
[image: image1.png]



TD-02-020

05/02

Collection of Formulas for the Calculation of Synchrotron Radiation emitted by Bending Magnets and Undulators

P. Bauer, I. Terechkine

Fermilab, Technical Division

As part of Fermilab’s recent Very Large Hadron Collider (VLHC) feasibility study, a water-cooled photon stop was proposed as a possibility to intercept the intense synchrotron radiation in the high field stage VLHC with minimal plug-power. The following formulas for the calculation of synchrotron radiation characteristics of bending magnets and undulators have proven useful in the calculations performed in the context of the photon-stop study. 

1) BENDING MAGNET RADIATION

In view of a VLHC, all bending magnet radiation calculations were performed for proton beams. Therefore the following formulas apply to protons only. They can easily be converted to electrons by changing the proton rest-mass mp to the electron rest-mass and the classical proton radius rp to the classical electron radius.

The bending magnet radiation power and intensity spectrum can be calculated with (1) and (2), where ptot is the total radiation power/m/beam (given explicitly in (7)) and the spectral distribution function S (see (3)), expressed in terms of Bessel-McDonald functions K, (4), and I, (5). Ec is the critical energy (see (6)). The formulas were taken from [1]. A plot of the S-function is given in Figure 1. A plot of the result of calculations using (1)-(8) is given in Figure 2.

The spectral power distribution of bending magnet radiation, usually expressed in Watts per meter of magnet per eV, is given with (1).
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The spectral power is usually expressed in units of “unit bandwidth” (per eV). The power spectrum per magnet can be obtained from (1) by multiplication with the magnet length Lm. 

The photon number spectrum can be derived from the power spectrum. Note that the number spectrum is typically expressed in terms of bandwidth, bw. That means that the unit bandwidth spectrum is multiplied by the energy interval bw(E. The flux can be extracted from the spectrum defined in this way by dividing by the bandwidth at which it was specified and multiplying it with the bandwidth (or relative interval) of interest. Typically radiation flux data are given for a standard 0.1% bandwidth. The following gives the photon number spectrum defined with the bandwidth method.
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The spectral distribution function S(where  = E/Ec, is given by:
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where K(,x) is
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and I(,x) are the modified Bessel functions:
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Figure 1 shows the spectral function, together with its asymptotic approximations.
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Figure 1: Synchrotron radiation spectrum function S(). Shown as well are asymptotic approximations for small and large .  is the photon energy normalized on the critical energy of the radiation spectrum.

The radiation spectrum is characterized by the critical energy Ec. Half of the power is carried by photons with energies above the critical energy. Half of the photons are emitted with an energy larger than 0.08 Ec.

The critical energy can be defined by:
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The total emitted synchrotron radiation power, per one meter of bending magnet, is given in (7), where  is the Lorentz-factor, mp the proton rest-mass, rp the classical proton radius, Ib the average beam current and  the arc bending radius.
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The total photon flux, 
[image: image10.wmf]tot
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, can be found from an integration of (2), taking into account that the integral of (S()/d is ~3 and using (6) and (7).
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The following gives an example of the application of formulas (1) to (8). Figure 2 shows the synchrotron radiation power, (1), and photon number spectrum, (2), emitted by one 14 m long VLHC bending magnet at 87.5 TeV beam energy. The graphs were calculated from the data listed in Table 1. The critical energy Ec obtained with (6) is 8.03 keV. The total synchrotron radiation power ptot calculated with (7) is 4.7 W/m/beam. The total flux 
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 calculated with (8) is 1.2(1016 /m/sec. The energy spectrum in the plot was (arbitrarily) cut-off at 0.01 and 4 Ec, accounting for ~95 % of the total radiation power.

	Energy per proton Ep @ collision(TeV)
	87.5

	Gamma (
	93284

	Arc bending radius ( (km)
	29.9

	Average beam current Ib (A)
	0.0574


Table 1: VLHC2 machine parameters (according to [2]).
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Figure 2: Spectral synchrotron radiation power and photon number distribution of synchrotron radiation photon flux (1 beam) from 1 m of VLHC2 dipole, as defined in Table 2.

2) (PLANAR) UNDULATOR RADIATION

Practical formulas describing undulator radiation, as found in the Handbook of Accelerator Physics [1], are given in the following.

The undulator strength K (or deflection parameter) in a  planar undulator as a function of undulator peak-field B0 and the undulator period p is:


[image: image14.wmf](

)

(

)

m

T

B

K

p

l

0

4

.

93

=










       (9)

The peak field is usually a function of the “gap” parameter.

The energy of the ith interference harmonic as a function of the beam energy E, undulator period p and deflection parameter K is:
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The radiation flux emitted by a beam of average current I(Amps) into the  forward cone ( for the ith harmonic peak for bandwidth  is:
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where gi depends on the deflection parameter and fi(K):
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The f-function is tabulated (see e.g. reference [1], page 190). A plot of the f-function is given in Figure 3.

The total power emitted by a beam of energy E (GeV), average current I (Amps) in an undulator with deflection K, period p and number of periods Np is:
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The opening angle of the radiation cone for the ith harmonic is:
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Figure 3: f-function for 1st, 3rd and 5th harmonic, as tabulated in [1], p. 190.


[image: image20.wmf](

)

rad

iN

K

p

2

2

1

1

1

2

2

2

÷

ø

ö

ç

è

æ

+

=

g

s






    
                 (14)

As an example of (9)-(14) the characteristics of an undulator magnet radiation at the Argonne National Lab APS was calculated. The gap was chosen to be such that the first harmonic approaches as closely as possible ~ 8  keV, the critical energy of the VLHC2 synchrotron radiation spectrum presented in Figure 2. The results are listed in Table 2. They can be compared with a calculation of the radiation spectrum of the very same undulator, computed with the numerical code XOP. The spectrum is shown in Figure 4. The parameters of the undulator needed for the calculation are given in Table 2. The synchrotron light in the APS is produced by beams of 60 bunches a 3.6(1010 electrons, with an average 100 mA beam current, with a particle energy of 7 GeV (=13844).

	Parameter
	Undulator A

	Undulator gap (mm) – (chosen)
	18

	Undulator period (cm)
	3.3

	Number of periods 
	72

	Effective field at chosen gap / Deflection parameter Ky
	0.387 / 1.2

	Energy (1st/3rd/5th harmonic) (keV) 
	8.24 / 24.7 / 41.2

	Total power emitted by undulator (kW)
	1.1

	Central flux in ( cone - 1st/3rd/5th harmonic (1014/sec)* 
	6.7 / 1.6 / 0.45

	Central cone angle 2 (1st/3rd/5th harmonic) (µrad)
	15.7 / 9.1 / 7


Table 2: Nominal parameters of the APS undulator A, for an 18 mm gap. Flux and power calculated at 30 m from the source with equations (9)-(14). *Band-width is 0.1%.
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Figure 4: Plot of spectral flux distribution for APS undulators A with settings as in Table 2. Calculated with XOP at 30 m from the source.
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