent curves from the bottom to the top correspond to µ = 3 GeV (Green),
µ = 5 GeV (Blue), µ = 10 GeV (Red), and µ = 20 GeV (Purple). These plots were generated
using publicly available code for the EPS09 PDF set [50].

The lower limit of integration (x⇤), over the argument of the nuclear PDF fEPS09
i/A (x, µB)

in Eq.(48), is given by

x⇤ =
eyPJT

Qe � e�yPJT

. (49)

The corresponding range ([x⇤, 1]) of integration is then determined by the choice of the

kinematic variables {Qe, PJT , y}, defined in section II. Thus, one can access smaller values

of Bjorken-x by increasing Qe and decreasing PJT and y.

Di↵erent regions in Bjorken-x are sensitive to di↵erent types of nuclear e↵ects. For

example, shadowing suppresses the number density of partons in the region of small Bjorken-

x, anti-shadowing enhances the parton density at intermediate values of Bjorken-x, the EMC

e↵ect suppresses the parton density at higher values of Bjorken-x, and the e↵ect from Fermi

motion of the nucleons enhances the parton density at Bjorkenx values close to one. In

Fig. 3, we show numerical results for the nuclear correction factors RA
i for the NLO PDFs in

Eq.(46) for the case of a Uranium target (A = 238, Z = 92). From these results, generated

using the publicly available code for the EPS09 PDF set [50], we see that the shape of the

RA
i factors clearly show the distinct regions in Bjorken-x that are dominated by shadowing,

anti-shadowing, the EMC-e↵ect, and Fermi motion. These di↵erent regions can be probed
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FIG. 12: We show the ratio of PJT
distributions for Uranium relative to the proton for Qe =

{90, 120, 140, 300, 800} GeV, ⌧
1

= 1.5 GeV, and y = 0. The di↵erent choices of Qe probe di↵erent
ranges in Bjorken-x, as seen from Eqs.(46) and (47), yielding the di↵erent sizes and shapes for
RA = d�A/d�p.

In Fig. 10 we show the PJT
distributions for various nuclei at Qe = 90 GeV, y = 0,

and ⌧
1

= 1.5 GeV. Here also we see that the cross-section is suppressed for heavier nuclei

compared to the proton due to the EMC e↵ects that suppress the parton density in nucleons

that are bound inside the nucleus. In Fig. 11, we show the ratio of the PJT
distributions of

heavier nuclei to the that of the proton. The scale variation is again dramatically reduced

in the ratio and is given by the width of the curves. We see that the relative di↵erence in

the cross-sections for heavier nuclei and the proton grows with increasing PJT
. This is again

a consequence of Eq.(47) which shows that the value of x⇤ grows with PJT
. For PJT

in the

range [10GeV, 20GeV], x⇤ takes on values in the range ⇠ [0.1, 0.3] respectively. From Fig. 4
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FIG. 1. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy. The bottom and top bands cor-
respond to

p
s = 90 GeV, PJT = 20 GeV, y = 0 (Stage I

EIC) and
p
s = 300 GeV, PJT = 20 GeV, y = 0 (HERA) re-

spectively. The dashed curve shows the singular part of the
NLO cross-section for HERA kinematics. The scale choices
for µH , µJ , µS are explained in the text.

soft radiation by modeling the soft function in the re-
gion ⌧

1

<⇠ ⇤QCD and varying the model parameters as
described below. Numerical studies of power corrections
are left for future work. Any deviations between data and
the prediction of Eq. (11), after including the remaining
uncertainties, will be a measure of the size of power cor-
rections. These power corrections can be studied as a
function of (⌧

1

, y, PJT ). In the ratio in Eq. (2), the un-
certainties from nuclear-independent e↵ects will largely
cancel out so that a deviation from unity probes nuclear-
dependent e↵ects.

Fig. 1 shows the ⌧
1

-distribution at Next-to-Leading-
Log (NLL) accuracy for typical Stage-I EIC and HERA
kinematics. We follow the conventions in Table 1 in
Ref. [15] for counting logs, set nf = 5, and use CTEQ6L
PDFs [16]. The shaded bands correspond to NLL scale
variation by choosing µH = rPJT , µJ = r

p
PJT ⌧1, µS =

r ⌧
1

for the range r = {1/2, 2}. The curve in the mid-
dle of each band corresponds to r = 1. We also show
(dashed curve) the singular part of the NLO cross-section
for HERA kinematics. The e↵ect of resummation is to
tame the singular behavior of the fixed order cross-section
in the ⌧

1

! 0 limit. The ⌧
1

-distribution is cuto↵ at 1 GeV
so that the soft function is still perturbative.

In the region ⌧
1

⇠ ⇤
QCD

, the soft function S(⌧
1

, µ)
becomes non-perturbative and is modeled as

S(⌧
1

, µ) =

Z

dkadkJ�(⌧1 � ka � kJ)S(ka, kJ , µ),(12)

where S(ka, kJ , µ) is the generalized hemisphere soft
function [2]. Non-perturbative physics in this hemisphere
soft function is encoded by the convolution of the par-
tonic soft function with a model function S

mod

[17–19]
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FIG. 2. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy including non-perturbative ⌧1 values
with

p
s = 300 GeV, PJT = 20 GeV, and y = 0. The di↵erent

curves with peak positions from left to right correspond to
(a, b,⇤) = (2.0,�0.2, 0.2), (1.2,�0.1, 0.3), (2.2,�0.4, 0.5),
(1.8,�0.05, 0.4) in Eq. (15) respectively.

as

S(ka, kJ , µ) =
Z

dk0adk
0
j Smod

(k0a, k
0
J)

⇥S
part.(ka � k0a, kJ � k0J , µ), (13)

where S
part. corresponds to the perturbative soft func-

tion. S
mod

(k0a, k
0
b) is chosen to peak near k0a,b ⇠ ⇤

QCD

so that for ⌧
1

� ⇤
QCD

the soft function reduces to the
perturbative result S

part.. For NLL resummation, the ⌧
1

distribution is sensitive to the non-perturbative physics
only through the combination

F
mod

(u) =

Z u

�u

d⇣

2
S
mod

✓

u+ ⇣

2
,
u� ⇣

2

◆

. (14)

