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(
Formulation of the simulation was reported in TD-note 00-022.

(
This report describes how material properties were translated into equations and program codes. 

1. Critical current, temperature and field

(
To calculate the specific heat and the resistivity of a superconductor, we have to know whether the superconductor is in a superconducting state or not. This decision can be made by a function that calculates the critical current density of the superconductor at given temperature and magnetic field.

(
If the current density is lower than the calculated critical current density at a given temperature and magnetic field, the superconductor is in a superconducting state. The superconductor is in a normal state if the current density is higher than the critical value.

(
The critical current jc is a function of the temperature and the magnetic field. There exist many approximation equations, but all the equations produce almost the same value. Therefore, the best equation is an equation with shortest computing time.

(
The next equation shows one of the approximations, which is very simple, but produces values within a very small error range.
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where, jc0 is the critical current density when B = 0 and ( = 0, Bc0 is the critical magnetic field when j = 0 and ( = 0 and is (c0 is the critical temperature when B = 0 and j = 0, respectively. 

(
Usually, magnetic field is presented as a function of temperature. The following two equations are frequently used at CERN [1]-[4].
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(formula 1)
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 (formula 2)

(
Calculating power of 4.5 or 1.7 takes long time, but the results of these long calculations are also approximated values. Therefore, it is better to make a simpler equation.

(
This function can be approximated by a second order polynomial equation as follows,
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(
To obtain the three constants C1, C2 and C3 , the following three conditions are applied.
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(
In the third equation, C4 is an arbitrary constant to fit the shape. From comparing with other formulas, C4 is decided as 0.92, and the three constants are obtained from a simple arithmetic. Figure 1 shows this function in comparison with other formula.
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Figure 1
Approximation of the critical surface at zero current by a second order polynomial.

(
Substituting equation (
2) into equation (
1) produces the equation for the critical surface.
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(3)
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Figure 2
Critical surface of NbTi superconductor, calculated by the approximated equation 
(3). In the calculations Bc0 is 15.5 T, (c0 is 9.5 K and Jc0 is 1.0(1010 ((m (These values are the critical values for NbTi).

(
We can decide whether the superconductor is in a superconducting state or not from the calculation of equation 
(3) with given Bc0, (c0 and Jc0. These values are provided by a manufacturer's data sheet or by measurements. Usually the critical current density is measured at 4.2K, and it is more convenient to use the value at 4.2K than 0K. Substituting B=0 and ( =4.2K in equation 
(3) produces next equations.
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(5)

2. Specific heat (Cu, NbTi and Nb3Sn)

(
The specific heat is given by the following equations [1], [4],
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(
The (1 and (1 are determined by the material and the state. Table 1 shows these values.

Table 1 Constants for specific heat


(1
(1
At 300K

Copper
7.44(10-4
1.1(10-2
385

NbTi (superconducting state)
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NbTi (normal state)
2.3(10-3
0.145
384

Nb3Sn (superconducting state)
4.2(10-3
0.183


Nb3Sn (normal state)
From measured data (Table 3)
262

where, B is the operating magnetic field and Bc is the critical field. ( is the temperature, which will be presented as ((i,j) in the program.

(
In this simulation, the specific heat is used in a volumetric form,
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d [Kg(m-3] is density, which is 8960 for copper, 6000 for NbTi and 5400 for Nb3Sn.

(
In a simple notation;


[image: image22.wmf](

)

]

K

m

J

[

1

3

3

-

-

×

×

+

=

gq

bq

q

p

C


(7)

Table 2 Constants for specific heat in volumetric form.


(
(
At 300K

Copper
6.67
98.6
3.454(106

NbTi (superconducting state)
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NbTi (normal state)
13.8
870
2.304(106

Nb3Sn (superconducting state)
22.68
988.2


Nb3Sn (normal state)
From measured data (Table 3)
1.415(106

Table 3 Measured specific heat of Nb3Sn in normal state.

