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[2] Figure 1
A strand in a cable is considered as elements connected in series. Calculation is done only for left-hand side of the heated element (symmetry). This model can be applied to a cable with m strands (for the mixed strand model). To use for separated strand model, we need to set m=4, set strands 1 and 4 as superconductor, and strands 2 and 3 as copper, and apply cooling only to strands 2 and 3. Heating element will be (1,n) for the filament heating case and (2,n) for the matrix heating case (See section VI).

(
There are (m ( n) unknown variables to solve: I(1,1)  ~ I(1,n)  ,((((((, I(m,1)  ~ I(m,n). To obtain all these element currents, we have to make (m ( n) equations. Voltage and temperature of each element can be calculated from these currents.

[3] (
There are (m-1) ( n loops in the circuit shown in Figure 1, and one loop has one equation. Hence, we have (m-1) ( n equations, and we need n more equations. These supplementary equations are obtained from the condition for the total current (The sum of the n strand currents should be the same as the total current of the cable).

(
The total current of the cable Itotal is a constant during the calculation (In an experiment, a power supply for a superconductor operates mostly in a constant current mode).

(
The resistance of the element (i,j) is R(i,j). The resistance is presented as a function of temperature, magnetic field and current density. Therefore, we have to calculate the resistance of every element at every time step in simulation.

(
It is not well known whether the contact resistances change with temperature, magnetic field, current density or not. In this study, the contact resistances is treated as a changeable value (changeable but constant during the calculations).

(
Self inductances and mutual inductances between two elements are represented in a matrix form. The dimension of this matrix is (m(n) ( (m(n). 
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(1)

(
All of the inductances are given in the form of L(i,j)(k,l), which means the inductance between elements (i(j) and (k(l). L(i,j)(i,j) (i=k and j=l) is self inductance of the element (i(j).

Governing equation

(
The loop equation for the element (i,j) is given by the next equations (for i = 1, m-1 and j = 2, n-1).
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(2)

[6] 
For j = 1, the following equation is used instead of equation 
(2),
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(3)

[8] 
For j = n, the following equation is used instead of equation 
(2),
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(4)

(
The currents between strands are represented by the strand currents as follows,
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(5)
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(6)

[12] 
where, equation 
(5) is for j = 1,n-1, and equation 
(6)  is for j = 2,n.

[13] (
Substituting equations 
(5) and 
(6) into equation 
(2) yields the following equation (for j = 2, n-1),
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(7)

[15] 
For j = 1, substituting equation 
(5) into equation 
(3) produces following equation,
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(8)

[17] 
For j = n, substituting equation 
(6) into equation 
(4) produces following equation,
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(9)

(
This equation for loop (i,j) can be written in matrix form as ( for i = 1,m-1, j=1,n),
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(10)

where,
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[20] (
The dimensions of the matrix [I], [K(i,j)] and [F(i,j)] are (1)((m(n) , (m(n)((1) and (m(n)((1), respectively, and the right side of the equation 
(10) is the number zero, not a matrix.

[21] (
The [K(i,j)] matrix can be calculated by a simple arithmetic from the inductance matrix shown in equation 
(1). The elements of the [F(i,j)] matrix can be composed from the resistances of the strands and the contact resistances between strands as follows,
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For j = 1, above equations becomes as follows,
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For j = n, above equations becomes as follows,
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and all the other elements are zeros.

(
There are (m-1) ( n loops in this circuit, and the above equation is for one of the loop numbered as (i,j). Combining all the loop equations produces the following matrix equations.

[22] 
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(
The size of the matrix including [K(i,j)] and the matrix including [F(i,j)] should be (m(n) ( (m(n), because the size of [I] matrix is (m(n). We need m(n equations to solve all the currents.

[23] (
However, as shown in equation 
(11) there are only (m-1)(n equations, so the question marks in equation 
(11) should be replaced by new equations.

(
There can be several ways to make m more equations.

(
In a usual electrical circuit (circuit with a constant voltage source without superconductor), the total voltage is fixed and the additional equations can be obtained from the voltage condition.

