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.. Simulation of LWFA in Lorentz boosted frame

870 S.F. Martins et al. / Computer Physics Communications 181 (2010) 869–875

Fig. 1. Illustration of numerical grid in (a) laboratory and (b) relativistic Lorentz frame (boosted frame). When going from the plasma rest frame to a frame moving in the
direction of the laser, the pulse length increases and the intensity decreases; in contrast, the plasma contracts, becomes more dense, and propagates to the left at the boost
speed. Therefore, the same number of points per laser wavelength may be used to define the grid, which now correspond to a smaller number of points in the plasma. The
plasma wake (dashed line) also stretches similarly to the laser pulse, since it moves relativistically in the boost direction.

interest region around the laser pulse), where γ = (1 − β2)−1/2 is
the boost relativistic factor, and β is the boost velocity normalized
to the speed of light. The speedup is a conjugation of a cell size in-
crease by the laser stretch of γ (1+β), a contraction of the plasma
column by γ , and the drift of the particles with velocity β . We em-
phasize that, in a moving window configuration, the boosted frame
scheme only reduces the number of iterations required; the num-
ber of particles to process at each time step is equal to that of the
laboratory case, and might actually be set larger to increase parti-
cle statistics. For scenarios where a moving window configuration
cannot be used, numerical particles are reduced by γ 2(1 + β) and
the overall computation gain is proportional to γ 4.

The implementation of the boosted frame scheme to laser–
plasma interactions allows a quick numerical modeling of ongoing
experiments, and goes towards a more complete full-scale three-
dimensional numerical study of the next generation of LWFA sys-
tems, otherwise impossible with current configurations and com-
putational resources available.

This paper is organized as follows. Section 2 introduces the
concept of LWFA simulations in relativistic moving frames. Bench-
marks between results in different frames and experimental data
are presented in Section 3. Section 4 details numerical instabilities
that may arise in the boosted frame configuration. Finally, conclu-
sions are given in Section 5.

2. LWFA simulations in non-laboratory frames

In a LWFA [1], an intense laser pulse, with a normalized vector
potential a0 = eA/mec2 " 1 and a central wavelength λ0, propa-
gates in a transparent plasma (λp/λ0 # 1, where λp = 2πc/ωp
and ωp = (4πe2n/me)

1/2, with n the electron density). As it propa-
gates, the laser field generates electron plasma waves, with a phase
velocity similar to the group velocity of the laser pulse. The space
charge field associated with the electron density modulations can
then accelerate the particles that surf the wave. For ultra high in-
tensities a0 # 1, and short laser pulses, i.e. laser pulse duration
Lpulse ! λp , the laser pulse can push all the electrons away from
its path, leaving an ion column behind the pulse [2,18]. The ion
column pulls the electrons back in; as the electrons rush in a
spherical ion cavity/bubble is formed behind the laser pulse with
a blow-out radius rb ∝ √

a0. As the electrons rush in they can gain
energy. If the velocity of the electrons as they reach the laser axis
is comparable to the velocity of the bubble vφ , these electrons can
be trapped, self-injected and further accelerated to high energies
in the longitudinally accelerating structure of the bubble [2,18].

The relevant scales for LWFA scenarios are determined by the
laser wavelength, λ0, the laser pulse length, Lpulse, and the plasma
length Lplasma, ordered as λ0 < Lpulse & Lplasma. Since the laser
is moving in vacuum, and colliding with the plasma, a Lorentz
transformation for a reference frame moving in the same direc-
tion as the laser pulse will modify these scales as λ′

0 = γ (1+β)λ0,
L′
pulse = γ (1 + β)Lpulse, and L′

plasma = Lplasma/γ where the ′ refers
to quantities measured in the Lorentz boosted frame. The laser

intensity decreases by the same factor as the pulse length in-
creases, and a′

0 = a0/γ (1 + β). Therefore, L′
pulse/L

′
plasma = γ 2(1 +

β)Lpulse/Lplasma, i.e. the laser pulse and the plasma length scales
are now closer in the boosted frame.

It should be noted that any electromagnetic radiation propa-
gating in the direction opposite to the laser pulse direction, with
a wavelength λr and intensity ar , will be blue-shifted to shorter
wavelengths λ′

r = λr/γ (1 + β) and boosted to a′
r = arγ (1 + β). In

order to avoid unresolved electromagnetic fields in the simulation
it is critical that the backscattered radiation is minimized, which
is guaranteed for short laser pulses (Lpulse/λp ! 1) in underdense
plasmas λp/λ0 & 1. Filtering of these fields might be needed to
avoid the growth of numerical instabilities, as discussed below.
Therefore, the boosted frame scheme is advantageous if, in the lab
frame, no backward electromagnetic wave with frequency above
the laser frequency needs to be resolved.