This result is derived by expanding Eq. (11) to the NLL
level and using u = k0a + k0b, ⇣ = k0a � k0b in Eq. (13).
The function F

mod

is parameterized as

F
mod

(u) =
N(a, b,⇤)

⇤

⇣ u

⇤

⌘a�1

Exp



� (u� b)2

⇤2

�

,(15)

where the normalization factor N(a, b,⇤) is chosen to
satisfy

R1
0

duF
mod

(u) = 1, equivalent to the condition
R

dka
R

dkJSmod

(ka, kJ) = 1. In Fig. 2, we plot the 1-
jettiness cross section as a function of ⌧

1

for di↵erent pa-
rameter choices of a, b, and ⇤ as explained in the caption.
We made the scale choices µH = PJT , µJ =

p

⌧
1

PJT , and

µS = ⌧
1

p

1 + (⌧min
1

/⌧
1

)2 with ⌧min
1

= 1 GeV. The dif-
ferent models exhibit di↵erent behavior for ⌧

1

⇠ ⇤
QCD

but converge to the perturbative result for larger values
of ⌧

1

as required. The universality of the soft function
allows its extraction from lepton-nucleon collisions to be
then used in scattering o↵ larger nuclei.
A similar analysis can be performed for other nuclear

targets. We leave further studies of nuclear phenomenol-
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FIG. 8: Rapidity (y) distributions with NNLL resummation for di↵erent nuclear targets forQe = 90
GeV, PJT = 20 GeV, and ⌧

1

= 1.5 GeV. In all figures, the green (upper) band corresponds to the
NNLL resumed result for a proton target. The lower bands in di↵erent colors are the corresponding
distributions for di↵erent nuclear targets.

by large Sudakov logarithms. This part of the spectrum can be described by fixed order

perturbation theory. A matching calculation is required to smoothly connect the resumma-

tion region ⌧
1

⌧ PJT with the fixed-order perturbation theory region ⌧
1

⇠ PJT . We leave

such a matching calculation for future work as the focus of this paper is on the resummation

region. For this reason, Fig. 5 is restricted to the region of small ⌧
1

. We have also not have

shown the region ⌧
1

< 1 GeV, since in this region the soft function S in Eq.(48), evaluated

at the soft scale µS ⇠ ⌧
1

, is a↵ected by non-perturbative e↵ects. We give numerical results

for this non-perturbative soft region in section IVC.

In Fig. 6, we show the ⌧
1

distributions with resummation at the NNLL level of accuracy

for a variety of nuclear targets. In all plots, the green (upper) band corresponds to the
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FIG. 12: We show the ratio of PJT
distributions for Uranium relative to the proton for Qe =

{90, 120, 140, 300, 800} GeV, ⌧
1

= 1.5 GeV, and y = 0. The di↵erent choices of Qe probe di↵erent
ranges in Bjorken-x, as seen from Eqs.(46) and (47), yielding the di↵erent sizes and shapes for
RA = d�A/d�p.

In Fig. 10 we show the PJT
distributions for various nuclei at Qe = 90 GeV, y = 0,

and ⌧
1

= 1.5 GeV. Here also we see that the cross-section is suppressed for heavier nuclei

compared to the proton due to the EMC e↵ects that suppress the parton density in nucleons

that are bound inside the nucleus. In Fig. 11, we show the ratio of the PJT
distributions of

heavier nuclei to the that of the proton. The scale variation is again dramatically reduced

in the ratio and is given by the width of the curves. We see that the relative di↵erence in

the cross-sections for heavier nuclei and the proton grows with increasing PJT
. This is again

a consequence of Eq.(47) which shows that the value of x⇤ grows with PJT
. For PJT

in the

range [10GeV, 20GeV], x⇤ takes on values in the range ⇠ [0.1, 0.3] respectively. From Fig. 4
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FIG. 12: We show the ratio of PJT
distributions for Uranium relative to the proton for Qe =

{90, 120, 140, 300, 800} GeV, ⌧
1

= 1.5 GeV, and y = 0. The di↵erent choices of Qe probe di↵erent
ranges in Bjorken-x, as seen from Eqs.(46) and (47), yielding the di↵erent sizes and shapes for
RA = d�A/d�p.

In Fig. 10 we show the PJT
distributions for various nuclei at Qe = 90 GeV, y = 0,

and ⌧
1

= 1.5 GeV. Here also we see that the cross-section is suppressed for heavier nuclei

compared to the proton due to the EMC e↵ects that suppress the parton density in nucleons

that are bound inside the nucleus. In Fig. 11, we show the ratio of the PJT
distributions of

heavier nuclei to the that of the proton. The scale variation is again dramatically reduced

in the ratio and is given by the width of the curves. We see that the relative di↵erence in

the cross-sections for heavier nuclei and the proton grows with increasing PJT
. This is again

a consequence of Eq.(47) which shows that the value of x⇤ grows with PJT
. For PJT

in the

range [10GeV, 20GeV], x⇤ takes on values in the range ⇠ [0.1, 0.3] respectively. From Fig. 4
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FIG. 3: Nuclear correction factors R

Ur

i (x, µ) for the NLO nuclear PDF for a Uranium target as
defined in Eq.(46). The subscript i runs over the parton species i = {u, d, s, g}. For the u and d

quarks, separate R-factors are given for the valence (V) and sea quarks (S). The di↵erent curves
in each graph correspond to di↵erent values for the scale µ. By looking at the region of small
Bjorken-x, the di↵erent curves from the bottom to the top correspond to µ = 3 GeV (Green),
µ = 5 GeV (Blue), µ = 10 GeV (Red), and µ = 20 GeV (Purple). These plots were generated
using publicly available code for the EPS09 PDF set [50].

The lower limit of integration (x⇤), over the argument of the nuclear PDF fEPS09
i/A (x, µB)

in Eq.(48), is given by

x⇤ =
eyPJT

Qe � e�yPJT

. (49)

The corresponding range ([x⇤, 1]) of integration is then determined by the choice of the

kinematic variables {Qe, PJT , y}, defined in section II. Thus, one can access smaller values

of Bjorken-x by increasing Qe and decreasing PJT and y.