(
On the other hand in this study, we have to take the total current as a constant, and we can apply the following equations.
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(
These two equations can be combined into one equation as follows. It should be remarked that the condition became weaker in combining the two equations.
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[27] (
With the above equation, all the question marks in equation 
(11) can be replaced as follows.
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[28] (
Now, all the necessary equations are made, and the equation 
(11) is now arranged in a matrix equation, as follows,
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(
In a simpler notation, 
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(
This matrix equation is the governing equation of this study. From this equation, we can derive the equation needed for time step computation.
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[32] (
Equation 
(17) can be used for the Runge-Kutta method to compute the [I] of the next time step, or simply the following equation can be used.
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where [Inext] is the current matrix for the next time step and ts is the time step for the calculation.

Calculation of matrices in the governing equation

[34] (
The governing equation is given by equation 
(16), and all the elements of the matrices can be calculated  as described above. 

(
The [K] matrix is calculated from the self and mutual inductances of all the elements. This means this matrix is determined by the geometry of the strands. Hence, the [K] matrix does not change in the calculation steps.

(
The [G] matrix is calculated from the total current of the cable, and does not change during the calculation, because the total current does not change.

(
However,  [F] matrix changes with the change of temperature or current. Also this is a function of magnetic field, but the magnetic field is fixed in this study.

[35] (
Table 1 shows behaviours of these three matrices.

[36] Table 1  Behaviours of three matrices in governing equation


Calculated from
During calculation

[K]
Inductance matrix [L]
Does not change

[F]
Resistances of elements and contact
Changes

[G]
Total current Itotal
Does not change

(
We can calculate the [K] and [G] matrix only once at the beginning of the program, but [F] matrix should be calculated at every time step. The [F] matrix is calculated from the resistances of elements and the contacts. 

(
Contact resistances are constant, but the resistances of the elements should be computed from temperatures of the elements. To obtain the temperature of an element, it is needed to know the increment of the heat energy in the element during one time step.

(
The method for calculating heat energy increment in each element during one time step is described in the next section. The method of calculating temperature from heat is described in the next section, also.

Calculation of the heat energy increment

(
The heat energy increment in one element during one time step is calculated by the following equation,
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(
Due to this heat increment, the temperature of the element rises by,
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(
Or in a volumetric form
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where (((i,j) is the temperature increment in the element (i,j) and (Q(i,j) is the heat increment in the element during one time step, respectively. 

(
The heat generation is the sum of heat generation in the element and that on the contacts, The heat generation in an element is calculated from the Joule heating in the element,
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(
Heat generation on one contact is distributed to four neighbouring elements. For i=1,m-1 and j=1,n,
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(
If j=1, there is no contact left side and the equation becomes as follows,
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(
If j=n, from the symmetry this equation becomes the next equation.
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[44] (
Also we have to consider the case i=1. In this case we have to delete the term with ‘i-1’ from the equations 
(23), 
(24) and 
(25). The following equations are for the case of i=1.
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(
The cooling by liquid helium from the element is calculated by the following equation.
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(26)

PH is cooling power in Watt.

 (
The conduction heat is calculated by using the thermal conductivity, and we don’t need to calculate the input and the output separately. The direction of heat conduction is presented by the sign(+ or -) of the calculated value.

(
There are two kinds of heat conduction, one is along the strand and the other is between strands. The heat conduction along the strand can be calculated by using the thermal conductivity of the strand.
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where, K is the thermal conductivity. 

(
The heat conduction between strands can be calculated in the same manner. 
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(
By using the above equations, it is possible to calculate the heat increment and the temperature of each element. Resistivity of each element can be obtained from the temperature, and resistance of an element can be calculated from the calculated resistivity and the dimension of the element.

(
Calculations of the specific heat, cooling parameter, thermal conductivity, resistivity and other factors for the calculation are described in the next chapter.

(
All these calculations can be done element by element as described above, or we can make a more efficient logic.

Programming

[48] (
Figure 2 shows flow chart of the program which simulates one quench process. To draw an MQE curve we need to run this repeatedly.

(
The program was written in C language.
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[49]  Figure 2
Flow chart to calculate a quench process in a superconducting cable with m strands. The strands are treated as wires connected in parallel. 

Separated strand model
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[50] Figure 3
The separated strand model (2-strand 4-wire model). There is no direct electrical contact between the two superconductors, either no direct thermal contact. Hence 2-strand cable can be treated as 4 parallel wires. The superconductors are not directly cooled by liquid helium, and in a calculation cooling calculation is applied only to matrix wires.
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