2.1. Optimal frame

The particular choice of γ will determine the computational
gain of the boosted frame simulations. This gain is limited by the
resolution required in the Lorentz boosted frame to capture the
relevant plasma structures, and thus depends on the given physical
problem under consideration. On one hand, for external injection
LWFA configurations in weakly nonlinear regimes, all plasma struc-
tures move close to the phase velocity of the laser pulse, and are
therefore dilated in space in the same way as the electromagnetic
wave. This allows for higher boost velocities and larger compu-
tational gains, theoretically limited by the number of grid points
required to resolve the plasma column itself. On the other hand,
the LWFA in a self-injection regime involves stronger nonlinear
particle dynamics which sets a threshold on the boost velocity. The
limit can be estimated by ensuring a minimum number of numer-
ical super-particles in the injected bunch to allow for significant
statistics.

The physically expected number of injected particles is obtained
from theoretical scalings [2], and the corresponding number of
simulation particles may be computed assuming typical grid reso-
lution parameters, namely k0'z = kp'y = kp'x = 0.1 [19], where
k0 = 2π/λ0 is the laser wavenumber, kp = 2π/λp the plasma
wavenumber, 'z the longitudinal cell size, and 'x = 'y the trans-
verse cell sizes. In order to ensure a minimum of 104 numerical
particles injected for N particles per cell, the threshold condi-
tion for three-dimensional simulations of the matched conditions
predicted in [2] is γ " 10N1/2P [PW]1/4. For a 10 PW laser, for in-
stance, a threshold of γmax " 50 is obtained with N = 8, which
corresponds to a theoretical gain above three orders of magnitude
(gain ∝ γ 2[1 + β]2). The nonlinear particle dynamics associated
with self-injection may lead to slightly smaller spatial dilatation at
the injection point. This may set another limitation on the boost
velocity, to be evaluated with the usual resolution scans already
performed for consistency in laboratory frame simulations.

Illustration of numerical grid in (a) laboratory and (b) relativistic

Lorentz frame (boosted frame) 1. Courtesy S. F. Martins.

1J. -L. Vay, PRL 98, 130405 (2007); S. F. Martins, et. al., Nat. Phys. 6, 311 (2010)

2 Yu et. al. SciDAC, COMPASS - 3, Berkeley, 2012



.. Numerical instability in boosted frame simulation

We found that the instability is induced by the relativistic drifting

plasma in the simulation.
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.. Beam mode and EM mode: Yee solver
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.. Beam mode and EM mode: Spectral solver
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..
We need a parallel EM-PIC code with spectral solver!

.The plan
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..
Parallel UCLA PIC framework developed by Victor K. Decyk [V. K.

Decyk, Comp. Phys. Comm. 177, 95 (2007)].
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.. 8 Weeks later ...

A code to study boosted frame LWFA

1D and 2D EM-PIC code using spectral solver;

Runs parallel with Open MPI
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.. Mitigation of numerical instability

We have tried ultra-high γ ∼ 20000, and the low-pass
filtering is still working well.
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.. Hyperbolic Rotation in space-time
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.. Simulation setup for LWFA
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.. Moving antenna
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.. Benchmark with OSIRIS — moving antenna
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.. Benchmark with OSIRIS — lab frame
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.. Benchmark with OSIRIS — boosted frame
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.. Case study: LWFA at 1 GeV, a0 = 4.0
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.. E1 comparison: LWFA at 1 GeV, a0 = 4.0
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.. Self-injection case: LWFA at 1 GeV, a0 = 8.0
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.. Particle tracking: LWFA at 1 GeV, a0 = 8.0
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.. E1 comparison: LWFA at 1 GeV, a0 = 8.0
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Conclusions and future work

..

EM-PIC code with spectral solver is advantageous
in mitigating the numerical instability induced by
relativistic plasma drift.

We are developing a parallel code with spectral
solver to study LWFA.

In the future we are considering

(a) Making a 3D version based on the
components of UPIC;

(b) Adding the GPU capability;
(c) Initializing a trailing particle beam.

.Conclusions and future work

21 Yu et. al. SciDAC, COMPASS - 3, Berkeley, 2012
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