Di↵erent regions in Bjorken-x are sensitive to di↵erent types of nuclear e↵ects. For

example, shadowing suppresses the number density of partons in the region of small Bjorken-

x, anti-shadowing enhances the parton density at intermediate values of Bjorken-x, the EMC

e↵ect suppresses the parton density at higher values of Bjorken-x, and the e↵ect from Fermi

motion of the nucleons enhances the parton density at Bjorkenx values close to one. In

Fig. 3, we show numerical results for the nuclear correction factors RA
i for the NLO PDFs in

Eq.(46) for the case of a Uranium target (A = 238, Z = 92). From these results, generated

using the publicly available code for the EPS09 PDF set [50], we see that the shape of the

RA
i factors clearly show the distinct regions in Bjorken-x that are dominated by shadowing,

anti-shadowing, the EMC-e↵ect, and Fermi motion. These di↵erent regions can be probed
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in Eq.(49) for di↵erent nuclear targets must be carried out and is the focus of the rest of

this section. In particular, we give numerical results for a variety of nuclear targets and

kinematic configurations in {Qe, PJT , y} and discuss their implications.

Theoretical uncertainties to the factorization formula in Eq.(49) will arise from a trunca-

tion of the perturbative series in the calculation of the hard (H), jet (J), beam (I), and soft

(S) functions, higher order resummation e↵ects not included at a given level of resummation

accuracy, and non-perturbative e↵ects in the soft function (S). In addition, theoretical pre-

dictions will be a↵ected by the standard PDF uncertainties. Corrections to Eq.(49) will also

arise from the power corrections discussed in section III C. If one is interested in probing

these power corrections, the uncertainties mentioned for the leading twist formula of Eq.(49)

must be su�ciently under control.

In order to isolate nuclear e↵ects we will compute the ratio

RA(⌧1, PJT , y) =
d�A(⌧1, PJT , y)

d�p(⌧1, PJT , y)
, (51)

which compares distributions in ⌧
1

, PJT , and y for a nuclear target with atomic weight A

to that of a proton target. In addition to the isolation nuclear-dependent e↵ects, the ratio

RA has the advantage that many of the uncertainties in the calculation of d�A and d�p, as

determined by Eq.(49), cancel in the ratio. In particular, we will show that the perturbative

uncertainties associated with resummation and the calculation of the hard, beam, jet, and

soft functions in fixed-order perturbation theory largely cancel in the ratio, leading to much

smaller overall uncertainty for RA. We also show that in the region ⌧
1

⇠ ⇤QCD where

the soft function S is non-perturbative, the dependence on the phenomenological model

implemented to describe S largely cancels in the ratio RA. This can be understood as a

consequence of the fact that the soft function S in Eq.(49) is universal and independent of

the nuclear target.

In order to estimate the perturbative uncertainty, we employ a standard scale variation

procedure. As seen in Eq.(49), the cross-section depends on a hard function, beam function

coe�cient, jet function, and soft function which naturally live at the scales µH , µB, µJ , and

µS respectively. The typical size of these scales are given in Eq.(26). All of these objects

are evaluated at the common scale µ using their renormalization group equations to evolve

from their natural scales. We perform a scale variation analysis similar to that carried out

in Ref.[29]. The nuclear PDFs are evaluated at the beam scale µB corresponding to the

scale at which the beam function is matched on to the nuclear PDF as shown in Eq.(24),

or more schematically in Eq.(11). We compute the cross-sections by choosing µ = µH and
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2

mentum Broadening is that the contribution from beam
remnants, which are experimentally di�cult to control,
are suppressed since they are mostly collinear with the
beam reference momenta in the set {qi}. This makes it
better-suited for processes with nuclei in the initial state
compared to other event shapes where precise experimen-
tal control of beam remnants is required. Furthermore,
it quantifies the shape of radiation between the N jets as
opposed to variables like Thrust which do not distinguish
the various jet and beam regions. For more details on the
N-jettiness formalism we refer the reader to Refs. [1, 2]
and references within.

As a first step, in this paper, we consider a specific
application of N-jettiness: single jet (N = 1) produc-
tion in lepton-nucleus collisions. Such an analysis can
be generalized for multiple jets (N > 1) in a straightfor-
ward manner. Inclusive production of a single jet with
a high transverse momentum (PJT ) and rapidity (y) in
lepton-nucleus collisions, `+A(P ) ! J(PJ)+X, is a well-
defined observable and can be systematically calculated
in the QCD collinear factorization formalism [7]. We set
up a factorization formalism, based on the Soft Collinear
E↵ective Theory (SCET) [8], that in addition gives the
1-jettiness distribution for such processes. The value of
⌧
1

reflects the amount of radiation between the jet and
nuclear beam directions. By studying the ⌧

1

distribution
for a wide range of nuclei, one can systematically probe
the e↵ect of the nuclear environment on the observed pat-
tern of radiation. For larger nuclei, the ⌧

1

-distribution is
expected to be broader with the peak position shifted
toward larger values of ⌧

1

. This corresponds to the en-
hanced hadronic activity between the jet and beam direc-
tions due to nuclear-medium e↵ects in larger nuclei. Such
a program can be carried out at the proposed Electron-
Ion Collider (EIC) where a wide range of nuclear targets
are planned [9]. In particular, a measurement of the ratio
of the cross-sections

d�(A, ⌧
1

, PJT , y)

d�(A = 1, ⌧
1

, PJT , y)
, (2)

between a larger nuclear target (A) and the nucleon
target (A=1) can isolate A-dependent nuclear medium
e↵ects in the three dimensional configuration space
(⌧

1

, PJT , y), allowing for systematic studies of dynamical
nuclear e↵ects. Many of the nuclear-independent theo-
retical uncertainties are likely to cancel in the ratio in
Eq.(2).