( [K]
C [J·Kg--1·K-1]
Cp [J·m-3·K-1]

2
0.58
3.132(103

4
1.23
6.642(103

6
2.01
1.085(104

8
2.99
1.615(104

10
4.23
2.284(104

12
5.8
3.132(104

14
7.76
4.190(104

16
10.19
5.503(104

18
13.1
7.074(104

20
17.1
9.234(104

22
20.8
1.123(105

24
24.9
1.345(105

26
31.1
1.679(105

28
38.7
2.090(105

50
97
5.238(105

100
200
1.080(106

120
220
1.188(106

150
232
1.253(106

200
250
1.350(106

300
262
1.415(106

(
With the equations and values, volumetric specific heat of copper is approximated as follows; 
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(
Volumetric specific heat of NbTi is approximated as follows;
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(
Volumetric specific heat of Nb3Sn is approximated as follows;
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Figure 3
The volumetric specific heat for copper and superconductors calculated by equations (
8), (
9) and (
10). To use these equations, we need to know whether the superconductor is in a superconducting state or in a normal state.

(
When the simulation model is a multi-strand cable, it is usual to take one strand as a mixture of superconductor and copper. In this case the specific heat can be calculated as follows.
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(11)

where ( is volumetric ratio of (copper)/ (superconductor).

(
Superconductors have different specific heat in superconducting state and normal state. The changing between the two states is smoothened by a third order polynomial equation as follows;
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(
To use these specific heat equations, we need to know whether the superconductor is in a superconducting state or in a normal state. This determination is done by the 'critical surface' described in the first section).

3. Cooling

(
Cooling parameter (heat transfer from a conductor to the liquid helium) is defined as the heat energy cooled from a unit area of the surface. The heat power cooled by liquid helium (PH) is calculated by using the cooling parameter [1]-[4].
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where (0  is bath temperature, e.g. the temperature of the liquid helium.

In a transient state, the cooling heat flux can be presented by a Kapitza-like equation as,
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From a measurement, hk is 180 for coated wire, and 300 for bare wire.
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Figure 4
Cooling factor of a bare wire for a transient state and a steady state are calculated by equations (
12) and (
13). To apply these equations, we need to know the switching point from transient state to steady state. 

(
To use these cooling equations, we need one more equation, which calculates the switching point between the transient and the steady state.

(
The switching point can be calculated from the capacity of the cooling channel (how much liquid helium contacts the surface of the strand).

(
It is not easy to estimate the cooling capacity of the channel.

(
Even if we know the cooling capacity, it is still very difficult to calculate this switching point. Also several parameters for this calculation are not well known.

(
Anyway, calculating the cooling precisely is not one of the purpose of this study. Therefore, in this study cooling is treated a linear equation (
12).

(
We can simulate the transient cooling approximately by equation (3.6), if we set the hf value as a big value around 104 or 105.

4. Resistivity of copper

(
Resistivity of copper at low temperature is given by the following equation (This equation is frequently used in CERN, but I don't know what is the reference book or paper).
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(
Over a certain temperature, the resistance of copper is controlled by the temperature. From measured data  (I took the measured values from a Japanese data book for cryogenics. I don't remember the exact name of the book, but I can say that the book was published by the Japanese institute for cryogenics and superconductivity, and that the book is very thick, more than 15 cm of thickness.), we can draw a straight line shown in the next equation and Figure 5. 
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Figure 5
Resistivity of copper is a function of temperature, RRR and magnetic field. Since the RRR and the magnetic field are fixed in this study, the resistivity of copper can be presented as a function of temperature. This figure is not a calculated one, but an illustration without an exact scale. 

(
If we don’t need a smooth function, the resistance of copper can be the larger value between these two values (equations 
14 and 
15), and presented by the following equation.
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(
There can be many ways of smoothing the function, but a polynomial equation can be the best choice because a polynomial equation does not require long computing time. For this particular case, we can use second polynomial function as follows.
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The condition to make a smooth connection is;


[image: image41.wmf]q

r

q

r

r

r

q

q

¶

¶

=

¶

¶

=

=

1

1

2

,

;

At


The resistivity of copper is presented as a smooth function.
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5. Resistivity of Superconductors

(
Resistivity of a superconductor (NbTi, Nb3Sn and any other) in superconducting state (or in transition between the two states) is given by the well-known equation,
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where (0 is the resistivity to define the critical current density, and jc is the critical current density. At CERN (0 is 10-14 ((m. n is n-value of the superconductor which is 20 ~ 50 usually.