Without requiring the detection of the scattered lep-
ton, the jet transverse momentum PJT is the only hard
scale in this process. The tree-level partonic scattering is
given by lepton-quark scattering through a virtual pho-
ton exchange ` + q ! `0 + q. The ⌧

1

distribution is just
proportional to �(⌧

1

), corresponding to the infinitely nar-
row quark jet, and takes the form

d3�(0)

dydPJT d⌧1
= �

0

�(⌧
1

)
X

q

e2q fq/A(x), (3)

where �
0

⌘ d�̂
dy dPJT

is just the tree-level partonic cross-
section di↵erential in the jet rapidity and transverse mo-
mentum. The sum over q runs over the initial quarks
and antiquarks, eq is the corresponding fractional charge,
fq/A is the corresponding nuclear parton distribution
function (PDF) [10], �

0

and initial parton momentum
fraction x are given by

�
0

=
4⇡↵em

Q3ey



ŝ2 + û2

t̂2

�

, x =
eyPJT /Q

1� e�yPJT /Q
, (4)

respectively, with ŝ, t̂, and û the usual partonic Mandel-
stam variables, and Q =

p
s denotes the lepton-nucleon

center-of-mass (CM) energy. Non-zero values of ⌧
1

will
occur only beyond tree level in perturbation theory. For
⌧
1

⌧ PJT , fixed-order perturbation theory breaks down
due to the appearance of large logarithms of the form
of ↵n

s ln2n (PJT /⌧1). A systematic resummation of such
logarithms can be performed [1] in the SCET frame-
work. Furthermore, non-perturbative e↵ects will modify
the tree-level result in Eq.(3) and these e↵ects will also
be incorporated.
We work in the lepton-nucleus CM frame. At lead-

ing order in the SCET power counting, the factorization
formula for the ⌧

1

-distribution takes the schematic form

d3�

dydPJT d⌧1
⇠ H ⌦BA ⌦ J ⌦ S, (5)

where ⌦ represents a convolution, H is the hard function
encoding physics of the hard scattering, BA is the nuclear
beam function [11] encoding the dynamics of collinear
radiation along the beam axis, J is the jet function for
the dynamics of collinear modes along the jet direction,
and S is a soft function for soft radiation throughout the
event. The invariant mass of the nuclear beam jet and
the final state jet is characterized by the scale

p
⌧
1

PJT

and the soft radiation has momentum of size ⌧
1

. The
relevant scales in the problem are then given by

PJT �
p

⌧
1

PJT � ⌧
1

, (6)

so that H, BA, J , and S naturally live at the scales
µH ⇠ PJT , µJ ⇠

p
⌧
1

PJT , and µS ⇠ ⌧
1

respectively. For
perturbative values of µJ , the beam function BA can be
matched [11] onto the usual nuclear PDFs fA as

BA ⇠ I ⌦ fA, (7)

where the perturbative coe�cient I is independent of the
nucleus.
According to Eqs. (5) and (7), for ⌧

1

� ⇤
QCD

, the
⌧
1

-distribution is completely determined in terms of the
nuclear PDFs and the perturbatively calculable functions
H, I, and S. For ⌧

1

⇠ ⇤
QCD

, the universal soft function
S becomes non-perturbative. The soft function S is inde-
pendent of the nuclear target and can thus be extracted
from the data on lepton-nucleon scattering and used as
an input for scattering o↵ heavier nuclei. Furthemore,
for kinematics where µJ ⇠

p

⌧
1

PJT ⇠ ⇤QCD, the beam,

2

of the hard scattering, BA is the nuclear beam
function encoding the dynamics of collinear ra-
diation along the beam axis, J is the jet function
for the dynamics of collinear modes along the jet
direction, and S is soft function for soft radia-
tion throughout the event. All allowed values
of the lepton momentum transfer (Q2) are inte-
grated over so that the only hard scale in the
problem is transverse momentum of the jet PJT .
The invariant mass of the nuclear beam jet and
the final state jet is characterized by the scale
p

PJT ⌧1 and that of the soft radiation by the
scale ⌧

1

. The relevant scales in the problem are
then given by

PJT �
p

⌧
1

PJT � ⌧
1

, (4)

so that the hard function H, the nuclear beam
and jet functions BA and J , and the soft function
S naturally live at the scales µH ⇠ PJT , µJ ⇠
p

⌧
1

PJT , and µs ⇠ ⌧
1

respectively. For pertur-
bative values of µJ , BA can be matched onto the
nuclear PDF fA as

BA ⇠ I ⌦ fA (5)

where the perturbative coe�cient I is indepen-
dent of the nucleus.

Eqs.(3) and (5) tell us that up to power cor-
rections, the pattern of radiation between the jet
and beam directions is completely determined in
terms of the nuclear PDFs and other universal
functions. For ⌧

1

� ⇤QCD, all the universal
functions H, I, and S are perturbatively calcu-
lable. The nuclear PDFs can in principle be
extracted from data on fully include DIS. For
⌧
1

⇠ ⇤QCD, the universal soft function S be-
comes non-perturbative. Since the soft function
S is independent of PJT and the nuclear target,
it can in principle be extracted from data over a
range of PJT and nuclear targets.

Large logarithms in the ratio of the scales
µH ⇠ PJT , µJ ⇠

p

PJT ⌧1, and µs ⇠ ⌧
1

are
resumed using the renormalization group (RG)
equations in SCET to run the hard function H
between the scales µH and µJ , the soft function
between µs and µJ and the nuclear PDFs are
evaluated at the jet scale µJ .

Power corrections to Eqs.(3) and (5) will arise
from ratios of the various scales µH , µJ , µs, and
⇤QCD involved. Eq.(5) in particular will receive
power corrections in the form of kinematic target
mass corrections and from the ratio of scales

µ2

NA

µ2

J

⇠
A2n⇤2

QCD

PJT ⌧1
, (6)

where the e↵ective non-perturbative nuclear
scale is µNA ⇠ An⇤QCD. These power correc-
tions can be of di↵erent sizes for di↵erent nu-
clei and probe higher twist correlations in the
nucleus. They also have a di↵erent functional
dependence on A, PJT , and ⌧

1

compared to
other power corrections that are universal and
independent of the nuclear target. For exam-
ple, power corrections to the soft function will
go like ⇤QCD/µs ⇠ ⇤QCD/⌧1, and the ratio of
the soft and jet scales give corrections of or-
der µ2

s/µ
2

J ⇠ ⌧
1

/PJT . Thus, precision measure-
ments of 1-jettiness for a wide range of kinemat-
ics and nuclear targets can in principle probe
higher twist nuclear correlations. All power such
corrections can be systematically derived to fa-
cilitate interpretation of experimental data.

EFT framework : We work in the center of
mass frame of the electron-nucleus system. The
collinear degrees of freedom along the nucleus
beam have momenta proportional to the light-
cone vector nµ

A. We also define the light-cone
vector n̄µ

A so that n2

A = n̄2

A = 0, nA · n̄A = 2,
and ~nA = �~nA. Similarly, we define the light-
cone four-momentum vectors nµ

J and n̄µ
J associ-

ated with the jet direction so that n2

J = n̄2

J =
0, nJ · n̄J = 2,~nJ = �~̄nJ . The direction of the
jet is given by ~nJ .

The collinear modes along the nuclear beam
and jet directions have momentum scalings

(n̄A · p, nA · p, p?A) ⇠ PJT (�
2, 1,�),

(n̄J · p, nJ · p, p?J ) ⇠ PJT (�
2, 1,�), (7)

respectively where � ⇠
p

⌧
1

/PJT and p?A and
p?Jare momentum components perpendicular to
the beam axis and the jet axis respectively. The
soft radiation has momentum scaling

(n̄A · p, nA · p, p?A) ⇠ PJT (�
2,�2,�2). (8)

The factorization formula for the cross-section
di↵erential in PJT , YJ , and ⌧

1

, derived using
SCET, is given by

d� = N
X

q,i

Z

1

0

dx

Z

1

x

dz

z

Z

dsJ

Z

dta

�
⇥

x� e�YJPJT /Q

1� eYJPJT /Q

⇤

H(x QPJT e
YJ , µJ ;µQ)

⇥ Jq(sJ , µJ)Iqi(
x

z
, ta, µJ)f

i
A(z, µJ)

S(⌧
1

� ta
Qa

� sJ
QJ

, µJ ;µs) (9)

• Hierarchy of scales:

• Soft function becomes non-perturbative for: 

• Soft function model

9

The position-space soft function that appears above is given in terms of the momentum

space soft function as

S (y⌧ , y⌧ , µS) =

Z
dka

Z
dkJ e�iy⌧ka�iy⌧kJS(ka, kJ , µS). (22)

V. NONPERTURBATIVE SOFT RADIATION EFFECTS

Also, we model the soft function as

S(ka, kJ , µS) =

Z
dk0

a

Z
dk0

J Spart.(ka � k0
a, kJ � k0

J , µS)Smod.(k
0
a, k

0
J), (23)

where the model function is normalized as
Z

dkadkJ Smod.(ka, kJ) = 1. (24)

which can be written in terms of the model function using Eq.(23) as

S (y⌧ , y⌧ , µS) =

Z
dka

Z
dkJ

Z
dk0

a

Z
dk0

J e�iy⌧ (ka+kJ )

⇥ Spart.(ka � k0
a, kJ � k0

J , µS)Smod..(k
0
a, k

0
J)

(25)

We can further simplify by writing the momentum-space partonic soft function in terms

position-space partonic soft function as

Spart.(ka � k0
a, kJ � k0

J , µS) =

Z
dykadykJ

4⇡2
eiyka (ka�k0a)+iykJ (kJ�k0J )Spart.(yka , ykJ , µS).

(26)

Combining Eqs.(25) and (26), the full position-space soft function takes the form

S (y⌧ , y⌧ , µS) = Spart.(y⌧ , y⌧ , µS)Smod.(y⌧ , y⌧ ),

(27)

where the position space model function is given by

Smod.(y⌧ , y⌧ ) =

Z
dk0

a

Z
dk0

J e�iy⌧ (k0a+k0J )Smod.(k
0
a, k

0
J).

(28)

We perform a change of variables on the RHS of Eq.(28) using

u = k0
a + k0

J , ⇣ = k0
a � k0

J (29)
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FIG. 1. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy. The bottom and top bands cor-
respond to

p
s = 90 GeV, PJT = 20 GeV, y = 0 (Stage I

EIC) and
p
s = 300 GeV, PJT = 20 GeV, y = 0 (HERA) re-

spectively. The dashed curve shows the singular part of the
NLO cross-section for HERA kinematics. The scale choices
for µH , µJ , µS are explained in the text.

soft radiation by modeling the soft function in the re-
gion ⌧

1

<⇠ ⇤QCD and varying the model parameters as
described below. Numerical studies of power corrections
are left for future work. Any deviations between data and
the prediction of Eq. (11), after including the remaining
uncertainties, will be a measure of the size of power cor-
rections. These power corrections can be studied as a
function of (⌧

1

, y, PJT ). In the ratio in Eq. (2), the un-
certainties from nuclear-independent e↵ects will largely
cancel out so that a deviation from unity probes nuclear-
dependent e↵ects.

Fig. 1 shows the ⌧
1

-distribution at Next-to-Leading-
Log (NLL) accuracy for typical Stage-I EIC and HERA
kinematics. We follow the conventions in Table 1 in
Ref. [15] for counting logs, set nf = 5, and use CTEQ6L
PDFs [16]. The shaded bands correspond to NLL scale
variation by choosing µH = rPJT , µJ = r

p
PJT ⌧1, µS =

r ⌧
1

for the range r = {1/2, 2}. The curve in the mid-
dle of each band corresponds to r = 1. We also show
(dashed curve) the singular part of the NLO cross-section
for HERA kinematics. The e↵ect of resummation is to
tame the singular behavior of the fixed order cross-section
in the ⌧

1

! 0 limit. The ⌧
1

-distribution is cuto↵ at 1 GeV
so that the soft function is still perturbative.

In the region ⌧
1

⇠ ⇤
QCD

, the soft function S(⌧
1

, µ)
becomes non-perturbative and is modeled as

S(⌧
1

, µ) =

Z

dkadkJ�(⌧1 � ka � kJ)S(ka, kJ , µ),(12)

where S(ka, kJ , µ) is the generalized hemisphere soft
function [2]. Non-perturbative physics in this hemisphere
soft function is encoded by the convolution of the par-
tonic soft function with a model function S

mod

[17–19]
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FIG. 2. d�/�0 ⌘ 1
�0

d3�
dydPJT d⌧1

as a function ⌧1 for a proton
target at NLL accuracy including non-perturbative ⌧1 values
with

p
s = 300 GeV, PJT = 20 GeV, and y = 0. The di↵erent

curves with peak positions from left to right correspond to
(a, b,⇤) = (2.0,�0.2, 0.2), (1.2,�0.1, 0.3), (2.2,�0.4, 0.5),
(1.8,�0.05, 0.4) in Eq. (15) respectively.