(
Resistivity of NbTi in a normal state (not superconducting state) is approximately 5.6(10-7 ((m. This value does not change much with current or temperature, and we can set this value as a constant in calculations.
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Figure 6
Resistivity of a superconductor in superconducting and normal states. This is not a calculated plot, but an illustration.

(
Resistivity of Nb3Sn in normal state depends on temperature. An approximation is presented by following equation (this approximation is obtained from measured values);
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Figure 7 Resistivity of Nb3Sn in normal state

(
When a strand is treated as a mixture of superconductor and copper, the resistivity of the whole strand can be calculated from the parallel condition.
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where l is the length of one element. From this relationship and copper to superconductor ratio, the resistivity of a mixed strand can be calculated by the following equation.
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where ( is volumetric ratio of (copper)/ (superconductor).

(
One important remark is that the resistivity of superconductors in normal state is much larger than that of copper. From a rough calculation we can see that normal state superconductors show resistivity of more than hundred times of the copper, and that in quench process less that one percent of the current is in superconductors. 

(
This means that we don’t need to make accurate equations to present the resistivity of superconductors in normal state. Also we don’t need to smoothen the function.

6. Thermal conductivity 

6.1 Copper

(
Thermal conductivity of copper is presented by the Wiedemann-Franz-Lorentz law,
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Fig. 6.1
Thermal conductivity of copper as a function of temperature and field when the RRR is 400, calculated by equations (
16) and (
21) – without smoothening. The curves in this figure become smoother after smoothening the resistivity curves. This is in a good agreement with measured data shown in “Handbook on Materials for superconducting machinery (1972).” 

6.2 NbTi

(
This equation can be applied to a superconductor when the superconductor is in a normal state. However in a superconducting state this equation says the thermal conductivity is infinite, which is not realistic. From the reference [5], we can see extrapolated values from the normal state can be used for the superconducting state.
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Fig. 6.1
Thermal conductivity of NbTi from a reference and those calculated by equation (
23). The measured points are on the extrapolation line.

6.3 Nb3Sn

(
Heat conductivity of Nb3Sn in normal state depends on temperature. An approximation is presented by following equation (this approximation is obtained from measured values);


[image: image56.wmf](

)

(

)

]

K

m

W

[

11

.

3

09

.

1

75

.

1

,

0

.

6

min

1

1

2

2

3

-

-

×

×

+

´

-

´

´

=

q

q

q

q

r

Sn

Nb


[image: image57.emf]0

2

4

6

8

10

12

14

16

18

0 50 100 150 200 250 300

temperature (K)

Heat conductivity (W/m/K)

measured

appriximation

Widermann-Franz


Figure 8 
Thermal conductivity of Nb3Sn. Approximation is based on the measured values. Values calculated from measured electrical conductivity (by Wiedermenn-Franz law) show much higher values. 

(
For a mixed strand calculation, the thermal conductivity is calculated from an equation of the heat flux. For the total heat flux through the mixed strand is the sum of the flux through the superconductor and that through the copper matrix,
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where ( is volumetric ratio of (copper)/ (superconductor).

7. Heat conduction between strands

(
Unfortunately, the thermal conductivity from strand to strand is not known. We do not have a measured value or an analytic equation to calculate the value. The first approximate equation was made by Wilson [3]. He applied the Wiedemann-Frantz law to the contact between strands and obtained following equation.
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(
In this equation the "contact resistance" means the electrical contact resistance, not a thermal one.

(
However, we don't know whether we can apply the Wiedemann-Frantz law to a contact or not.

(
We don’t have any evidence to prove this equation because there is no experimental data. 

(
The cooling by liquid helium is proportional to the temperature difference (in a steady state) and the heat conduction along the strand is also proportional to the difference in temperature, so the “square of temperature” in this equation is rather suspicious.

(
The purpose of this study is not to calculate the exact values of voltage, current, temperature or MQE, but to see the effect of the electrical and thermal contacts. The adiabatic condition (no cooling) can be enough for the purpose. Cooling calculation is not important for this study.

(
Hence, in this study, a constant is used for the thermal conductivity between strands, and the heat conduction between strands is calculated by the following equation.
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