as

S(ka, kJ , µ) =
Z

dk0adk
0
j Smod

(k0a, k
0
J)

⇥S
part.(ka � k0a, kJ � k0J , µ), (13)

where S
part. corresponds to the perturbative soft func-

tion. S
mod

(k0a, k
0
b) is chosen to peak near k0a,b ⇠ ⇤

QCD

so that for ⌧
1

� ⇤
QCD

the soft function reduces to the
perturbative result S

part.. For NLL resummation, the ⌧
1

distribution is sensitive to the non-perturbative physics
only through the combination

F
mod

(u) =

Z u

�u

d⇣

2
S
mod

✓

u+ ⇣

2
,
u� ⇣

2

◆

. (14)

This result is derived by expanding Eq. (11) to the NLL
level and using u = k0a + k0b, ⇣ = k0a � k0b in Eq. (13).
The function F

mod

is parameterized as

F
mod

(u) =
N(a, b,⇤)

⇤

⇣ u

⇤

⌘a�1

Exp



� (u� b)2

⇤2

�

,(15)

where the normalization factor N(a, b,⇤) is chosen to
satisfy

R1
0

duF
mod

(u) = 1, equivalent to the condition
R

dka
R

dkJSmod

(ka, kJ) = 1. In Fig. 2, we plot the 1-
jettiness cross section as a function of ⌧

1

for di↵erent pa-
rameter choices of a, b, and ⇤ as explained in the caption.
We made the scale choices µH = PJT , µJ =

p

⌧
1

PJT , and

µS = ⌧
1

p

1 + (⌧min
1

/⌧
1

)2 with ⌧min
1

= 1 GeV. The dif-
ferent models exhibit di↵erent behavior for ⌧

1

⇠ ⇤
QCD

but converge to the perturbative result for larger values
of ⌧

1

as required. The universality of the soft function
allows its extraction from lepton-nucleon collisions to be
then used in scattering o↵ larger nuclei.
A similar analysis can be performed for other nuclear

targets. We leave further studies of nuclear phenomenol-

model
perturbative 
soft function

(Ligeti, Stewart,Tackmann)
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FIG. 13: In sub-figure (a), we show the ⌧

1

-distributions for the proton and Uranium targets in the
region ⌧

1

⇠ ⇤QCD. The solid red (dashed blue) curves correspond to the soft function model I
(II) in Eqs.(53) and (55). The top (bottom) two curves are for the proton (Uranium) target. In
sub-figure (b) we show the ratio RA = d�A/d�p as a function of ⌧

1

for the Uranium target using
the soft function model I (II) as denoted by the solid red (dashed blue) curves. This plot shows
that the model dependence of the soft function (seen in sub-figure (a)) largely cancels out in the
ration RA since the solid red (dashed blue) curves, corresponding to models I (II) respectively,
largely overlap. The plots are for the kinematic configuration Qe = 90 GeV, PJT = 20 GeV, and
y = 0.

and 4. Thus, for this kinematic choice, the integration over Bjorken-x in Eq.(48) covers the

shadowing, anti-shadowing, and EMC regions. As seen in Fig. 12, the size and shape of the

ratio RA as a function of PJT and Qe can be a useful way to probe nuclear PDFs in di↵erent

regions of Bjorken-x. Similar results can be obtained for distributions in the jet rapidity y

and ⌧
1

as a function of Qe.

The numerical results in Figs. 6 through 12, demonstrate that distributions in ⌧
1

, PJT ,

and y for various nuclei and di↵erent values of Qe, can be a powerful probe of the structure

of nuclear PDFs. Thus, a systematic program that measures distributions of various nuclei

in the configuration space of {Qe, ⌧1, PJT , y} can yield detailed information about nuclear

structure.

As discussed in section III C, these distributions will also be a↵ected by power corrections.

The scaling of these power corrections with the kinematic variables and their dependence

on the nuclear targets was also discussed. Using this information, deviations in the data

from the leading twist predictions of Eq.(48) can be used as a probe of power corrections. In

particular, the size of these deviations as a function of {A,Qe, PJT , y} can provide detailed

information on the behavior and size of the power corrections. Such a detailed study of

power corrections is left as future work.

Soft Function Models

proton

Uranium

• Model dependence in the non-perturbative region.

• Models converge to perturbative result.

• Model dependence largely cancels in the ratio.

Ratio: Uranium to Proton

Sonny Mantry, NU & ANL



Jet Shape analysis

7

the total jet momentum. In particular, other jet algorithm parameters such as the jet radius

R do not enter the definition of ⌧
1

. Di↵erent jet algorithms will in general give di↵erent

results for the jet momentum P µ
J and correspondingly yield a di↵erent jet reference vector

in Eq.(6). The result extracted for PJT depends on which final state particles are grouped

into the jet by the jet algorithm in question. However, by restricting to the region ⌧
1

⌧ PJT ,

this jet algorithm dependence becomes power suppressed [24]. This can be understood by

recalling that the limit ⌧
1

! 0 corresponds to an infinitely narrow jet with any additional

wide-angle radiation (of energy E ⇠ ⌧
1

) being highly restricted. In this region of phase

space, di↵erent jet algorithms will find the same narrow jet. In other words, di↵erent jet

algorithms will typical yield very similar results for events characterized by well-separated

narrow jets. Any di↵erences in the jet algorithms are associated with how they treat wide-

angle soft radiation which has little impact in determining the total momentum of the final

state jet, used for the jet reference vector in Eq.(6). More quantitatively, di↵erences in the

jet algorithms can cause shifts in determining the jet reference vector qJ that are suppressed

by powers of ⌧
1

/PJT .

In the theoretical calculation of the observable in Eq.(2), the jet momentum is defined as

PJ =
X

k

pk ✓(
2qA · pk
Qa

� 2qJ · pk
QJ

), (7)

where the sum is over all final state particles (except the scattered electron) with momenta

denoted by pk. This definition of the jet momentum is closely tied with the definition of ⌧
1

in Eq.(4). In the calculation of ⌧
1

, all final state particles (pk) are associated with either

with the qA or qJ directions as determined by the minimization condition in Eq.(4). The

jet momentum is then defined as the sum of the particle momenta (pk) associated with the

qJ direction, selected by the theta function condition in Eq.(7). The transverse momentum

PJT and rapidity y of the jet, appearing in Eq.(2), just correspond to the magnitude of the

transverse momentum component and the rapidity of four-momentum PJ of Eq.(7). Note

that in the region of small ⌧
1

, the total jet momentum PJ as defined in Eq.(7), will di↵er

from that obtained using a standard jet algorithm only by power corrections in ⌧
1

/PJT ,

associated with how the jet algorithm treats wide-angle soft radiation.

As discussed earlier, di↵erent choices of Qa, QJ in Eq.(7) can be made to change the

geometric properties of the jet. For example, as one changes QJ in Eq.(7), the particles that

are grouped into the jet and will change. This property can be exploited to perform a jet

shape based analysis. In particular, one can study the dependence of PJT as a function of QJ

for a fixed value of ⌧
1

. By choosing QJ as a function of a jet size parameter R [32], one can

study the energy contained in the jet as a function of its cone size. This allows us to probe

energy loss near the boundary of the jet while still retaining information on wide-angle soft

radiation through the value of ⌧
1

.

The dynamics of the process in Eq.(1), in the restricted region ⌧
1

⌧ PJT , is dominated by

energetic collinear emissions (E ⇠ PJT ) along the nuclear beam and final state jet directions

• Jet momentum:

Can act as jet shape 
parameter
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FIG. 1: Comparison of the jet regions for different jet measures at different η and φ. The “+” marks the jet direction #nJ .

The minimum in Eq. (2) divides the total phase space
into 3 regions, one for each beam and one for the jet. We
denote their contributions to T1 as Ta and Tb for the two
beam regions, and TJ for the jet region, so

T1 = TJ + Ta + Tb . (6)

The contribution of the jet, TJ , is directly related to the
jet’s invariant mass mJ

m2
J = p2J = (n̄J · pJ )(nJ · pJ)− !p 2

J⊥

= 2qJ · pJ [1 +O(λ2)]

= QJTJ [1 +O(λ2)] , (7)

where pµJ is the full jet momentum defined by summing
all particles in the TJ -region, nµ

J = (1,!nJ) and n̄µ
J =

(1,−!nJ) are defined by the predetermined jet direction
!nJ , and the power counting parameter λ scales as λ2 ∼
TJ/EJ ∼ m2

J/E
2
J . In the second line of Eq. (7) we used

the fact that !nJ and the exact direction of the N -jettiness
jet, !pJ , differ by very little, such that pJ⊥/(n̄J ·pJ ) ∼ λ2.
The difference between these two jet directions affects
the jet boundary, which changes the contribution of soft
radiation to the jet pT , but only by a small amount ∼ λ2.
We also used that the large jet momentum n̄J · pJ = n̄J ·
qJ [1 +O(λ2)]. For a jet with pJT ∼ 300GeV these O(λ2)
power corrections are 1/36 ∼ 3% in the peak region, and
hence negligible relative to the perturbative uncertainties
at NNLL. Investigating the jet mass spectra for the exact
m2

J = p2J vs. using m2
J = QJTJ in Pythia, we also find

that they are indistinguishable.
The details of the beam and jet regions selected by the

minimum condition in Eq. (2) depend on the normaliza-
tion factors Qi. Since their values affect which particles
are grouped into the beam and jet regions, they con-
stitute a jet measure. They also impact the geometric
shape of the jet area. Differences between measures are
therefore similar to the different choices for jet-algorithms
(anti-kT , Cambridge-Aachen, cone, etc.). We will con-
sider a variety of choices:

• invariant-mass measure:

QJ = Qa = Qb = Q (8)

• geometric pT measure:

QJ = 2ρ |!qiT | = 2ρEJ/ coshηJ (9)

Qa,b = xa,bEcm = e±Y Q

• geometric E measure:

QJ = 2ρEJ (10)

Qa,b = xa,bEcm = e±Y Q

• geometric R measure:

QJ = 2ρ(R, ηJ)EJ (11)

Qa,b = xa,bEcm = e±Y Q

where ρ(R, ηJ ) fixes the area of the jet in (η,φ)-
space to be πR2.

In all cases ρ is a dimensionless parameter that allows
one to change the size of the jet region. In the geometric
R case ρ is fixed in terms of the jet radius parameter R.2

The choice of Qa,b in the geometric measures removes the
dependence in qµa/Qa and qµb /Qb on the total rapidity Y .
This is useful in the presence of missing energy, which
prohibits the measurement of the boost Y of the partonic
center-of-mass frame. Since for the geometric measures
QJ ∼ EJ , they are all insensitive to the total jet energy.
For the geometric pT case we have explicitly

2qi · pk
qiT

= pkT
(
2
mkT

pkT
cosh∆yik−2 cos∆φik

)
(12)

2 For the multijet case we would use the same ρ(R, ηJ ) for each
jet that is determined when they do not overlap.
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FIG. 1: Comparison of the jet regions for different jet measures at different η and φ. The “+” marks the jet direction #nJ .

The minimum in Eq. (2) divides the total phase space
into 3 regions, one for each beam and one for the jet. We
denote their contributions to T1 as Ta and Tb for the two
beam regions, and TJ for the jet region, so

T1 = TJ + Ta + Tb . (6)

The contribution of the jet, TJ , is directly related to the
jet’s invariant mass mJ

m2
J = p2J = (n̄J · pJ )(nJ · pJ)− !p 2

J⊥

= 2qJ · pJ [1 +O(λ2)]

= QJTJ [1 +O(λ2)] , (7)

where pµJ is the full jet momentum defined by summing
all particles in the TJ -region, nµ

J = (1,!nJ) and n̄µ
J =

(1,−!nJ) are defined by the predetermined jet direction
!nJ , and the power counting parameter λ scales as λ2 ∼
TJ/EJ ∼ m2

J/E
2
J . In the second line of Eq. (7) we used

the fact that !nJ and the exact direction of the N -jettiness
jet, !pJ , differ by very little, such that pJ⊥/(n̄J ·pJ ) ∼ λ2.
The difference between these two jet directions affects
the jet boundary, which changes the contribution of soft
radiation to the jet pT , but only by a small amount ∼ λ2.
We also used that the large jet momentum n̄J · pJ = n̄J ·
qJ [1 +O(λ2)]. For a jet with pJT ∼ 300GeV these O(λ2)
power corrections are 1/36 ∼ 3% in the peak region, and
hence negligible relative to the perturbative uncertainties
at NNLL. Investigating the jet mass spectra for the exact
m2

J = p2J vs. using m2
J = QJTJ in Pythia, we also find

that they are indistinguishable.
The details of the beam and jet regions selected by the

minimum condition in Eq. (2) depend on the normaliza-
tion factors Qi. Since their values affect which particles
are grouped into the beam and jet regions, they con-
stitute a jet measure. They also impact the geometric
shape of the jet area. Differences between measures are
therefore similar to the different choices for jet-algorithms
(anti-kT , Cambridge-Aachen, cone, etc.). We will con-
sider a variety of choices:

• invariant-mass measure:

QJ = Qa = Qb = Q (8)

• geometric pT measure:

QJ = 2ρ |!qiT | = 2ρEJ/ coshηJ (9)

Qa,b = xa,bEcm = e±Y Q

• geometric E measure:

QJ = 2ρEJ (10)

Qa,b = xa,bEcm = e±Y Q

• geometric R measure:

QJ = 2ρ(R, ηJ)EJ (11)

Qa,b = xa,bEcm = e±Y Q

where ρ(R, ηJ ) fixes the area of the jet in (η,φ)-
space to be πR2.

In all cases ρ is a dimensionless parameter that allows
one to change the size of the jet region. In the geometric
R case ρ is fixed in terms of the jet radius parameter R.2

The choice of Qa,b in the geometric measures removes the
dependence in qµa/Qa and qµb /Qb on the total rapidity Y .
This is useful in the presence of missing energy, which
prohibits the measurement of the boost Y of the partonic
center-of-mass frame. Since for the geometric measures
QJ ∼ EJ , they are all insensitive to the total jet energy.
For the geometric pT case we have explicitly

2qi · pk
qiT

= pkT
(
2
mkT

pkT
cosh∆yik−2 cos∆φik

)
(12)

2 For the multijet case we would use the same ρ(R, ηJ ) for each
jet that is determined when they do not overlap.

• Choice can affect geometric shape of jet.

(Jouttenus, Stewart, Tackmann, Waalewijin)

• One can exploit this property to also employ 
   jet shape analyses to study nuclear
   modification.

Sonny Mantry, NU & ANL



Conclusions

• Studied factorization of gauge boson production in 
   association with multiple jets near threshold.

• Used N-jettiness event shape formalism that avoids jet 
  algorithm dependence.

• Numerical results obtained for photon + 2jets at NLL level 
  of accuracy.

• Significant K-factors obtained in the large meff region.



Conclusions
• Event shape based analysis of exclusive jet production can be 
   a useful tool to probe nuclear dynamics.

• Allows for jet shape analysis while also giving information on wide-angle 
  soft radiation.
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that are bound inside the nucleus. In Fig. 11, we show the ratio of the PJT
distributions of

heavier nuclei to the that of the proton. The scale variation is again dramatically reduced

in the ratio and is given by the width of the curves. We see that the relative di↵erence in

the cross-sections for heavier nuclei and the proton grows with increasing PJT
. This is again

a consequence of Eq.(48) which shows that the value of x⇤ grows with PJT
. For PJT

in the

range [10GeV, 20GeV], x⇤ takes on values in the range ⇠ [0.1, 0.3] respectively. From Fig. 4

we see that for PJT
= 10 GeV we are closer to the anti-shadowing region where the parton

luminosity for nucleons in heavier nuclei is similar to that of a free proton. For PJT
= 20

GeV, we are well into the EMC region where there is a significant suppression in the parton

luminosity in heavier nuclei. As a result, we see the characteristic shape of RA as a function

of PJT
which indicates an increased suppression for increasing PJT

.

In the numerical results presented so far, the kinematic configurations chosen were sen-

sitive to the anti-shadowing and EMC regions in Figs. 3 and 4. One can also probe lower

regions in Bjorken-x, such as the shadowing region, by choosing the appropriate kinematics.

For illustration, in Fig. 12 we show the ratio RA as a function of PJT
for a Uranium target

at y = 0 and ⌧
1

= 1.5 GeV for the three di↵erent values Qe = 90, 140, 300 GeV. As seen

from Eq.(48), by increasing Qe, one can probe lower values of x⇤. For example, at Qe = 300

GeV and PJT
= 5 GeV we have x⇤ ' 0.02 which is in the shadowing region as seen in Figs. 3

and 4. Thus, for this kinematic choice, the integration over Bjorken-x in Eq.(47) covers the

shadowing, anti-shadowing, and EMC regions. As seen in Fig. 12, the size and shape of the

ratio RA as a function of PJT
and Qe can be a useful way to probe nuclear PDFs in di↵erent

regions of Bjorken-x. Similar results can be obtained for distributions in the jet rapidity y

and ⌧
1

as a function of Qe.

The numerical results in Figs. 6 through 12, demonstrate that distributions in ⌧
1

, PJT
,

and y for various nuclei and di↵erent values of Qe, can be a powerful probe of nuclear PDFs,

complementary to measurements of structure functions in inclusive deep inelastic scattering.

Thus, a systematic program that measures distributions of various nuclei in the configuration

space of {Qe, ⌧1

, PJT
, y} can yield detailed information about nuclear structure.

As discussed in section III C, these distributions will also be a↵ected by power corrections.

The scaling of these power corrections with the kinematic variables and their dependence

on the nuclear targets was also discussed. In particular, the dominant nuclear-dependent

power corrections have a kinematic scaling ⇠ 1/(⌧
1

PJT
) rather than the typical scaling

⇠ 1/Q2 (where Q is the hard scale) in fully inclusive deep inelastic scattering. Using this

information, deviations in the data from the leading twist predictions of Eq.(47) can be used

as a probe of power corrections. In particular, the size of these deviations as a function of

{A, Qe, PJT
, y, ⌧

1

} can provide detailed information on the behavior and size of the power

corrections. Such a detailed study of power corrections is left as future work.

• Probe nuclear dynamics through distributions in the space:

• Leading twist results given with NNLL resummation for various nuclear 
   targets.

• Many directions can be pursued along these lines...

Sonny Mantry, NU & ANL


